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Abstract
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1Introduction to Yamabe problem
1.1 Introduction

We discuss the motivation of Yamabe problem. LetM be a C∞-manifold and g0 be a Riemannian
metric onM . We have

Exercise 1.1. Let u be a positive smooth function on M . Define g = ug0. Show that g is a
Riemannian metric onM .

Definition 1.2. We say that g is conformal to g0 if g = ug0 for some u > 0, u ∈ C∞ (M).

Exercise 1.3. Show that the relation “is conformal to” is an equivalence relation.

Definition 1.4. Given a Riemannian metric g0, the equivalence class [g0] is called conformal class
of g0, i.e.,

[g0] = {Riemannain metric g : g is conformal to g0} .

Question. Given a C∞-manifoldM , how many conformal classes are there?

The following theorem is a classical.

Theorem 1.5 (Uniformization theorem). SupposeM is a compact 2-dimensional manifold and g0

is a Riemannian metric onM . Then there exists a g ∈ [g0] such that the Gaussian curvatureKg of
g is constant.

Most of people are not familar with this type of theorem. Assuming the following fact,

Fact. If (M, g) is a compact 2-dimensional manifold which has constant Gaussian curvature Kg ,
then (M, g) is one of the following: (genus).

then we obtain the familiar one. So we want to generalize the uniformization theorem to higher
dimension.

Problem (Yamabe problem). Let M be an n-dimensional compact manifold g0 a Riemannian
metric onM , where n ≥ 3. Find g ∈ [g0] such that the scalar curatuve of g is constant.

Remark. For your information, in dimension 2, Kg = 2Rg , Ricg = 1
2Kgg. IfM is not compact,

then the problem may not solvable.
The Yamabe problem can be stated as a PDE problem.

Proposition 1.6. LetM be an n-dimensional compact manifold, where n ≥ 3. If g = u
4

n−2 g0 for
some 0 < u ∈ C∞ (M), then

− 4 (n− 1)

n− 2
4g0u+Rg0u = Rgu

n+2
n−2 . (1.1)

Here4g0 is a Laplacian of g0, Rg0 a scalar curvature of g0,Rg a scalar curvature of g, respectively.

Proof. The proof is quite tedious but you have to do it one time. To prove this, we do this in two
steps:

1. we write down the Christoffel symbols of g in terms of the Christoffel symbols of g0.

2. we write down the curvature of g in terms of the Christoffel symbols of g0.
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1. Introduction to Yamabe problem

For convenience, write g̃ = ug, where u is a positive smooth function onM and let {Xi} be the
normal frame at p ∈ M with respect to g, i.e., g (Xi, Xj) = δij in a neighborhood of p so that
Γkij = 0 at p.1 So the Christoffel symbol of g̃ is given by

Γ̃kij =
1

2
g̃kl
(

∂

∂xi
g̃jl +

∂

∂xj
g̃il −

∂

∂xl
g̃ij

)
=

1

2
u−1gkl

[
∂

∂xi
(ugjl) +

∂

∂xj
(ugil)−

∂

∂xl
(ugij)

]
=

1

2
u−1gklu

[
∂

∂xi
gjl +

∂

∂xj
gil −

∂

∂xl
gij

]
+

1

2
u−1gkl

[
gjl

∂

∂xi
u+ gil

∂

∂xj
u− gij

∂

∂xl
u

]
= Γkij +

1

2

(
δjk

∂

∂xi
log u+ δik

∂

∂xj
log u− δij

∂

∂xk
log u

)
.

The last part comes from the assumption on normal frame. So we have

Γ̃kij = Γkij if i, j, k are all distinct

Γ̃kii = Γkii −
1

2

∂

∂xk
log u

Γ̃iij = Γiij +
1

2

∂

∂xj
log u = Γ̃iji

Γ̃iii = Γiii +
1

2

∂

∂xi
log u.

(1.2)

The curvature tensor of g̃ is given by

R̃sijk = Γ̃likΓ̃sjl − Γ̃ljkΓ̃sil +
∂

∂xj
Γ̃sik −

∂

∂xi
Γ̃sjk,

and the curvature tensor of g is given by

Rsijk = ΓlikΓsjl − ΓljkΓsil +
∂

∂xj
Γsik −

∂

∂xi
Γsjk.

In particular, at a point p,

Rsijk =
∂

∂xj
Γsik −

∂

∂xi
Γsjk.

Now the sectional curvature of g̃ in {Xi, Xj} at p is given by

K̃ (Xi, Xj) =
R̃sijig̃sj

g̃iig̃jj − g̃2
ij

=
R̃sijiugsj

(ugii) (ugjj)− (ugij)
2

= u−1R̃jiji.

This implies

uK̃ (XiXj) = R̃jiji

1Be careful! The Christoffel symbol vanishes only at p, not on the neighborhood of p!
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1.1. Introduction

= Γ̃liiΓ̃
j
jl − Γ̃ljiΓ̃

j
il +

∂

∂xj
Γ̃jii −

∂

∂xi
Γ̃jji.

Note that
n∑

l=1,l 6=i6=j

Γ̃ljiΓ̃
j
il =

n∑
l=1,l 6=i6=j

ΓlijΓ
j
il = 0

since l 6= i 6= j and Γlij = 0 at p.
Now from (1.2), we have

uK̃ (Xi, Xj) =

n∑
l=1,l 6=i

Γ̃liiΓ̃
j
jl + Γ̃iiiΓ̃

j
ji (1.3)

−
(

Γ̃jjiΓ̃
j
ij + Γ̃ijiΓ̃

j
ii

)
+

∂

∂xj
Γ̃jii −

∂

∂xj
Γ̃jji

=

n∑
l=1,l 6=i

(
−1

2
(log u)l

)(
1

2
(log u)l

)
+

(
1

2
(log u)i

)(
1

2
(log u)i

)

−
(

1

2
(log u)i

)2

−
(

1

2
(log u)j

)(
−1

2
(log u)j

)
+

∂

∂xj

(
Γjii −

1

2
(log u)j

)
− ∂

∂xi

(
Γjji +

1

2
(log u)i

)
= −1

4

n∑
l=1

[(log u)l]
2

+
1

4

[
(log u)j

]2
+

1

4
[(log u)i]

2

−1

2
(log u)jj −

1

2
(log u)ii +K (Xi, Xj) .

So we can compute the Ricci curvature of g̃ in terms of Ricci curvature of g. Also, we can
compute the scalar curvature of g̃ in terms of the scalar curvature of g. So

uRg̃ =
∑
i 6=j

uK̃ (Xi, Xj) (1.4)

=
∑
i 6=j

−1

4

n∑
l=1

[(log u)l]
2

+
1

4

[
(log u)j

]2
+

1

4
[(log u)i]

2

−1

2
(log u)jj −

1

2
(log u)ii +K (Xi, Xj)

= −1

4

(
n2 − n

) n∑
l=1

[(log u)l]
2

+
1

2
(n− 1)

n∑
i=1

[(log u)i]
2 − (n− 1)

n∑
i=1

(log u)ii +Rg.

In normal coordinate, we see that

∇g(log u) = ∇(log u), 4gu = 4u.

Thus, we get

uRg̃ = −1

4
(n− 2) (n− 1) |∇g (log u)|2 − (n− 1)4g (log u) +Rg.

If n = 2, then
uRg̃ = Rg −4g (log u) ,
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1. Introduction to Yamabe problem

when g̃ = ug. Write u = ev . Then

evRg̃ = Rg −4gv

so that
ev

1

2
Kg̃ =

1

2
Kg −4gv,

whereKg is a Gaussian curvature.
If n ≥ 3, then we let u = v

4
n−2 , i.e., g̃ = v

4
n−2 g, then

log u =
4

n− 2
log v

∇g (log u) =
4

n− 2
∇g (log v) =

4

n− 2

∇gv
v

4g (log u) = − 4

n− 2

|∇gv|2

v2
+

4

n− 2

4gv
v

.

Put these this into (1.4), we obtain

v
4

n−2Rg̃ = Rg −
4 (n− 1)

n− 2

4gv
v

,

which is (1.1).

Remark. (i) The reason to take u = ev if n = 2, and u = v
4

n−2 when n ≥ 3 is to cancel the
gradient term.

(ii) The Yamabe problem is equivalent to find a positive solution u > 0, u ∈ C∞ (M) of (1.1)
with Rg being constant.

(iii) The equation (1.1) is called Yamabe PDE, which is a second order semilinear elliptic
equation.

To solve (1.1), we define some concepts.

Definition 1.7. Let M be an n-dimensional compact manifold, where n ≥ 3 and let g0 be a
Riemannian metric onM . For any u > 0, u ∈ C∞ (M), we can define

Eg0 (u) =

∫
M

4(n−1)
n−2 |∇g0u|

2
+Rg0u

2dVg0(∫
M
u

2n
n−2 dVg0

)n−2
n

,

the Yamabe energy.

If the metric is ambient, we drop g0 in the notation.
Here ∇g0u is a vector field such that

〈X,∇g0u〉g0 = X (u) for any other vector field X.

Remark. Multiply u to (1.1) and take integration by part. Then we obtain each part of the integrand.
Let us state some properties of Yamabe energy.

(1) The Yamabe energy is scalar invariant in this sense:

E (cu) = E (u)

for any constant c 6= 0.
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1.1. Introduction

(2) If u > 0 and g = u
4

n−2 g0, then
dVg = u

2n
n−2 dVg0 . (1.5)

Indeed, we have

dVg =
√

det(gij)dx1 ∧ · · · ∧ dxn =

√
det(u

4
n−2 g0)dx1 ∧ · · · ∧ dxn

=

√
u

4n
n−2 det g0dx1 ∧ · · · ∧ dxn

= u
2n
n−2

√
det g0dx1 ∧ · · · ∧ dxn

= u
2n
n−2 dVg0 .

(3) Based on (2), if g = u
4

n−2 g0 and u is a solution of (1.1), then∫
M

u
2n
n−2 dVg0 = Vol (M, g) (1.6)

and ∫
M

(
4 (n− 1)

n− 2
|∇g0u|

2
+Rg0u

2

)
dVg0

=

∫
M

(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
udVg0

=

∫
M

Rgu
2n
n−2 dVg0 =

∫
M

RgdVg.

Thus
E (u) =

∫
M
RgdVg

Vol (M, g)
n−2
n

,

where g = u
4

n−2 g0. We call
∫
M
RgdVg , the total scalar curvature.

Proposition 1.8. If u is a critical point of the Yamabe energy, then u satisfies the Yamabe equation
with Rg being constant.

Proof. If u is a crticial point of E, then

0 =
d

dt
E (u+ tϕ) |t=0,

=
d

dt

∫
M

(
4(n−1)
n−2 |∇g0u+ t∇g0ϕ|

2
+Rg0 (u+ tϕ)

2
)
dVg0(∫

M
(u+ tϕ)

2n
n−2 dVg0

)n−2
n

=

∫
M

4(n−1)
n−2 2 〈∇g0u,∇g0ϕ〉+ 2Rg0uϕdVg0(∫

M
u

2n
n−2

)n−2
n

−n− 2

n

∫
M
u

2n
n−2−1 2n

n−2ϕdVg0(∫
M
u

2n
n−2 dVg0

)n−2
n +1

(∫
M

(
4 (n− 1)

n− 2
|∇g0u|

2
+Rg0u

2

)
dVg0

)

=
2
∫
M

(
− 4(n−1)

n−2 4g0u+Rg0u
)
ϕdVg0(∫

M
u

2n
n−2 dVg0

)n−2
n

−
2E (u)

∫
M
u
n+2
n−2ϕdVg0∫

M
u

2n
n−2 dVg0
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1. Introduction to Yamabe problem

=

2
∫
M

− 4(n−1)
n−2 4g0u+Rg0u−

E(u)(∫
M
u

2n
n−2 dVg0

) 2
n
u
n+2
n−2

ϕdVg0

(∫
M
u

2n
n−2 dVg0

)n−2
n

holds for any ϕ ∈ C∞ (M). Thus,

−4 (n− 1)

n− 2
4g0u+Rg0u =

E (u)(∫
M
u

2n
n−2 dVg0

) 2
n

u
n+2
n−2 ,

i.e., for g = u
4

n−2 g0 which has constant scalar curvature, i.e.,

Rg =
E (u)(∫

M
u

2n
n−2 dVg0

) 2
n

.

Thus by Proposition 1.8, we reduced the Yamabe problem to find a critical point of Yamabe
energy.

1.2 Yamabe constant and the conformal Laplacian

Given a compact Riemannian manifold (M, g), the Yamabe energy of a function 0 < u ∈ C∞ (M)
is given by

E (u) =

∫ 4(n−1)
n−2 |∇gu|

2
+Rgu

2dVg(∫
M
u

2n
n−2 dVg

)n−2
n

.

IfM is not compact, then we must restrict u which has a compact support. We will see it later.

Definition 1.9. The Yamabe constant of (M, g) is given by

Y (M, g) = inf {E (u) : 0 < u ∈ C∞ (M)} .

Proposition 1.10. Y (M, g) is a finite number.

Proof. If u = 1, then Y (M, g) ≤ E (1) <∞ . If minM Rg ≥ 0, then by definition of the Yamabe
energy, E (u) ≥ 0. So Y (M, g) ≥ 0 in this case. If minM Rg < 0, then by Hölder’s inequality∫

M

Rgu
2dVg ≥

(
min
M

Rg

)∫
M

u2dVg

≥
(

min
M

Rg

)(∫
M

u
2n
n−2 dVg

)n−2
n
(∫

M

dVg

) 2
n

.

So

E (u) ≥
(minM Rg)

(∫
M
u

2n
n−2 dVg

)n−2
n (∫

M
dVg
) 2
n(∫

M
u

2n
n−2 dVg

)n−2
n

=
(

min
M

Rg

)(∫
M

dVg

) 2
n

.

This completes the proof.
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1.2. Yamabe constant and the conformal Laplacian

Definition 1.11. Given a Riemannian manifold (M, g), the conformal Laplacian Lg is defined by

Lg = −4 (n− 1)

n− 2
4g +Rg.

Clearly, Lg : C∞ (M)→ C∞ (M). So we can rewrite (1.1) as

Lg0u = Rgu
n+2
n−2 ,

where g = u
4

n−2 g0.
The conformal Laplacian has some properties2.

Proposition 1.12. For any ϕ ∈ C∞ (M), we have

u−
n+2
n−2Lg0 (uϕ) = L

u
4

n−2 g0
(ϕ) , (1.7)

where 0 < u ∈ C∞ (M), i.e., the conformal Laplacian is conformal invariant in this sense.

Proof. Fix u, ϕ > 0, ϕ ∈ C∞ (M). Then using Yamabe equation, we have

Lg0 (uϕ) = R
(uϕ)

4
n−2 g0

(uϕ)
n+2
n−2

= u
n+2
n−2R

(uϕ)
4

n−2 g0
ϕ
n+2
n−2

= u
n+2
n−2R

ϕ
4

n−2

(
u

4
n−2 g0

)ϕ n+2
n−2

= u
n+2
n−2L

u
4

n−2 g0
(ϕ) .

This proves (1.7) under the assumption ϕ > 0. Then applying the limiting argument, (1.7) holds
when ϕ ≥ 0.

For general ϕ, decompose ϕ = ϕ+ − ϕ− as usual. Although ϕ+ and ϕ− is not smooth,
we take a mollifier, i.e., ϕ+

ε = (ϕ+ ∗ ρε), where {ρε} is a nonnegative mollifier. Then ϕ+
ε is

smooth and nonnegative and ϕ+
ε converges to ϕ+ pointwise. Similarly, ϕ−ε → ϕ− pointwise and

so ϕ+
ε − ϕ−ε → ϕ pointwise.
Now by linearlity of conformal Laplacian, we have

L
u

4
n−2 g0

(ϕ+
ε − ϕ−ε ) = u−

n+2
n−2Lg0(u(ϕ+

ε − ϕ−ε ))

Now observe that ϕ+
ε − ϕ−ε = ϕε and it converges ϕ pointwise and uniformly. Now let ε → 0.

This completes the proof.

Remark. (i) One can prove that Lg0 is continuous on W 1,2(M). Then applying the density
argument, (1.7) holds forW 1,2(M).

(ii) One can also show it directly without using Yamabe equation.
So the Yamabe energy is written as

E (u) =

∫
M

4(n−1)
n−2 |∇gu|

2
+Rgu

2dVg(∫
M
u

2n
n−2 dVg

)n−2
n

2Not just for the writing it in LATEX easily
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1. Introduction to Yamabe problem

=

∫
M
uLgudVg(∫

M
u

2n
n−2 dVg

)n−2
n

.

As one can see, Yamabe energy depends on the background metric. But, in fact, we have

Lemma 1.13. The Yamabe constant of (M, g0) depends only on [g0], i.e., if g ∈ [g0],

Y (M, g) = Y (M, g0) .

Proof. Since g ∈ [g0], we can wrtie g = ϕ
4

n−2 g0. Then by Proposition 1.12 and (1.5), we have

Eg (u) =

∫
M
uLgudVg(∫

M
u

2n
n−2 dVg

)n−2
n

=

∫
M
uL

ϕ
4

n−2 g0
udV 4

ϕn−2 g0(∫
M
u

2n
n−2 dV

ϕ
4

n−2 g0

)n−2
n

=

∫
M
uϕ−

n+2
n−2Lg0 (uϕ)ϕ

2n
n−2 dVg0(∫

M
(uϕ)

2n
n−2 dVg0

)n−2
n

= Eg0 (uϕ) .

Thus,

Y (M, g0) = inf {Eg0 (u) : 0 < u ∈ C∞ (M)}
= inf {Eg0 (ϕu) : 0 < u ∈ C∞ (M)}
= inf {Eg (u) : 0 < u ∈ C∞ (M)}
= Y (M, g) .

So we are done.

Remark. (i) In view of Lemma 1.13, the Yamabe constant of (M, g) is sometimes written as
Y (M, [g]).

(ii) If g, g0 are Riemannian metrics inM such that g and g0 are not conformal, then Y (M, [g0])
and Y (M, [g]) may not equal.

(iii) One can propose the following problem. It is actually an open problem: given a compact
smooth manifold, what is

{Y (M, g) : g is Riemannian metric onM}?

Some result is available when M is a 3-dimensional real projective plane, but essentially there is
no techinque to attack this kind of problem.

Define

E (u) =

∫
M

(
4(n−1)
n−2 |∇gu|

2
+Rgu

2
)
dVg(∫

M
|u|

2n
n−2 dVg

)n−2
n

.

Suppose u 6= 0 inW 1,2(M). Then by the Sobolev embedding theorem, u ∈ L
2n
n−2 (M) and so

E(u) is well-defined. Note that for u ∈W 1,2(M), |∇g|u|| = |∇gu| a.e. So E(u) = E(|u|).
It is useful to observe that the restriction to smooth positive functions in the definition of Yamabe

constant Y (M, g) is unnecessary.
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1.2. Yamabe constant and the conformal Laplacian

Lemma 1.14. We have

Y (M, g) = inf
{
E(u) : 0 6≡ u ∈W 1,2(M)

}
.

Proof. Following the proof of Proposition 1.10, we see that inf
{
E(u) : 0 6≡ u ∈W 1,2(M)

}
is a

finite number. Let us denote y = inf
{
E(u) : 0 6≡ u ∈W 1,2(M)

}
. Clearly, Y (M, g) ≥ y.

Now let ε > 0 be given. Then there exists u ∈ W 1,2(M) such that u 6= 0 and E(u) < y + ε.
Since E(u) = E(|u|), we may assume u ≥ 0 but not identically zero. Since M is compact,
C∞(M) is dense in W 1,2(M). So there exists a sequence uk ∈ C∞(M) satisfying uk > 0 and
uk → u in W 1,2(M).3 Also, by Sobolev embedding theorem, uk → u in L

2n
n−2 (M). Thus,

limk→∞E(uk) = E(u). Since
Y (M, g) ≤ E(uk)

for all k, letting k →∞, we have

Y (M, g) ≤ E(u) < y + ε,

i.e., Y (M, g) ≤ inf
{
E(u) : 0 6≡ u ∈W 1,2(M)

}
+ε. The proof is completed by letting ε→ 0.

Remark. Note that
sup {E (u) : 0 < u ∈ C∞ (M)} =∞.

Choose a small part U of M so that Vol (U, g) = ε. Define u ≡ 1 on left part of U , Define
u ≡ 2 on the other side of U . Then |∇gu| ≈ C

ε in U . So

E (u) =

∫
M

4(n−1)
n−2 |∇gu|

2
+Rgu

2dVg(∫
M
u

2n
n−2 dVg

) ≥
4(n−1)
n−2

∫
M
|∇gu|2 dVg(∫

M
u

2n
n−2 dVg

)n−2
n

− C

≥
4(n−1)
n−2

∫
U
C
ε2 dVg(∫

M\U 2
2n
n−2 dVg

)n−2
n

− C

≥ C

ε2

Vol (U, g)

Vol (M, g)− ε
− C →∞

as ε→ 0+.

u = 1 u = 2

Recall our strategy of the Yamabe equation. From Proposition 1.8, it suffices to find a critical
point of Yamabe energy. One classical approach is to find a minimizer of the energy. There are
another strategy for solving Yamabe problem since we just need to find a critical point of the energy.
Using geometric flow approach, we can also find a critical point, which will see it later.

3Is it okay?

11



1. Introduction to Yamabe problem

Note that the conformal Laplacian is a second-order elliptic differential operator. Let λ1 (g) be
the first eigenvalue of the conformal Laplacian, i.e., Lgf = λ1 (g) f for some f ∈ C∞ (M). By
Courant nodal theorem, f does not change sign. By replacing f by−f , we can assume that f > 0.
By Raleigh quotient,

λ1 (g) = inf

{∫
M
uLgudVg∫
M
u2dVg

: 0 6= u ∈ C∞ (M)

}
. (1.8)

Remark. For n× n matrix A,

λ1 (A) = inf

{
〈Ax, x〉
〈x, x〉

: x 6= 0

}
.

Proposition 1.15. λ1 (g) and Y (M, g) have the same sign. This implies the sign of λ1 (g) is a
conformal invariant.

Remark. λ1 (g) is not conformal invariant. (Hint: for a constant c > 0, show that λ1(cg0) =
c−1λ1(g0))

Proof of Proposition 1.15. First, we show λ1 (g) < 0 if and only if Y (M, g) < 0. Assume
λ1 (g) < 0. Then there exists f ∈ C∞ (M) which is positive such that Lgf = λ1 (g) f with
λ1 (g) < 0.

Now note that ∫
M

fLgfdVg = λ1 (g)

∫
f2dVg.

Since

E (f) =

∫
M
fLgfdVg(∫

M
f

2n
n−2 dVg

)n−2
n

=
λ1 (g)

∫
f2dVg(∫

M
f

2n
n−2 dVg

)n−2
n

< 0

since λ1 (g) < 0. So
Y (M, g) ≤ E (f) < 0.

Similarly, we see that λ1 (g) ≥ 0 implies Y (M, g) ≥ 0.
Suppose Y (M, g) < 0. Then there exists a positive function u ∈ C∞ (M) such thatE (u) < 0.

So ∫
M

uLgudVg < 0.

This implies λ1 (g) < 0 by (1.8).
Suppose Y (M, g) ≥ 0. Given any 0 6= f ∈ C∞ (M),

Y (M, g) ≤ E (f) .

So by Hölder’s inequality,

∫
M
fLgfdVg∫
M
f2dVg

=

∫
M
fLgfdVg(∫

M
f

2n
n−2 dVg

)n−2
n

(∫
M
f

2n
n−2

)n−2
n∫

M
f2dVg

≥ c (M,n)Y (M, g)

for some positive constant c depending on M and n. Hence by taking infimum, we obtain the
desired result.

12



1.2. Yamabe constant and the conformal Laplacian

Proposition 1.16. If Y (M, g) < 0, then there exists g̃ ∈ [g] with Rg̃ < 0. That is to say, there
exists a smooth function 0 < u ∈ C∞ (M) such that g̃ = u

4
n−2 g has negative scalar curvature.

Proof. By Proposition 1.15, there exists a 0 < f ∈ C∞ (M), Lgf = λ1 (g) f with λ1 (g) < 0.
Now consider g̃ = f

4
n−2 g. Then from Yamabe equation and definition of Raleigh quotient, we

have

Rg̃ = f−
n+2
n−2Lgf

= f−
n+2
n−2λ1 (g) f < 0,

which completes the proof.

Remark. This proposition does not imply that scalar curvature is constant.
By the same proof, we can also show:

Proposition 1.17. If Y (M, g) ≥ 0, then there exists g̃ ∈ [g] with Rg̃ ≥ 0.

We will see that the situation is very different when Y (M, g) ≥ 0 and Y (M, g) < 0.
In fact, the converse is also true.

Lemma 1.18. (i) If there exists g ∈ [g0] such that Rg < 0, then Y (M, g0) < 0.
(ii) If there exists g ∈ [g0] such that Rg ≥ 0, then Y (M, g0) ≥ 0.

Proof. (i) If g ∈ [g0] such that Rg < 0, then

Eg (1) =

∫
M
RgdVg(∫

M
dVg
)n−2

n

< 0

and thus Y (M, g) ≤ Eg (1) < 0. Since Y (M, g) is conformal invariant, Y (M, g0) < 0.
(ii) If g ∈ [g0] such that Rg ≥ 0,

Eg (u) =

∫
M

4(n−1)
n−2 |∇gu|

2
+Rgu

2dVg(∫
M
u

2n
n−2 dVg

)n−2
n

≥ 0

for all 0 < u ∈ C∞ (M). Now taking infimum, we obtain

Y (M, g) = inf {Eg (u) : 0 < u ∈ C∞ (M)} = Y (M, g0) .

This easy lemma helps us to compute the Yamabe constant for some manifolds exactly.

Lemma 1.19. Let Tn be the n-dimensional torus, i.e., Tn = Rn/Zn. Let g0 be a flat metric on
Tn. Then Y (M, g0) = 0.

Proof. Since g0 is flat,

Eg0 (1) =

∫
M
Rg0dVg0(∫

M
dVg0

)n−2
n

= 0.

So Y (M, g0) ≤ Eg0 (1) = 0.
We claim that there is no g ∈ [g0] such that Rg < 0. Suppose not. Then there exists g ∈ [g0]

such that Rg < 0. Then multiply u and taking integration by parts, we get

4 (n− 1)

n− 2

∫
M

|∇g0u|
2
dVg0 =

∫
M

Rgu
n+2
n−2 dVg0 < 0,

a contradiction. Thus, Y (M, g0) ≥ 0. This completes the proof.

13



1. Introduction to Yamabe problem

In fact, computing theYamabe constant of a Riemannianmanifold (M, g0) is extremely difficult.
(i) For example, it is difficult to compute

(
S2 × S2, gS2 × gS2

)
since the energy behaves badly

for product metric. For the product metric gM × gN onM ×N , the energy

E (u) =

∫
M×N

4(m+n−1)
m+n−2 |∇gM×gNu|

2
+RgM×gNu

2dVgM×gN(∫
M
u

2(m+n)
m+n−2 dVgM×gN

)m+n−2
m+n

.

We have some splitting
dVgM×gN = dVgMdVgN .

Note

RgM×gN = RgM +RgN

|∇gM×gNu|
2

= |∇gMu|
2

+ |∇gNu|
2
.

But constants 4(m+n−1)
m+n−2 , 2(m+n)

m+n−2 make difficult.
(ii) Given a compact manifoldM , we can consider

{Y (M, g) : g is Riemman metric onM} .

But we don’t know the characterization of this set. We know nothing about this.

1.3 Existence and uniqueness of the Yamabe problem when Y (M, g) < 0.

When Y (M, g) < 0, we want to consider the uniqueness of the Yamabe equation

−4 (n− 1)

n− 2
4gu+Rgu = Rg̃u

n+2
n−2 ,

where g̃ = u
4

n−2 g. Recall that if u is minimizer, then we have

Rg̃ =
E (u)(∫

M
u

2n
n−2 dVg

) 2
n

=
Y (M, g)(∫

M
u

2n
n−2 dVg

) 2
n

.

So
− 4 (n− 1)

n− 2
4gu+Rgu =

Y (M, g)(∫
M
u

2n
n−2 dVg

) 2
n

u
n+2
n−2 , (1.9)

Then we have the following uniqueness result when Y (M, g) < 0.

Theorem 1.20. If u, v satisfy (1.9) with
∫
M
u

2n
n−2 dVg =

∫
M
v

2n
n−2 dVg , then u ≡ v.

Theorem 1.20 follows from the following theorem.

Theorem 1.21. Let g1, g2 ∈ [g0] such that Rg1 = Rg2 < 0. Then g1 = g2.

Proof. Since g1, g2 are in the same conformal class, g1 is conformal to g2. So g2 = u
4

n−2 g1 for
some 0 < u ∈ C∞ (M). Now consider the Yamabe equation

−4 (n− 1)

n− 2
4g1u+Rg1u = Rg2u

n+2
n−2 .

14



1.3. Existence and uniqueness of the Yamabe problem when Y (M, g) < 0.

Since Rg1 = Rg2 , we have

−4 (n− 1)

n− 2
4g1u = Rg1

(
u
n+2
n−2 − u

)
.

We claim that supM u ≤ 1. SinceM is compact, there exists x0 ∈M such that u (x0) = supM u.
Then

4g0u (x0) ≤ 0.

At x0, we have

−4 (n− 1)

n− 2
4g1u (x0) = Rg1

(
u (x0)

n+2
n−2 − u (x0)

)
.

Since Rg1 < 0, u (x0)
n+2
n−2 − u (x0) ≤ 0. Since u > 0, u (x0) ≤ 1. Following the above proof, we

have infM u ≥ 1. So u = 1. This shows that g1 = g2.

Remark. (i) The condition in Theorem 1.21 cannot be weaken to Rg1 = Rg2 ≤ 0 since the proof
does not work anymore. In fact, we have the following counterexample: M = Tn, g0 =flat metric
on Tn.

Rg0 = 0 = Rcg0

for any positive constant c. But g0 6= cg0 if c 6= 1. The positive case has no uniqueness. Consider
Sn with standard metric g0. Then

Rg0 =
n (n− 1)

2
.

Choose any isometry ϕ ∈ O (n). Then Rg0 = Rϕ∗g0 . But g0 6= ϕ∗g0 for ϕ 6= id.
(ii) Rg1 = Rg2 may not be constant. So we have also an uniqueness of prescribing curvature

problem. The prescribing curvature problem is the following: Given a Riemannian manifold
(M, g0) and f ∈ C∞ (M), does there exists a g ∈ [g0] such that Rg = f?

Note that this is equivalent to

−4(n− 1)

n− 2
4gu+Rgu = fu

n+2
n−2

when n ≥ 3 and
−4gu+Rg = fe2u

when n = 2.
When (M, g0) = (Sn, gSn), this is called Nirenberg problem. If f is constant, this reduces to

the Yamabe problem.
By Theorem 1.21, if f is a negative function, then the metric g in the prescirbe curvature

problem is unique. Of course, this is not solvable for some f .

Lemma 1.22. Let Tn be a n-dimensional torus, g0 be a flat metric. If g ∈ [g0] satisfying Rg = f ,
then f must change sign or f ≡ 0.

Proof. First, consider n ≥ 3. If g = u
4

n−2 g0 such that Rg = f , then

−4 (n− 1)

n− 2
4g0u+Rg0u = fu

n+2
n−2 .

Integrate over Tn. Then

0 =
4 (n− 1)

n− 2

∫
Tn
4g0udVg0 =

∫
Tn
fu

n+2
n−2 dVg0 .

15



1. Introduction to Yamabe problem

For n = 2, if g = e2ug0 with Rg = f , then

−4g0u = fe2u.

Integrate it. Then

0 = −
∫
T2

4g0udVg0 =

∫
T2

fe2udVg0 .

So we are done.

Remark. When n = 2, applying the Gauss-Bonnet theorem, we obtain the Lemma.
If Rg = f and for n = 2, Kg = 1

2Rg . So Kg = 1
2f . Hence by Gauss-Bonnet Theorem tells

that
1

2

∫
T2

fdVg =

∫
T2

KgdVg = 2πχ (Tn) = 2π (2− 2genus (Tn)) = 0.

Theorem 1.23. Let (M, g0) be a compact smooth n-dimensional Riemannian manifold. Consider
the semilineaer elliptic equation

4g0u+ f (x, u) = 0, (1.10)

where f ∈ C∞ (M × R). If there exist ϕ,ψ ∈ C2 (M) satisfying

4g0ϕ+ f (x, ϕ) ≥ 0 (1.11)
4g0ψ + f (x, ψ) ≤ 0,

i.e., ϕ and ψ are subsolution and supersolution of (1.10), respectively, such that ϕ ≤ ψ, then (1.10)
has a C∞ solution u satisfying ϕ ≤ u ≤ ψ.

Proof. Since M is compact, there exists a constant A such that −A ≤ ϕ ≤ ψ ≤ A. Since M is
compact, we can choose c � 1 such that for each x ∈ M , F (x, t) := ct + f (x, t) so that F is
increasing in t in [−A,A]. Define the operator

Lu = −4g0u+ cu.

Then L : C2,α (M) → C0,α (M) is an elliptic second order operator. By the Schauder theory,
L−1 : C0,α (M)→ C2,α (M) exists and it is a compact operator.

Claim 1. Lv1 ≥ Lv2, then v1 ≥ v2 (comparison principle)

Proof of Claim 1. By assumption, L (v1 − v2) ≥ 0. We claim that minM (v1 − v2) ≥ 0. Since
M is compact and v1, v2 are continuous, there exists a point x0 ∈M such that

(v1 − v2) (x0) = min
M

(v1 − v2) .

Then for this x0, we have4g0 (v1 − v2) (x0) ≥ 0.

0 ≤ L (v1 − v2) (x0)

= −4g0 (v1 − v2) (x0) + c (v1 − v2) (x0) .

So
c (v1 − v2) (x0) ≥ 4g0 (v1 − v2) (x0) .

Since c > 0, v1 − v2 (x0) ≥ 0, which proves the claim.
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1.3. Existence and uniqueness of the Yamabe problem when Y (M, g) < 0.

Now we define ϕk and ψk inductively:

ϕk = L−1 (F (x, ϕk−1)) , for k ≥ 1 and ϕ0 = ϕ (1.12)
ψk = L−1 (F (x, ψk−1)) , for k ≥ 1 and ψ0 = ψ

Claim 2. Lϕ0 ≤ Lϕ1 ≤ Lψ1 ≤ Lψ0.

By (1.12),
Lϕ1 = F (x, ψ) , Lψ1 = F (x, ψ) .

By assumption, we know ϕ ≤ ψ. Since F is increasing in t, Lϕ1 ≤ Lψ1. Note that

Lϕ1 − Lϕ0 = F (x, ϕ0)− Lϕ0

= 4g0ϕ+ f (x, ϕ) ≥ 0

by (1.11). Replacing ϕ with ψ in the above, we get Lψ1 − Lψ0 ≤ 0. By Claim 1, we have

ϕ0 ≤ ϕ1 ≤ ψ1 ≤ ψ0.

By induction, we have
ϕ0 ≤ ϕk−1 ≤ ϕk ≤ ψk ≤ ψk−1 ≤ ψ0

for all k. Since {ϕk} is a sequence of monotone increasing functions and bounded by ψ0, there
exists a pointwise limit ofϕk and write the limit by u. Similarly, since {ψk} is monotone decreasing
and bounded below by ϕ0, there exists u such that ψk → u pointwise. Also, we have

u0 ≤ u ≤ u ≤ ψ0.

By (1.12), Lϕk = F (x, ϕk−1) for k ≥ 1. Note that ϕk is bounded. Since F is smooth on M ,
F (x, ϕk−1) ∈ Lp(M) for any 1 ≤ p ≤ ∞. With this same p, ϕk ∈ Lp (M). So ϕk ∈ W 1,p(M).
If we choose p > n, then by Sobolev embedding theorem, ϕk ∈ C0,α(M) with

‖ϕk‖C0,α(M) ≤ C ‖ϕk‖W 1,p(M) .

Now from |ϕk| ≤ ϕk − ϕ0 + |ϕ0| ≤ ψ0 + 2|ϕ0|, we have

‖ϕk‖C0,α(M) ≤ C

where C is independent of k. Thus, by Arzelá-Ascoli’s theorem, there exists a convergent sub-
sequence, still denoted it by {ϕk}, such that ϕk → ũ in C0,α(M). Then ũ = u. So we obtain
the pointwise convergence ϕk → u is in fact ϕk → u in C0,α (M). Similarly, the pointwise
convergence ψk → u is in fact ψk → u in C0,α .

By taking limit in Lϕk = F (x, ϕk−1) and Lψk = F (x, ψk−1) , we have L (u) = F (x, u) and
L (u) = F (x, u). Since u, u ∈ C0,α(M), F (x, u), F (x, u) ∈ C0,α(M). Now by the Schauder
theory, u, u ∈ C2,α (M). Now bootstrap argument yields u, u ∈ C∞ (M). By definition of L and
F , we have

−4g0u = f (x, u) ,

i.e., u is a solution for (1.10). This completes the proof.

Based on this theorem, we prove the Yamabe problem for (M, g0) with Y (M, g0) < 0. The
Yamabe equation takes this form

−4 (n− 1)

n− 2
4g0u+Rg0u = Rgu

n+2
n−2 ,
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1. Introduction to Yamabe problem

whereRg is a negative constant. SinceY (M, g) < 0, by Proposition 1.16, without loss of generality,
we can assume Rg0 < 0. Define

f (x, u) =
n− 2

4 (n− 1)

[
Rgu

n+2
n−2 −Rg0u

]
.

Clearly, f is C∞. To apply theorem 1.23, we want to find ϕ and ψ satisfying (1.11). Take ϕ = ε.
Then

f (x, ϕ) =
n− 2

4 (n− 1)

(
Rgε

n+2
n−2 −Rg0ε

)
≥ n− 2

4 (n− 1)

(
Rgε

n+2
n−2 −max

M
Rg0ε

)
> 0

if ε is sufficiently small. Take ψ = C > 0. Then

f (x, ψ) =
n− 2

4 (n− 1)

(
RgC

n+2
n−2 −Rg0C

)
≤ n− 2

4 (n− 1)

(
RgC

n+2
n−2 −

(
min
M

Rg0

)
C
)
< 0

if C is sufficiently large. So at the same time, ϕ ≤ ψ. Now apply Theorem 1.23, we get a
C∞-solution u to the Yamabe equation with u > 0.
Remark. Try it for (M, g0) with Y (M, g0) > 0. Then we cannot use Theorem 1.23.
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2Yamabe problem on non-locally conformally flat
manifold
2.1 Aubin-Trudinger approach to the Yamabe problem

So far we consider the Yamabe problem when Y (M, g0) < 0. From now on, we focus on the case
Y (M, g0) ≥ 0.

Theorem 2.1 (Aubin-Trudinger). For a compact n-dimensional Riemannian manifold (M, g0),

(i) Y (M, g0) ≤ Y (Sn, gSn), and

(ii) if Y (M, g0) < Y (Sn, gSn), then the Yamabe problem is solvable.

We want to compute Y (Sn, gSn). In order to do this, we would like to talk about the best
constant of Sobolev inequality of Rn. The Sobolev inequality of Rn tells us that there exists a
constant Λ depending only on n such that

Λ

(∫
Rn
|u|

2n
n−2 dx

)n−2
n

≤ 4 (n− 1)

n− 2

∫
Rn
|∇u|2 dx (2.1)

for all u ∈ C∞0 (Rn). HereC∞0 (Rn) is the set of all smooth functions inRn with compact support.

Question. What is the smallest number Λ such that (2.1) is true?

This question is closely related to Yamabe problem. Note that the scalar curvature of Rn with
respect to the standard metric is 0. Therefore, the conformal Laplacian of Rn is just the standard
Laplacian up to a constant:

L0 = −4 (n− 1)

n− 2
4.

The best constant in (2.1) is

Λ = inf


4(n−1)
n−2

∫
Rn |∇u|

2
dx(∫

Rn |u|
2n
n−2 dx

)n−2
n

∣∣∣∣∣∣∣∣u ∈ C
∞
0 (Rn) , u 6≡ 0


= inf {E (u) : u ∈ C∞0 (Rn) , u 6≡ 0}
= Y (Rn, gflat) ,

which is the Yamabe constant of (Rn, gflat) .
Let Ω be a bounded open set in Rn. We can define

Λ (Ω) = inf {E (u) : 0 6≡ u ∈ C∞0 (Ω)} .

Lemma 2.2. Λ (Ω) = Λ.

Proof. Consider ϕ : Rn → Rn ϕ (x) = x + a for some fixed a ∈ Rn, which is the translation
in Rn. If Ω and Ω′ are open sets in Rn such that Ω′ = ϕ (Ω), Λ (Ω) = Λ (Ω′) because ϕ is an
isometry of gflat.

If Ω and Ω′ are open sets in Rn satisfying Ω ⊂ Ω′, then Λ (Ω) ≥ Λ (Ω′) since C∞0 (Ω) ⊂
C∞0 (Ω′). Given any bounded open set Ω in Rn, there exists a translation ϕ such that 0 ∈ ϕ (Ω).
Since ϕ (Ω) is open and bounded,

Br1 (0) ⊂ ϕ (Ω) ⊂ Br2 (0)
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2. Yamabe problem on non-locally conformally flat manifold

for some r1, r2 > 0. So
Λ (Br2 (0)) ≤ Λ (Ω) ≤ Λ (Br1 (0)) .

Claim 1. For any r > 0, Λ (Br (0)) = Λ0.

Claim 2. Λ0 = Λ = Y (Rn, gRn).

Proof of Claim 1. It suffices to prove Λ (Br) = Λ (B1) for all r > 0. To see this, let 0 6≡ u ∈
C∞0 (Br (0)) . Now we define

ũ (x) := u (rx) for x ∈ B1 (0) .

Then 0 6≡ ũ ∈ C∞0 (B1 (0)). Then ∇ũ (x) = r (∇u) (rx). So change of variable yields

E (ũ) =

4(n−1)
n−2

∫
B1(0)

|∇ũ|2 dx(∫
B1(0)

ũ
2n
n−2 dx

)n−2
n

= E (u) ,

which proves Claim 1.

Proof of Claim 2. Since C∞0 (Br (0)) ⊂ C∞0 (Rn), Λ0 ≥ Λ. Note that⋃
r>0

Br (0) = Rn.

So
⋃
r>0 C

∞
0 (Br) is dense in C∞0 (Rn).

For all i, there exists ui ∈ C∞0 (Rn) such thatE (ui) ≤ Λ + 1
2i . So there exists ũi ∈ C

∞
0 (Bri)

such that
E (ũi) ≤ E (ui) +

1

2i
≤ Λ +

1

i
.

So
Λ0 = Λ (Bri (0)) ≤ E (ũ) ≤ Λ +

1

i
.

Now letting i→∞, we are done.

Hence by Claim 1 and Claim 2, we completes the proof of Lemma.

Consider
Sn =

{
x ∈ Rn+1 : |x| = 1

}
.

We have the stereographic projection from the nouth pole N = (0, . . . , 1) ∈ Sn

π : Sn \ {N} → Rn,

π (x1, . . . , xn) =

(
x1

1− xn+1
, . . . ,

xn
1− xn+1

)
,

where x = (x1, . . . , xn, xn+1) ∈ Sn \ {N}.
π is bijective, diffeomorphism,

π−1 : Rn → Sn \ {N} ,

π−1 (ϕ1, . . . , ϕn) =

(
2ϕ1

|ϕ|2 + 1
, . . . ,

2ϕn

|ϕ|2 + 1
,
|ϕ|2 − 1

|ϕ|2 + 1

)
,
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2.1. Aubin-Trudinger approach to the Yamabe problem

where ϕ = (ϕ1, . . . , ϕn) ∈ Rn.
The standard Riemmanian metric gSn on Sn is given by gSn = i∗ (gRn), where i : Sn → Sn+1,

i (x) = x.
In particular, π−1 : (Rn, gRn) → (Sn, gSn) . In particular, π−1 is a diffeomorphism. We can

compute
(
π−1

)∗
gSn . We will see π−1 is a conformal map in the sense that

(
π−1

)∗
gSn = fgRn .

We want to show that (
π−1

)∗
(gSn) =

(
2

1 + |ϕ|2

)2

gRn .

At ϕ = (ϕ1, . . . , ϕn) ∈ Rn,
(

∂
∂ϕ1

, . . . , ∂
∂ϕn

)
is a basis of TϕRn . Consider

(
π−1

)∗
(gSn)

(
∂

∂ϕi
,
∂

∂ϕj

)
= gSn

(
d
(
π−1

)( ∂

∂ϕi

)
, d
(
π−1

)( ∂

∂ϕi

))
= gSn

(
∂π−1

∂ϕi
,
∂π−1

∂ϕj

)
= i∗gRn+1

(
∂π−1

∂ϕi
,
∂π−1

∂ϕj

)
= gRn+1

(
∂π−1

∂ϕi
,
∂π−1

∂ϕj

)
Note

∂π−1

∂ϕi
=

− 4ϕ1ϕi(
|ϕ|2 + 1

)2 , . . . ,
2

|ϕ|2 + 1
− 4ϕ2

i(
|ϕ|2 + 1

)2 , . . . ,−
4ϕnϕi(
|ϕ|2 + 1

)2 ,
4ϕi(

|ϕ|2 + 1
)2

 .

If i = j, then

(
π−1

)∗
(gSn)

(
∂

∂ϕi
,
∂

∂ϕj

)
=

 −4ϕ1ϕi(
1 + |ϕ|2

)2


2

+ · · ·+

 2

|ϕ|2 + 1
− 4ϕ2

i(
|ϕ|2 + 1

)2


2

+ · · ·+

− 4ϕnϕi(
|ϕ|2 + 1

)2


2

+

 4ϕi(
|ϕ|2 + 1

)2


2

=

n∑
j=1

16ϕ2
jϕ

2
i(

1 + |ϕ|2
)4 +

4(
|ϕ|2 + 1

)2 −
16ϕ2

i(
1 + |ϕ|2

)3 +
16ϕ2

i(
1 + |ϕ|2

)4

=
16
(
|ϕ|2 + 1

)
ϕ2
i(

1 + |ϕ|2
)4 +

4(
|ϕ|2 + 1

)2 −
16ϕ2

i(
|ϕ|2 + 1

)3 =
4(

|ϕ|2 + 1
)2 .

If i 6= j, then

(
π−1

)∗
(gSn)

(
∂

∂ϕi
,
∂

∂ϕj

)
=

16ϕ2
1ϕiϕj(

1 + |ϕ|2
)4 + · · ·+

 2

|ϕ|2 + 1
− 4ϕ2

i(
|ϕ|2 + 1

)2


− 4ϕiϕj(

|ϕ|2 + 1
)2


21



2. Yamabe problem on non-locally conformally flat manifold

+ · · ·+

 2

|ϕ|2 + 1
− 4ϕ2

i(
|ϕ|2 + 1

)2


 −4ϕjϕi(
|ϕ|2 + 1

)2


+ · · ·+ 16ϕ2

nϕiϕj(
|ϕ|2 + 1

)4 +
16ϕiϕj(
|ϕ|2 + 1

)4

=
16ϕiϕj(
|ϕ|2 + 1

)4

n∑
k=1

ϕ2
k −

16ϕiϕj(
|ϕ|2 + 1

)3 +
16ϕiϕj(
|ϕ|2 + 1

)4 = 0.

We have shown that (
π−1

)∗
gSn =

4(
|ϕ|2 + 1

)2 gRn . (2.2)

That is to say, π−1 : Rn → Sn \ {N} is a conformal map.

Definition 2.3. Given a map f : (M, gM ) → (N, gN ), if f is a diffeomorphism and f∗gN is
conformal to gM , then f is said to be a conformal diffeomorphism.

Proposition 2.4. If f : (M, gM ) → (N, gN ) is a conformal diffeomorphism, then Y (M, gM ) =
Y (N, gN ).

Proof. Since M and N are diffeomorphic, dimM = dimN = n. Let 0 < u ∈ C∞0 (N). Then
change of variable gives

EgN (u) =

∫
N

4(n−1)
n−2 |∇gNu|

2
+RgNudVgN(∫

N
|u|

2n
n−2 dVgN

)n−2
n

=

∫
M

4(n−1)
n−2 |∇f∗gN (u ◦ f)|2 +Rf∗gN (u ◦ f)

2
dVf∗gN(∫

M
(u ◦ f)

2n
n−2 dVf∗gN

)n−2
n

.

Since f is a conformal diffeomorphism, f∗gN ∈ [gM ]. So

inf
0<u∈C∞0 (N)

E (u) = inf
0<u∈C∞0 (N)

EgM (u ◦ f) = inf
0<u∈C∞0 (M)

E (u) .

This completes the proof of Proposition.

Applying Proposition 2.4, we have

Y (Rn, gRn) = Y (Sn \ {N} , gSn) (2.3)
= inf{E(u) : 0 6≡ u ∈ H1(Sn \ {N})}
= inf{E(u) : 0 6≡ u ∈ H1(Sn)}
= Y (Sn, gSn) .

Recall that Y (Rn, gRn) = Λ, where Λ is the best constant in the Sobolev inequality.

Exercise 2.5. If g̃ = ug for some 0 < u ∈ C∞ (M), then prove that the Ricci curvature of g̃ and
g are related by

R̃ic (Xi, Xk)
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2.1. Aubin-Trudinger approach to the Yamabe problem

=
n− 2

4
(log u)k (log u)i −

n− 2

2
(log u)ki + Ric (Xi, Xk)

−
(
n− 2

4
|∇g log u|2g +

1

2
4g (log u)

)
gik.

Theorem 2.6 (Obata). If g is a metric on Sn conformal to gSn and has constant scalar curvature,
then up to a constant scalar factor, g is obtained from gSn by a conformal diffeomorphism of Sn.

If g ∈ [gSn ] withRg ≡ constant, then g = cf∗gSn for some constant c > 0 and f ∈ Conf (Sn).

Proof. We show that g is Einstein, i.e., Ricg −Rgn g ≡ 0, i.e., Bij = Ricij −Rgn gij = 0. Here Bij
denotes the trace-less Ricci tensor. Write gSn = ug. Then

(BgSn )ij = (RicgSn )ij −
RgSn
n

(gSn)ij

=
n− 2

4
(log u)i (log u)j −

n− 2

2
(log u)ij + Ricij −

(
n− 2

4
|∇g log u|2g +

1

2
4g (log u)

)
gij

− 1

n
u−1

[
−1

4
(n− 2) (n− 1) |∇g log u|2g − (n− 1)4g (log u) +Rg

]
ugij

= Bij +
n− 2

4
(log u)i (log u)j −

n− 2

2
(log u)ij +

n− 2

4

(
n− 1

n
− 1

)
|∇g log u|2g gij

+

(
n− 1

n
− 1

2

)
4g (log u) gij .

Let u = ϕ−2. Then log u = −2 logϕ and

(log u)i = −2ϕi
ϕ
, (log u)ij =

(
−2ϕi

ϕ

)
j

=
−2ϕij
ϕ

+
2ϕiϕj
ϕ2

.

So

|∇ log u|2 =
4 |∇ϕ|2

ϕ2
, 4 (log u) = −24ϕ

ϕ
+

2 |∇ϕ|2

ϕ2
.

Thus,

(BgSn )ij = Bij +
n− 2

ϕ

(
ϕij −

1

n
4ϕgij

)
. (2.4)

Note (BgSn )ij = 0. Since Rg is constant, by the contracted Bianchi identity, we have

0 = 〈X,∇Rg〉 = 2

n∑
i=1

Xi Ricg (X,Xi) for all vector field X.

In particular,

0 =

n∑
i=1

Xi Ricg (Xj , Xi) =

n∑
i=1

Xi Ricji for all j. (2.5)

So
n∑
i=1

XiBji =

n∑
i=1

Xi

(
Ricji−

Rg
n
gji

)
= 0
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2. Yamabe problem on non-locally conformally flat manifold

since Rg is constant and Xi is compatible with the metric gij . Therefore, by we have∫
Sn
|B|2g ϕdVg =

∫
Sn
ϕBijBijdVg

= − (n− 2)

∫
Sn

(
Bij
)(

ϕij −
1

n
4ϕgij

)
dVg by (2.4)

= − (n− 2)

∫
Sn
BijϕijdVg since Bij is traceless

= − (n− 2)

∫
Sn

(
Bij
)
j
ϕidVg integration by parts

= 0 by (2.5).

Since ϕ is arbitrary, B = 0, i.e., g is Einstein.
We need two facts. Let us assume these facts in the moment.

Fact 1. Since g is conformal to gSn and gSn is locally conformally flat, g is also locally conformally
flat. So the Weyl tensor of g,W ≡ 0.

Fact 2. If B ≡ 0 andW ≡ 0, then g has constant sectional curvature.

By Fact 1 and Fact 2, (Sn, g) is isometric up to constant factor to (Sn, gSn), i.e., there exists
an isometry f : (Sn, g) → (Sn, gSn) such that g = cf∗gSn . Since g = ϕ−2gSn = cf∗gSn , we are
done.

First, we explain Fact 1. We define the following terminology which we used in Fact 1.

Definition 2.7. We say (Mn, g) is locally conformally flat if it is locally conformal to the flat metric
ofRn , i.e., for anyx ∈Mn, there is a neighborhoodU ofx and a parametrization f : V ⊂ Rn → U
such that f∗g = ugRn for some u > 0.

Example 2.8. For 0 < u ∈ C∞ (Rn), (Rn, ugRn) is locally conformally flat (in fact, it is global
conformally flat, or conformally flat.)

Example 2.9. (Sn, gSn) is locally conformally flat. Indeed, for any x ∈ Sn \ {N}, π−1 : Rn →
Sn \ {N}, inverse of stereographic projection. Then(

π−1
)∗
gSn =

4(
1 + |ϕ|2

)2 gRn .

Definition 2.10. Given a Riemannian metric g, the Weyl tensor of g is given by

Wijkl = Rijkl −
1

n− 2
(Ricik gjl + Ricjl gik − Ricil gjk − Ricjk gil)

+
1

(n− 1) (n− 2)
Rg (gikgjl − gilgjk) .

If h,m are (0, 2)-tensors, we define

(h?m)ijkl = hikmjl + hjlmik − hilmjk − hjkmil.

We call (h?m) the Kulkarni-Nomizu product.

W = Rm− 1

n− 2
Ric ?g +

Rg
2 (n− 1) (n− 2)

g ? g.
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2.1. Aubin-Trudinger approach to the Yamabe problem

The following proposition explains some properties of Weyl tensors.

Proposition 2.11.

(i) Weyl tensor satisfies all the algebraic identities of Riemann curvature tensor

(a) Wijkl = −Wjikl.
(b) Wijkl = −Wijlk.
(c) Wijkl = Wklij .
(d) Wijkl +Wjkil +Wkijl = 0.

(ii) Weyl tensor is a pointwise conformal invariant. More precisely, if g̃ = e2ug, then

W̃ijkl = e−2uWijkl.

(iii) g is locally conformally flat if and only if the Weyl tensor of g is equal to 0.

Proof. (i) is easy.
(ii) We know R̃m and Rm, R̃ic and Ric, and R̃g and R̃g change conformally, just put it these.
(iii) (⇒) Easy by computation (⇐): difficult.

As a consequence of Proposition (2.11), if g̃ ∈ [g] and g is locally conformally flat, thenWg = 0
by (iii) and soWg̃ = e−2uWg ≡ 0 by (ii). Thus, g̃ is locally conformally flat by (iii).

We prove Fact 2.

Proof. If B ≡ 0, then by definition

Ricij =
Rg
n
gij .

From this and the contractive Binachi’s identity, we have

〈X,∇Rg〉 = 2

n∑
i=1

Xi Ricg(X,Xi) = 2

n∑
i=1

Xi

(
Rg
n

)
g(X,Xi).

Put X = Xj . Then we have

Xj(Rg) = 〈Xj ,∇Rg〉 =
2

n
Xj(Rg) for all j.

Since n ≥ 3, this shows that Rg is constant.
Now

0 ≡Wijkl

= Rijkl −
1

n− 2
(Ricik gjl + Ricjl gik − Ricil gjk − Ricjk gil)

+
1

(n− 1) (n− 2)
Rg (gikgjl − gilgjk)

= Rijkl +

(
− 2

n (n− 2)
+

1

(n− 1) (n− 2)

)
Rg (gikgjl − gilgjk)

= Rijkl −
Rg

n (n− 1)
(gikgjl − gilgjk) .

Thus, by Schur’s Lemma, (M, g) has constant sectional curvature. It is equal to Rg
n(n−1) .
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2. Yamabe problem on non-locally conformally flat manifold

Exercise 2.12. If g1, g2 are locally conformally flat, then is g1 × g2 is locally conformal flat? If g
is locally conformally flat, Ricci soliton, prove that g has constant sectional curvature.

Exercise 2.13. Find a Riemannian metric g which is not locally conformally flat.

Now using Obata’s theorem(Theorem 2.6), we can now compute Y (Sn, gSn).

Proposition 2.14.

(i) Y (Sn, gSn) is attained. That is, there exists 0 < u ∈ C∞ (Sn) such that E (u) =
Y (Sn, gSn).

(ii) Y (Sn, gSn) = n (n− 1) Vol (Sn, gSn)
2
n .

First we prove (ii) first assuming (i). By (i), there exists 0 < u ∈ C∞ (M) such that

E (u) = Y (Sn, gSn) .

By Proposition 1.8, g = u
4

n−2 gSn has constant scalar curvature. Hence by Obata Theorem, g has
constant sectional curvature and g = cf∗gSn . By (1.6),

E (u) =

∫
Sn RgdVg(∫
Sn dVg

)n−2
n

=

∫
Sn Rcf∗gSndVgSn(∫
Sn dVcf∗gSn

)n−2
n

since g = cf∗gSn

=

∫
Sn RgSndVgSn(∫
Sn dVgSn

)n−2
n

since f is conformal diffeomorphism

= n (n− 1)

(∫
Sn
dVgSn

) 2
n

.

This completes the proof of (ii).
Combining Lemma 2.2 and (2.3), we have

n (n− 1) Vol (Sn, gSn) = Y (Sn, gSn) = Y (Rn, gRn) = Λ = Λ (Ω) ,

where Λ is the best constant in the Sobolev inequality.
Recall the Sobolev inequality in Rn tells us: there exists a constant Λ depending only on n such

that

Λ

(∫
Rn
u

2n
n−2 dx

)n−2
n

≤ 4 (n− 1)

n− 2

∫
Rn
|∇u|2 dx (2.6)

for all u ∈ C∞0 (Rn). We know that the smallest constant such that (2.6) holds is equal to
n (n− 1) Vol (Sn, gSn).

Now we prove (i). We want to find a function u such that the equality holds in (2.6). Given
ξ ∈ Rn and ε > 0, we consider the function u(ξ,ε) : Rn → R defined as

u(ξ,ε) (x) =

(
ε

ε2 + |x− ξ|2

)n−2
2

.

Take ξ = 0 ∈ Rn, then u(0,ε) (x) is rotationally symmetric. [DRAW A GRAPH] The function
u(ξ,ε) concentrates near ξ. The smaller ε is, the more concentrated at ξ u(ξ,ε) is.
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2.1. Aubin-Trudinger approach to the Yamabe problem

Note

∂u(ξ,ε)

∂xi
=

ε
n−2
2(

ε2 + |x− ξ|2
)n

2

(
−n− 2

2

)
2 (xi − ξi)

=
− (n− 2) ε

n−2
2 (xi − ξi)(

ε2 + |x− ξ|2
)n

2

and

∂2u(ξ,x)

∂xi∂xj
= − (n− 2) ε

n−2
2(

ε2 + |x− ξ|2
)n

2
δij −

(n− 2) ε
n−2
2 (xi − ξi)

(
−n2
)

2 (xj − ξj)(
ε2 + |x− ξ|2

)n
2 +1

= − (n− 2) ε
n−2
2(

ε2 + |x− ξ|2
)n

2
δij +

n (n− 2) ε
n−2
2 (xi − ξi) (xj − ξj)(

ε2 + |x− ξ|2
)n

2 +1
.

So

4u(ξ,ε) = − n (n− 2) ε
n−2
2(

ε2 + |x− ξ|2
)n

2
+
n (n− 2) ε

n−2
2 |x− ξ|2(

ε2 + |x− ξ|2
)n

2 +1

= − n (n− 2) ε
n−2
2 ε2(

ε2 + |x− ξ|2
)n

2 +1

= −n (n− 2)u
n+2
n−2

(ξ,ε),

i.e.,4u(ξ,ε) + n (n− 2)u
n+2
n−2

(ξ,ε) = 0. Multiply u(ξ,ε) to this equation and integrate, we get∫
Rn

∣∣∇u(ξ,ε)

∣∣2 dx = n (n− 2)

∫
Rn
u

2n
n−2

(ξ,ε)dx,

i.e.,
4 (n− 1)

n− 2

∫
Rn

∣∣∇u(ξ,ε)

∣∣2 dx = 4n (n− 1)

∫
Rn
u

2n
n−2

(ξ,ε)dx.

So

E
(
u(ξ,ε)

)
=

4(n−1)
n−2

∫
Rn
∣∣∇u(ξ,ε)

∣∣2 dx(∫
Rn u

2n
n−2

(ξ,ε)dx

)n−2
n

= n (n− 1)

(
2n
∫
Rn
u

2n
n−2

(ξ,ε)dx

) 2
n

.

Note

∫
Rn
u

2n
n−2

(ξ,ε)dx =

∫
Rn

(
ε

ε2 + |x− ξ|2

)n−2
2

2n
n−2

dx
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2. Yamabe problem on non-locally conformally flat manifold

=

∫
Rn

(
ε

ε2 + |x|2

)n
dx

=

∫
Rn

1(
1 + |y|

2
)n dy.

So

E
(
u(ξ,ε)

)
= n (n− 1)

(∫
Rn

(
2

1 + |y|2

)n
dy

) 2
n

.

On the other hand, we have

Vol (Sn, gSn) =

∫
Sn
dVgSn =

∫
Sn\{N}

dVgSn

=

∫
π−1(Rn)

dVgSn

=

∫
Rn

(
π−1

)∗
dVgSn

=

∫
Rn
dV(π−1)∗gSn

=

∫
Rn
dV 4

(1+|y|2)2
gRn

=

(∫
Rn

(
2

1 + |y|2

)n
dy

) 2
n

.

This completes the proof.
Combining all these, we have

E
(
u(ξ,ε)

)
= n (n− 1) (Vol (Sn, gSn))

2
n

= Y (Sn, gSn)

= Y (Rn, gRn)

= Λ.

Remark. (i) u(ξ,ε) is not compactly supported. However, since u(ξ,ε)concentrated at ξ and it has
a fast decay, we can multiply a cut off function to u(ξ,ε) and the resulting function is compactly
supported and its energy is arbitrary closed to Λ.

(ii) In fact, if u is a function in Rn such that E (u) = Λ, then u = u(ξ,ε) for some ξ ∈ Rn and
ε > 0.

All of these calculations have meaning. Recall the Aubin-Trudinger theorem. Given (M, g),
the theorem tells that (i)Y (M, g0) ≤ Y (Sn, gSn) and (ii) if Y (M, g0) < Y (Sn, gSn), then the
Yamabe problem is solvable. So we need to know the exact value of Y (Sn, gSn) since we have a
‘strict inequality’.

Now we are ready to prove the Aubin-Trudinger theorem.

Proof of Theorem 2.1 (i). For any α > 0, letBα be the ball of radius α inRn centered at the origin.
Let

u(0,ξ) (x) =

(
ε

ε+ |x|2

)n−2
2

, ε > 0.
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Now choose a smooth cut-off radial function 0 ≤ η ≤ 1 supported in B2αwith η ≡ 1 on Bα,
|∇η| ≤ 2

α . Now consider ϕ = ηu(0,ξ). Then

4 (n− 1)

n− 2

∫
Rn
|∇ϕ|2 dx =

4 (n− 1)

n− 2

∫
B2α

|∇ϕ|2 dx

=
4 (n− 1)

n− 2

∫
B2α

η2
∣∣∇u(0,ξ)

∣∣2 dx
+

4 (n− 1)

n− 2

∫
B2α

2ηu(0,ε)

〈
∇η,∇u(0,ξ)

〉
dx

+
4 (n− 1)

n− 2

∫
B2α

u2
(0,ξ) |∇η|

2
dx

= I + II + III.

We estimate I , II , and III . Note

I =
4 (n− 1)

n− 2

∫
B2α

η2
∣∣∇u(0,ξ)

∣∣2 dx
≤ 4 (n− 1)

n− 2

∫
Rn

∣∣∇u(0,ξ)

∣∣2 dx
= Λ

(∫
Rn
u

2n
n−2

(0,ξ)dx

)n−2
n

.

To estimate II and III , we need∫
B2α\Bα

∣∣∇u(0,ξ)

∣∣2 dx ≤ cεn−2

∫ 2α

α

rn−1

r2n−2
dr = cεn−2

≤ cεn−2

αn−2

and ∫
B2α\Bα

u
2n
n−2

(0,ε)dx ≤ c
εn

αn
.

So

II =
4 (n− 1)

n− 2

∫
B2α\Bα

2ηu(0,ε)

〈
∇u(0,ε),∇η

〉
dx

≤ c

α

(∫
B2α\Bα

|u (0, ε)|2
) 1

2 (∫
B2α

∣∣∇u(0,ε)

∣∣2) 1
2

≤ c

α

(∫
B2α\Bα

|u (0, ε)|
2n
n−2 dx

)n−2
n
(∫

B2α\Bα
dx

) 2
n


1
2 (∫

B2α\Bα
|∇u|2 dx

) 1
2

≤ c

α

[( ε
α

)n−2

α2

] 1
2 ( ε

α

)n−2
2

≤ c
( ε
α

)n−2

.

Similarly,

III =
4 (n− 1)

n− 2

∫
B2α\Bα

u2
(0,ξ) |∇η|

2
dx
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2. Yamabe problem on non-locally conformally flat manifold

≤ c

α2

(∫
B2α\Bα

u
2n
n−2

(0,ε)dx

)n−2
n
(∫

B2α\Bα

) 2
n

≤ c
( ε
α

)n−2

.

Thus, we get
4 (n− 1)

n− 2

∫
Rn
|∇ϕ|2 dx ≤

(∫
Rn
u

2n
n−2

(0,ξ)dx

)n−2
n

+
( ε
α

)n−2

.

Since ϕ = ηu(0,ε) and ϕ is supported in B2α with ϕ = 1 on Bα, we have∣∣∣∣∣
(∫

Rn
u

2n
n−2

(0,ξ)dx

)n−2
n

−
(∫

B2α

ϕ
2n
n−2 dx

)n−2
n

∣∣∣∣∣
≤ c

(∫
Rn\Bα

∣∣u(0,ε) − ϕ
∣∣ 2n
n−2 dx

)n−2
n

.

Since ϕ(0,ε) ≥ ϕ ≥ 0, we have

≤ c

(∫
Rn\Bα

u
2n
n−2

(0,ε)dx

)n−2
n

≤ c
( ε
α

)n−2

.

Thus,
4(n−1)
n−2

∫
Rn |∇ϕ|

2
dx(∫

B2α
ϕ

2n
n−2 dx

)n−2
n

≤ Λ + c
( ε
α

)n−2

.

Now for a compact Riemannian manifold (M, g), choose any point x0 ∈ M . Then we can
consider the geodesic normal neighborhood U of x0. Then U can be parametrized by (ξ1, . . . , ξn)
such that

g

(
∂

∂ξi
,
∂

∂ξj

)
= δij in U

Γkij (x0) = 0.

In this neighborhood,
|∇gϕ|2g = |∇ϕ|2 .

Similarly,
dVg = dξ

since g
(
∂
∂ξi

∂
∂ξj

)
= δij in U . Therefore, we can construct a C∞-function ϕ compactly supported

in U = B2α such that

4(n−1)
n−2

∫
U
|∇gϕ|2g dVg(∫

U
ϕ

2n
n−2 dVg

)n−2
n

≤ Λ + c
( ε
α

)n−2

.
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2.1. Aubin-Trudinger approach to the Yamabe problem

Extend ϕ to a C∞-function inM by letting ϕ = 0 inM \ U . Then using Hölder’s inequality,

Eg (ϕ) =

4(n−1)
n−2

∫
M
|∇gϕ|2 dVg +

∫
M
Rgϕ

2dVg(∫
U
ϕ

2n
n−2 dVg

)n−2
n

≤ 4 (n− 1)

n− 2

∫
M
|∇gϕ|2 dVg(∫

U
ϕ

2n
n−2 dVg

)n−2
n

dx+ max
M
|Rg|

(∫
M
ϕ

2n
n−2 dVg

)n−2
n (∫

U
dVg
) 2
n(∫

U
ϕ

2n
n−2 dVg

)n−2
n

≤ Λ + c
( ε
α

)n−2

+ cα2.

First, choose α very small since we can choose the radius of normal ball very small. Next, we pass
ε→ 0. Thus, Eϕ (ϕ) is arbitrary closed to Λ. Thus,

Y (M, g) ≤ Λ = Y (Sn, gSn) .

This completes the proof of (i).

To prove (ii), we have the following difficulty. We have the following Sobolev embedding, where
W 1,2 (M) ↪→ Lp (M), where 1 < p ≤ 2n

n−2 . This embedding is compact when 1 < p < 2n
n−2 and

is only continuous when p = 2n
n−2 .

The strategy of Yamabe is to consider the subcritical equation of Yamabe equation: for 1 <
p < 2n

n−2 , consider

− 4 (n− 1)

n− 2
4g0u+Rg0u = Rgu

p−1 (2.7)

with Rg =constant.

(a) We can find a solution up for (2.7).

(b) Conclude that up → u as p→ 2n
n−2 and u satisfies the Yamabe equation.

Yamabe succedded in doing step (a) but failed in doing step (b). Aubin-Trudinger proved (b) under
the condition Y (M, g) < Y (Sn, gSn).

We first do Step (a). Define

Ep (u) =

∫
M

(
4(n−1)
n−2 |∇g0u|

2
+Rg0u

2
)
dVg0(∫

M
updVg0

) 2
p

for 1 < p ≤ 2n
n−2 . When p = 2n

n−2 , Ep is the original Yamabe energy. Define

Yp (M, g0) = inf
{
Ep (u) : 0 6= u ∈W 1,2 (M)

}
.

Following the proof of Proposition 1.8, we can show that if u is a critical point of Ep, then u
satisfies (2.7). In particular, if u is a minimizer in the sense that

Ep (u) = Yp (M, g0) ,

then u satisfies (2.7).
Following the proof of Proposition 1.15, we obtain the following: Let λ1 (g0) be the first

eigenvalue of Lg0 . If λ1 (g0) < 0, then Yp (M, g0) < 0. If λ1 (g0) ≥ 0, then Yp (M, g0) ≥ 0.
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2. Yamabe problem on non-locally conformally flat manifold

Lemma 2.15.

(i) lim supp→ 2n
n−2

Yp (M, g0) ≤ Y (M, g0).

(ii) If Yp (M, g0) ≥ 0, then Yp (M, g0)→ Y (M, g0) as p→ 2n
n−2 .

Proof. (i) Note that
Y (M, g0) = Y 2n

n−2
(M, g0) .

Then there exists 0 < ui ∈ C∞ (M) such that

E (ui) =

∫
M
uiLg0uidVg0(∫

M
|ui|

2n
n−2 dVg0

)n−2
n

≤ Y (M, g0) +
1

i
.

Consider

Ep (ui) =

∫
M
uiLg0uidVg0(∫

M
|ui|p dVg0

) 2
p

.

Since p 7→
(∫
M
|ui|p dVg0

) 1
p is continuous,

lim
p→ 2n

n−2

Ep (ui) = E (ui) ≤ Y (M, g0) +
1

i
.

Thus,

lim sup
p→ 2n

n−2

Yp (M, g0) ≤ lim sup
p→ 2n

n−2

Ep (ui) ≤ Y (M, g0) +
1

i
.

Letting i→∞, we are done.
(ii) If Yp (M, g0) ≥ 0, then Ep (u) ≥ 0 for all 0 < u ∈ C∞ (M). Then by Hölder’s inequality,

E (u) = Ep (u)

(∫
M
|u|p dVg0

) 2
p(∫

M
|u|

2n
n−2 dVg0

)n−2
n

≤ Ep (u)

(∫
M
|u|

2n
n−2 dVg0

)n−2
n

(∫
M
|u|

2n
n−2 dVg0

)n−2
n

Vol (M, g0)
2
p (1−pn−2

2n ).

= Ep (u) Vol (M, g0)
2
p (1−pn−2

2n ). .

Taking infimum over 0 < u ∈ C∞ (M), we obtain

Y (M, g0) ≤ Yp (M, g9) Vol (M, g0)
2
p (1−pn−2

2n ) .

Now taking liminf , we have

Y (M, g0) ≤ lim inf
p→∞

Yp (M, g0) .

Hence combinig this with (i), this completes the proof.
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2.1. Aubin-Trudinger approach to the Yamabe problem

Lemma 2.16. For any 2 < p < 2n
n−2 , there exists 0 < up ∈ C∞ (M) such that

‖up‖Lp(M,g0) = 1,

Ep (up) = Y (M, g0) ,

and
Lg0up = Yp (M, g0)up−1

p . (2.8)

Proof. Choose a sequence {ui} ⊂ W 1,2 (M) \ {0} such that Ep (ui) → Yp (M, g0) as i → ∞.
SinceEp (|ui|) ≤ Ep (ui), we can assume that ui are nonnegative. Since Yamabe energy is scaling
invariant, by rescaling, wemay assume that ‖ui‖Lp(M,g0) = 1. First we show that {ui} is a bounded
sequence inW 1,2 (M). By Ep (ui)→ Yp (M, g0) as i→∞ and ‖ui‖Lp = 1 for all i, we have

4 (n− 1)

n− 2
‖∇ui‖2L2 −max

M
|Rg0 | ‖ui‖L2 ≤ C

for some constant C independent of i. Thus, by Hölder’s inequality,

‖∇ui‖2L2 ≤ c1 + c2 (M,n, p) ‖ui‖
2
p

Lp ≤ C1,

where C1 is a constant independent of i.
By the weak compactness result ofW 1,2 (M), there exists a subsequence of {ui} which is still

denoted by {ui} such that ui converges to u weakly inW 1,2 (M) as i→∞, i.e.,

lim
i→∞

∫
M

(〈∇g0ui,∇g0f〉+ uif) dVg0 =

∫
M

(〈∇g0u,∇g0f〉+ uf) dVg0 (2.9)

for any f ∈W 1,2 (M). By the Rellich-Kondrachov theorem, we know thatW 1,2 (M) is compactly
embedded in Lp (M). Thus, (up to subsequence) ui → u strongly in Lp (M) as i→∞. That is,

lim
i→∞

‖ui − u‖Lp = 0. (2.10)

This implies
lim
i→∞

‖ui‖Lp = ‖u‖Lp .. (2.11)

Therefore, ∫
M

(ui − u) fdVg0 ≤ ‖ui − u‖L2(M) ‖f‖L2(M)

≤ c ‖ui − u‖Lp(M) ‖f‖L2(M) → 0

as i→∞ by (2.10). Thus, combining this with (2.9), we have

lim
i→∞

∫
M

〈∇g0ui,∇g0f〉 dVg0 =

∫
M

〈∇g0u,∇g0f〉 dVg0 (2.12)

for f ∈W 1,2 (M).
Put f = ui − u in (2.12). Then

lim
i→∞

∫
M

|∇gi (ui − u)|2 dVg0 = 0,

i.e.,
lim
i→∞

∫
M

|∇g0ui|
2 − 2

∫
M

〈∇g0ui,∇g0u〉 dVg0 +

∫
M

|∇g0u|
2
dx = 0.
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2. Yamabe problem on non-locally conformally flat manifold

Put f = u in (2.12). Then

lim
i→∞

∫
M

〈∇g0ui,∇u〉 dVg0 =

∫
M

|∇g0u|
2
dVg0 .

Thus,
lim
i→∞

∫
M

|∇g0ui|
2
dVg0 =

∫
M

|∇g0u|
2
dVg0 . (2.13)

Since {ui} converges weakly inW 1,2 (M), {ui} is bounded inW 1,2 (M). By Hölder’s inequality,∣∣∣∣∫
M

Rg0u
2
i dVg0 −

∫
M

Rg0u
2dVg0

∣∣∣∣ ≤ max
M
|Rg0 |

∫
M

|ui − u| |ui + u| dVg0 (2.14)

≤ C
(∫

M

|ui − u|2 dVg0
) 1

2

≤ C ‖ui − u‖Lp(M) .

Combining (2.11), (2.13) and (2.14), we have

Yp (M, g0) = Ep (u) = lim
i→∞

Ep (ui) = Ep (u) ≥ Yp (M, g0) .

Thus, Ep (u) = Yp (M, g0). By (2.11), ‖u‖Lp = 1. As a minimizer, u satisfies Lg0u =
Yp (M, g0)up−1 in the weak sense.

It remains to show that up > 0 and up ∈ C∞ (M). We can do this by using bootstrap argument,
which means the following: for any p− 1 < q < 2n

n−2 ,

Lgup = Yp (M, g0)up−1
p ∈ L

q
p−1 (M, g0) .

Hence by Lp estimates of conformal Laplacian, up ∈W 2, q
p−1 (M, g0). Hence by Sobolev embed-

ding theorem, up ∈ Ls (M, g0), where

s =
n
(

q
p−1

)
n− 2

(
q
p−1

) > q

p− 1
.

Therefore, we get
Lgup = Yp (M, g0)up−1

p ∈ L
s
p−1 (M, g0)

with s > q. Hence by Lp estimates of conformal Laplacian, u ∈ W 2, s
p−1 (M, g0) . Repeating the

above procedure, we get u ∈ W 2,q (M, g0) for all q > 1. Hence by Morrey embedding theorem,
u ∈ Cα (M, g0) for some α, where Cα denotes the space of Hölder’s continuous.

Since Lg0up = Yp (M, g0)up−1
p ∈ Cα (M, g0) for any 0 < α < 1, by the Schauder estimates,

up ∈ C2,α (M, g0). Since Lg0up = Yp (M, g0)up−1
p ∈ C2,α, derivatives of u also satisfies some

ellliptic equation. So we can apply the same techniques to conclude that all derivatives of up is
C2,α. Continue this process to conclude that up ∈ C∞ (M).

Recall up is the limit of sequence of nonnegative functions. By maximum principle, up = 0 or
up > 0. Since ‖up‖Lp = 1, up > 0. This completes the proof of Lemma.

Let us start Step (b) of Yamabe’s strategy. Letting p → 2n
n−2 and we want to conclude that

up → u which satisfies
Lg0u = Y (M, g0)u

n+2
n−2 .

Yamabe claimed that he can do this. But this is false in general. (See Example 2.18)
However, Aubin-Trudinger proved that the claim of Yamabe is true under the technical assump-

tion.
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2.1. Aubin-Trudinger approach to the Yamabe problem

Lemma 2.17 (Aubin-Trudinger). Let up be a solution constructed in Lemma.. If Y (M, g0) <
Y (Sn, gSn), then there exist constants s0 <

2n
n−2 and r > 2n

n−2 and C > 0 such that

‖up‖Lr(M,g0) ≤ C

for all s0 ≤ p < 2n
n−2 , where

Lg0up = Y (M, g0)up−1
p . (2.15)

Proof. By rescaling g0, we may assume that Vol (M, g0) = 1. Let δ > 0. Multiply u1+2δ
p to (2.15)

and integrate it. Then integration by part gives

Yp (M, g0)

∫
M

up+2δ
p dVg0 =

∫
M

u1+2δ
p Lg0updVg0

= −4 (n− 1)

n− 2

∫
M

u1+2δ
p 4g0up +

∫
M

Rg0u
2+2δ
p dVg0

=
4 (n− 1)

n− 2
(1 + 2δ)

∫
M

u2δ
p |∇g0up|

2
dVg0 +

∫
M

Rg0u
2+2δ
p dVg0 .

(2.16)

If we set w = u1+δ
p , we have w2 = u2+2δ

p and |∇g0w|
2

= (1 + δ)
2
u2δ
p |∇g0up|

2. Put these
into (2.16), we get

4 (n− 1)

n− 2

1 + 2δ

(1 + δ)
2

∫
M

|∇g0w|
2
dVg0 =

∫
M

(
Yp (M, g0)w2up−2

p −Rg0w2
)
dVg0 . (2.17)

Now by the Hölder’s inequality, the sharp Sobolev inequality and (2.17), we get

‖v‖2
L

2n
n−2
≤ (1 + ε)

1

Λ

∫
M

4 (n− 1)

n− 2
|∇g0w|

2
dVg0 + Cε

∫
M

w2dVg0 (2.18)

≤ 1 + ε

Λ

(1 + δ)
2

1 + 2δ

∫
M

(
Yp (M, g0)w2up−2

p −Rg0w2
)
dVg0 + Cε

∫
M

w2dVg0

≤ 1 + ε

Λ

(1 + δ)
2

1 + 2δ
Yp (M, g0)

(∫
M

w
2n
n−2 dVg0

)n−2
n
(∫

M

u
(p−2)n2
p dVg0

) 2
n

+ Cε

∫
M

w2dVg0 .

Note that p < 2n
n−2 if and only if (p− 2) n2 < p. So by Hölder’s inequality∫

M

u
(p−2)n2
p dVg0 ≤ 1

since ‖up‖Lp = 1 and Vol (M, g0) = 1.
If Yp (M, g0) ≥ 0, then by Lemma 2.15, Yp (M, g0)→ Y (M, g0) as p→ 2n

n−2 . Since we have
assumed

Y (M, g0)

Y (Sn, g0)
=
Y (M, g0)

Λ
< 1,

we can choose δ and ε sufficiently small so that

γ = (1 + ε)
(1 + δ)

2

1 + 2δ

Yp (M, g0)

Λ
< 1.

So we get
(1− γ) ‖w‖2

L
2n
n−2
≤ c ‖w‖2L2 .
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2. Yamabe problem on non-locally conformally flat manifold

This is also true for the case Yp (M, g0) is negative. We can conclude that

‖w‖2
L

2n
n−2
≤ C ‖w‖2L2 .

Here the constant C is independent of p. Choose δ sufficiently small so that 2 + 2δ < p. Then by
Hölder’s inequality, we get

‖w‖2L2 =

∫
M

w2dVg0 =

∫
M

u2+2δ
p dVg0 ≤ 1.

Note that

‖w‖2
L

2n
n−2

=

(∫
M

u
2n
n−2 (1+δ)
p

)n−2
n

.

This completes the proof of Lemma 2.17.

Based on Lemma 2.17, we can conclude that Step (b) works under the condition Y (M, g0) <
Y (Sn, gSn). Consisder the solution up of Lg0up = Yp (M, g0)up−1

p . By Lemma 2.17, {up} are
uniformly bounded in Lr for some r > 2n

n−2 .
For each fixed s0 ≤ p < 2n

n−2 , Lg0up = Y (M, g0)up−1
p ∈ L

r
p−1 (M, g0). So up ∈

W 2, r
p−1 (M, g0). By the Sobolev embedding theorem, ‖up‖Lr1 ≤ C for some r1 > r. Here

the constant C is independent of p. So ‖up‖W 2,q(M) ≤ C for all q independent of p. Thus, by
Schauder estimate, ‖up‖C2,α(M) ≤ C for all α. Here the constant C is independent of p.

Thus, byArzelá-Ascoli theorem, there exists a convergent subsequence of {up}which converges
to a function u ∈ C2 (M) as p→ 2n

n−2 and u satisfies

Lg0u = Y u
n+2
n−2 , (2.19)

where

Y = lim
p→ 2n

n−2

Yp (M, g0)

{
= Y (M, g0) if Y (M, g0) > 0

≤ Y (M, g0) if Y (M, g0) ≤ 0.

Now multiply (2.19) and
Y = E (u) ≥ Y (M, g0)

by definition. This completes the proof of Theorem 2.1.

Example 2.18. The crucial step of the above proof was ‖up‖C2,α(M) is uniformly bounded for any
p < 2n

n−2 . Yamabe claimed this. But this is not true for the case whenM = Sn. Recall the identity
(2.2):

(π−1)∗g0 =
4

(1 + |x|2)
ds2.

Set u1(x) = 1
(1+|x|2)(n−2)/2 . Then we write

(π−1)∗g0 = 4u
2n
n−2−2

1 ds2.

Using the stereographic projection, we can find all conformal diffeomorphisms on sphere. This
diffeomorphism is generated by rotation, π−1τvπ, and π−1δαπ. Here τv and δα are

τv(x) = x− v, δα(x) = α−1x

for v ∈ Rn and α > 0. In particular,

δ∗(π−1)∗g0 = 4u
2n
n−2−2
α ds2,

where uα(x) =
(

α
|x|2+α2

) 2−n
2 . Note that (π−1δαπ)∗g0 is a solution of Yamabe equation for any

α > 0 but not uniformly bounded.
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2.2. Yamabe problem under Aubin’s assumption

2.2 Yamabe problem under Aubin’s assumption

We have proved Aubin-Trudinger theorem. To solve the Yamabe problem, we just need to show
that

Y (M, g) < Y (Sn, gSn) .

So by definition, if we can find 0 6= u ∈ C∞ (M) such that E (u) < Y (Sn, gSn), then

Y (M, g) = inf {E (u)} < Y (Sn, gSn) .

We know that Y (M, g) ≤ Y (Sn, gSn) by considering bump function. But it is not that easy. For
some cases, we can do this. Historically, this was done by Aubin in 1976 when (M, g) is not locally
conformally flat and dimM ≥ 6. In 1984, Schoen proved this when (M, g) is locally conformally
flat or 3 ≤ dimM ≤ 5 by using positive mass theorem.

Today, we consider Aubin’s theorem. To do this, we introduce the concept ‘conformal normal
coordinates’. Recall, the geodesic normal coordinates is given by: for any p ∈ (M, g0), there
is a neighborhood U of p such that g0 (Xi, Xj) = δij in U and Γkij (p) = 0 at p.We can do
something similarly in conformal geometry. This is called conformal normal coordinates, which
was introduced by Robin Graham.

Theorem 2.19. Let (M, g0) be a Riemannian manifold. Fix p ∈M . For each N ≥ 2, there exists
g ∈ [g0] such that

(i) det (gij) = 1 +O
(
rN
)
, where r = |x| in the normal coordinates at p.

(ii) In these coordinates, if N ≥ 5, then the scalar curvature of g satisfies

Rg = O
(
r2
)
, Rg(p) = 0, and 4gRg = −1

6
|W |2 at p.

Here
|W |2 = gii

′
gjj
′
gkk

′
gll
′
WijklWi′j′k′l′ .

Basically, the proof is nothing but linear algebra. See Lee and Parker or Scheon and Yau.
Assuming this, we can prove the following theorem.

Theorem 2.20 (Aubin). If (M, g0) is not locally conformally flat and dimM ≥ 6, then

Y (M, g0) < Y (Sn, gSn) .

Proof. Let {Xi} be a conformal normal coordinates in a neighborhood of p ∈ M . We have
constructed the a C∞-function ϕ compactly supported in U such that

4(n−1)
n−2

∫
U
|∇gϕ|2 dVg(∫

U
ϕ

2n
n−2 dVg

)n−2
n

≤ Λ +
( ε
α

)n−2

,

where ϕ = ηu(0,ε) and

η =

{
1 in Bα
0 outside B2α.

The idea of this theorem is to consider scalar curvature terms. Actually, this motivates us to
study the conformal normal coordinates. By considering Taylor’s series of Rg expanding at p in
coordinates {xi},
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2. Yamabe problem on non-locally conformally flat manifold

∫
U

Rgϕ
2dVg

=

∫
B2α

Rg (p) +

n∑
i=1

∂

∂xi
Rg (p)xi +

1

2

n∑
i,j=1

∂2

∂xi∂xj
Rg (p)xixj +O

(
r3
)ϕ2dx.

Using the co-area formula, we have

=

∫
B2α

[
Rg (p) +

n∑
i=1

∂

∂xi
Rg(p)xi +

1

2

n∑
i=1

∂2Rg
∂x2

i

(p)x2
i +O

(
r3
)]
ϕ2dx

=

∫ 2α

0

∫
∂Br

[
Rg (p) +

n∑
i=1

∂

∂xi
Rg(p)xi +

1

2

n∑
i=1

∂2Rg
∂x2

i

(p)x2
i +O

(
r3
)]
ϕ2dσdr.

Since ϕ is a radial function and xi is a odd function with respect to the origin, we have∫ 2α

0

(∫
∂Br

xidσ

)
ϕ2dr = 0.

Similarly, we have ∫ 2α

0

(∫
∂Br

xixjdσ

)
ϕ2dr = 0

if i 6= j.
For fixed r > 0, for any 1 ≤ i ≤ n, change of variable gives∫

∂Br

x2
i dσ =

∫
Sn−1

(ryi)
2rn−1dσ = rn+1

∫
Sn−1

y2
i dσ.

Since the surface measure on Sn−1 is invariant under the orthogonal transformation, we see that∫
Sn−1

y2
i dσ =

∫
Sn−1

y2
1dσ

for any 1 ≤ i ≤ n.
So ∫

Sn−1

y2
i dσ =

ωn
n
.

Thus, ∫
U

Rgϕ
2dVg =

∫
B2α

(
Rg (p) +

1

2
4gRg (p)

r2

n
+O

(
r3
))

ϕ2dx

= −c |W (p)|2
∫
B2α

r2η2u2
(0,ε)dx+

∫
B2α

O
(
r3
)
η2u2

(0,ε)dx.

The following elementary lemma helps us to estimate this.

Lemma 2.21. Suppose k > −n and α > 0 is fixed. Then, as ε→ 0,

I (ε) =

∫ α

0

rku2
(0,ε)r

n−1dr

is bounded above and below by positive multiple of
εk+2 if n > k + 4

εk+2 log
(

1
ε

)
if n = k + 4

εn−2 if n < k + 4.
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Proof. By change of variables, we have

I (ε) =

∫ α

0

rk
(

ε

ε2 + r2

)n−2

rn−1dr

=

∫ α
ε

0

(εr̃)
k

(
ε

ε2 + ε2r̃2

)n−2

(εr̃)
n−1

εdr̃

= εk+2

∫ α
ε

0

r̃k+n−1

(1 + r̃2)
n−2 dr̃.

If ε is sufficiently small, αε ≥ 1. So

I (ε) ∼ εk+2

(∫ 1

0

r̃k+n−1

(1 + r̃2)
n−2 dr̃ +

∫ α
ε

1

r̃k+n−1

r̃2(n−2)
dr̃

)

= εk+2

(
c+

∫ α
ε

1

r̃k+3−ndr̃

)
.

If n > k + 4, then k + 3 − n < −1. So
∫ α
ε

1
r̃k+3−ndr̃ ∼ C for some constant C. If n = k + 4,

then ∫ α
ε

1

r̃k+3−ndr̃ = c log
(α
ε

)
.

If n < k + 4, then∫ α
ε

1

r̃k+3−ndr̃ = c
[
r̃k+4−n]αε

1
= c

((α
ε

)k+4−n
− 1

)
∼ c

εk+4−n .

Thus, we are done.

By this Lemma with k = 2, we have∫
B2α

r2η2u2
(0,ε)dx ≥

∫
Bα

r2u2
(0,ε)dx

= ωn−1

∫ α

0

r2u2
(0,ε)r

n−1dr

≥

{
cε4 if n > 6,

cε4 log
(

1
ε

)
if n = 6.

So

− 1

12n
|W (p)|2

∫
B2α

r2η2u2
(0,ε)dx

≤

{
−c |W (p)|2 ε4 if n > 6,

−c |W (p)|2 ε4 log
(

1
ε

)
if n = 6.

Similarly, by the Lemma with k = 3,∫
B2α

O
(
r3
)
η2u2

(0,ε)dx.

≤ c
∫
B2α

r3u2
(0,ε)dx
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2. Yamabe problem on non-locally conformally flat manifold

= cωn−1

∫ 2α

0

r3u2
(0,ε)r

n−1dr

≤


cε5 if n > 7,

cε5 log
(

1
ε

)
if n = 7,

cε4 if n = 6.

Thus, combining these two estimates, we obtain

− 1

12n
|W (p)|2

∫
B2α

r2η2u2
(0,ε)dx+

∫
B2α

O
(
r3
)
η2u2

(0,ε)dx

≤

{
−c |W (p)|2 ε4 + Cε5 log

(
1
ε

)
if n > 6,

−c |W (p)|2 ε4 log
(

1
ε

)
+ Cε4 if n = 6.

Since (M, g0) is not locally conformally flat and n ≥ 6, there exists a point p ∈ M such that
|W (p)|2 > 0. For this point p, we have∫

U

Rgϕ
2dVg ≤

{
−c |W (p)|2 ε4 + Cε5 log

(
1
ε

)
if n > 6,

−c |W (p)|2 ε4 log
(

1
ε

)
+ Cε4 if n = 6.

if ε is sufficiently small.
Thus,

E (ϕ) =

4(n−1)
n−2

∫
U
|∇gϕ|2 dVg +

∫
U
Rgϕ

2dVg(∫
U
ϕ

2n
n−2 dVg

)n−2
n

≤ Λ +
( ε
α

)n−2

−

{
c |W (p)|2 ε4 − Cε5 log

(
1
ε

)
if n > 6,

c |W (p)|2 ε4 log
(

1
ε

)
− Cε4 if n = 6.

This completes the proof.

The remaining cases are (M, g0) is locally conformally flat or 3 ≤ n ≤ 5. Note that the above
proof used the local geometry. So one might expect that the remaining cases can be considered via
global geometry. The remaining cases, namely, when 3 ≤ n ≤ 5 orM is locally conformally flat
was done by Schoen by using the positive mass theorem. Schoen solved this by using positive mass
theorem and showed that Y (M, g0) < Y (Sn, g0). Then by Aubin-Trudinger, the Yamabe problem
is solved. In next chapter, we will study the positive mass approach to the Yamabe problem.
Remark. There are another methods which can solve the Yamabe problem, i.e., there exists g ∈ [g0]

such that Rg is constant. However, if g = u
4

n−2 g0, then E (u) may not be minimized. Another
method is the geometric flow which does not use positive mass theorem.

2.3 Boundary Yamabe Problem and Han-Li conjecture

This section is based on the guest lecture given by Professor Xuezhang Chen (Nanjing University).

2.3.1 Yamabe problem without boundary
Let (Mn, g0) be a closed manifold. The Yamabe constant is defined by

Y (M, [g0]) = inf
g̃∈[g0]

∫
M
Rg̃dµg̃(∫

M
dµg̃

)n−2
n

.
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2.3. Boundary Yamabe Problem and Han-Li conjecture

The conformal Laplacian is denoted by

Lg0 = −4 (n− 1)

n− 2
4g0 +Rg0 .

It is conformal invariant in the sense that for any ϕ ∈ C∞ (M),

Lg0 (uϕ) = L
u

4
n−2 g0

(ϕ) for some 0 < u ∈ C∞ (M) .

In 1960, Yamabe [12] gives a proof. In 1968, Trudinger [11] found the error of the proof of
Yamabe. Also, he proved that the Yamabe problem is true when Y (M) ≤ 0 is true. In 1976,
Aubin [2] proved the Yamabe problem if n ≥ 6 andM is not locally conformally flat. In 1984, R.
Schoen [10] proved the remaining cases: If 3 ≤ n ≤ 5 orM is locally conformally flat. It is very
natural to generalize to the compact manifold with boundary.

2.3.2 Boundary Yamabe problem
From now on, let (Mn, g0) be a compact manifold with smooth boundary. We introduce some
concepts corresponding to the (classical) Yamabe constant. First, we define

Y (M,∂M, [g0]) = inf
g∈[g0]

∫
M
Rgdµg + 2 (n− 1)

∫
∂M

hgdσg(∫
M
dµg

)n−2
n

.

Here hg denotes a mean curvature on (Mn, g) which is defined by

hg =
1

n− 1
Tr (π) , πij = 〈∇iνg, ∂j〉 , 1 ≤ i, j ≤ n− 1,

where νg is an outward unit normal on ∂M . Let g = u
4

n−2 g0. Then the corresponding the
Euler-Lagrange equation is {

Lg0u = c1u
n+2
n−2 inM,

Bg0u = 0 on ∂M.

Another Yamabe constant is defined by

Q (M,∂M, [g0]) = inf
g∈[g0]

∫
M
Rgdµg + 2 (n− 1)

∫
∂M

hgdσg(∫
∂M

dσg
)n−2
n−1

.

Then the corresponding the Euler-Lagrange equation is{
Lg0u = 0 inM,

Bgu = n−2
2 c2u

n
n−2 on ∂M.

We introduce a conformal invariant operator

Bg0 =
∂

∂νg
+
n− 2

2
hg0

in the sense that for any ϕ ∈ C∞
(
M
)
,

Bg0 (uϕ) = B
u

4
n−2 g0

(ϕ) for any 0 < u ∈ C∞
(
M
)
.

If the underlying metric g0 is ambient, we drop [g0] in the notation.
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2. Yamabe problem on non-locally conformally flat manifold

Remark.

(i) Y (M,∂M) > −∞ and

(ii) −∞ ≤ Q (M,∂M).

Problem. Let (Mn, g0) be a smooth compact manifold with smooth boundary. Is there g0 ∈ [g0]
such that Rg = c2 and hg = c2 for some c1, c2 ∈ R?

We give a history. There are three types. (a) c1 = 0, c2 6= 0 (b) c1 6= 0, c2 = 0 (c) c1 6= 0,
c2 6= 0.

(a) and (b) are started by Escobar [4] in 1992 and Escobar [5] in 1992. The strategy of Escobar
was similar to the classical Yamabe problem. For (i), he made a criterion of the existence of
the minimizer for Q (M,∂M). The model examples are B1 (0) ⊂ Rn. Using the streographic
projection π : Rn → Sn \ {N}, we can pushforward B1 (0) to Sn. On the half space Rn+ =
{x = (x′, xn) ∈ Rn : xn > 0}.

We introduce a bubble function

uε,x′0 (x) =

(
ε

(ε+ xn)
2

+ |x′ − x0|2

)n−2
2

for ε > 0, x′0 ∈ Rn−1. Note that uε,x′0 satisfies{
−4uε,x′0 = 0 in Rn+,

−
∂uε,x′0
∂xn = (n− 2)u

n
n−2

ε,x′0
on ∂Rn+.

For the case of unit ball, we can compute Q
(
Bn, ∂Bn, |dx|2

)
explicitly since Rg = 0 and

hg = 1. So

Q
(
Bn, ∂Bn, |dx|2

)
=

2 (n− 1) |∂Bn|

|∂Bn|
n−2
n−1

= 2 (n− 1) |∂Bn|
1

n−1 .

We introduce one notion before to state the theorem.

Definition 2.22. Let πij denote the second fundamental form. We define π̊ij = πij − hggij the
umbilicity tensor.

Remark. (i) If g̃ = ρg, ρ > 0, then ˚̃π = ρπ(Exercise!)
(ii) For a Weyl tensor W + A ? g = Rm, we have W̃ijkl = ρWijkl, where Aij =

1
n−2

(
Ric− Rg

2(n−1)gij

)
is the Schouten tensor.

Theorem 2.23 (Escobar [4]). Let (Mn, g0) be a compact smooth manifold with boundary, n ≥ 3

with Q (M,∂M) finite. If (Mn, g0) is not conformally equivalent to
(
Bn, |dx|2

)
and

Q (M,∂M) < Q (Bn, ∂Bn) ,

then there exists a minimizer of Q.

So we want to find a test function ϕ such that

Q (M,∂M)
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2.3. Boundary Yamabe Problem and Han-Li conjecture

≤

∫
M

(
4(n−1)
n−2 |∇g|

2
g0

+Rg0ϕ
2
)
dµg0 + 2 (n− 1)

∫
∂M

hgϕ
2dσg0(∫

∂M
|ϕ|

2(n−1)
n−2 dσg0

)n−2
n−1

< Q (Bn, ∂Bn) .

For (a), Escobar [4] proved the theorem is true if n = 3. It is also true if n = 4, 5 and ∂M is
umbrlic. Also, if n ≥ 6 and ∂M is umbilic withM is locally conformally flat.

In 2005, Marques [8] proved that the Yamabe problem is true for the following cases: If n ≥ 8,
M is umbilic andW (x0) 6= 0 for x0 ∈ ∂M , whereW denotes the Weyl tensor of submanifold. If
n ≥ 9, W (x0) 6= 0 for x0 ∈ ∂M , where ∂M is umbilic. In 2007, Marques [9] also proved the
case when n = 4, 5 and ∂M has a non-umbilic point.

In 2010, Almaraz [1] proved the remaining case when n = 6, 7, 8, ∂M is umbilicW (x0) 6= 0
for x0 ∈ ∂M .

I will not mention the case (b). One can do this if one understand the case (a).

2.3.3 Han-Li conjecture
In 1999, Zhen-Chao Han and Yan Yan Li [6] proposed a conjecture:

Conjecture. If Y (M,∂M, [g0]) > 0, then there exists a conformal metric with constant scalar
curvature 1 and any constant boundary mean curvature c.

The nonnegative case is easily solved by using subsolution method. In 1999, Han-Li [6] proved
the conjecture when n ≥ 3,M is locally conformally flat, and ∂M is umbilic. In 2000, Han-Li [7]
proved the case ∂M has a non-umbilic point. There had been no improvement on this conjecture
after these works. Chen, Ruan and Sun proved the following:

Theorem 2.24 (Chen-Ruan-Sun). Let (Mn, g0) be a smooth compact manifold with smooth bound-
ary, n ≥ 3. Assume that any of the following hypotheses holds:

(i) 3 ≤ n ≤ 7.

(ii) For x0 ∈ ∂M , d =
[
n−2

2

]
, define

Z =

{
x0 ∈ ∂M : 0 = lim

x∈M,x→x0

dg0 (x, x0)
2−d |Wg0 (x)| = lim

x∈∂M,x→x0

dg0 (x, x0)
1−d |̊πg (x)|

}
.

Assume that n ≥ 8, Z is non-empty andM is spin.

Then Han-Li conjecture is true. Moreover, if n ≥ 8, ∂M is umbilic and the Weyl tensor is nonzero
at x0 ∈ ∂M , then Han-Li conjecture is true, in addition that c ∈ [−c0,∞), where c0 is a positive
dimensional constant.

To prove this theorem, we recall original strategy of Han-Li: find a nontrivial Mountain Pass
critcial point of a free functional:

I [u] : =

∫
M

(
4 (n− 1)

n− 2
|∇u|2g0 +Rg0u

2

)
dµg0 + 2 (n− 1)

∫
∂M

hg0u
2dσg0

−4 (n− 1) (n− 2)

∫
M

u
2n
n−2

+ dµg0 − 4c

∫
∂M

u
2(n−1)
n−2

+ dσg0 ,

where u ∈ H1 (M, g0), u+ = max {u, 0}, and c ∈ R. The Euler-Lagrange equation for I is

−4 (n− 1)

n− 2
4g0u+Rg0u = 4n (n− 1)u

n+2
n−2

+ inM (2.20)
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2. Yamabe problem on non-locally conformally flat manifold

∂u

∂νg0
+
n− 2

2
hg0u = cu

n
n−2

+ on ∂M.

Let g = u
4

n−2 g0. Then Rg = 4n (n− 1) and hg = 2c
n−2 ∈ R.

We need a compactness lemma.

Lemma 2.25 (Compactness; Han-Li(weak-version)). For any Palais-Samle sequence {ui} ⊂
H1 (M, g0) satisfying

I [ui]→ L < sc = I
[
Wε;Rn+

]
and

‖I ′ [ui]‖ → 0 as i→∞,

where Wε is the standard bubble. Then up to a subsequence, either {ui} goes to a nontrivial
solution of (2.20) in H1 (M, g0) or {ui} → 0 in H1 (M, g0).

So the goal is to find a test function ϕ such that

Imp = inf
γ∈Γ

sup
ψ∈γ

I [ψ] ≤ max
t∈[0,∞)

I [tϕ] < sc,

where γ is a continuous path connecting 0 and ϕ and Γ is the space of such continuous paths.
For the case (i), Motivated by Simon Brendle [3], Chen and Sun constructed a test fuction

ϕ = χρ (Wε + φ) + (1− χρ)G,

where χρ is a cut-off function equal to 1 in B+
ρ and 0 outside B+

2ρ, G is a Green function for
conformal Laplacian with conformally invariant boundary condition and φ is a correction term.

In dimension 7,

ϕ = χρ

[
ε
n−2
2

(
K2 (yn − Tcε)2

+K1ε (yn − Tcε) +K0

)(
|y′|2 + (yn − Tcε)

)−n2 ]
,

where y = (y′, yn) ∈ Rn+.

References

[1] Sérgio deMoura Almaraz, An existence theorem of conformal scalar-flat metrics on manifolds
with boundary, Pacific J. Math. 248 (2010), no. 1, 1–22. MR 2734161

[2] Thierry Aubin, équations différentielles non linéaires et problème de Yamabe concernant la
courbure scalaire, J. Math. Pures Appl. (9) 55 (1976), no. 3, 269–296. MR 0431287

[3] Simon Brendle, Convergence of the Yamabe flow in dimension 6 and higher, Invent. Math.
170 (2007), no. 3, 541–576. MR 2357502

[4] José F. Escobar, Conformal deformation of a Riemannian metric to a scalar flat metric with
constant mean curvature on the boundary, Ann. of Math. (2) 136 (1992), no. 1, 1–50. MR
1173925

[5] , The Yamabe problem on manifolds with boundary, J. Differential Geom. 35 (1992),
no. 1, 21–84. MR 1152225

[6] Zheng-Chao Han and Yanyan Li, The Yamabe problem on manifolds with boundary: existence
and compactness results, Duke Math. J. 99 (1999), no. 3, 489–542. MR 1712631

44



2.3. Boundary Yamabe Problem and Han-Li conjecture

[7] Zheng-Chao Han and YanYan Li, The existence of conformal metrics with constant scalar
curvature and constant boundary mean curvature, Comm. Anal. Geom. 8 (2000), no. 4,
809–869. MR 1792375

[8] Fernando C. Marques, Existence results for the Yamabe problem on manifolds with boundary,
Indiana Univ. Math. J. 54 (2005), no. 6, 1599–1620. MR 2189679

[9] , Conformal deformations to scalar-flat metrics with constant mean curvature on the
boundary, Comm. Anal. Geom. 15 (2007), no. 2, 381–405. MR 2344328

[10] Richard Schoen, Conformal deformation of a Riemannian metric to constant scalar curvature,
J. Differential Geom. 20 (1984), no. 2, 479–495. MR 788292

[11] Neil S. Trudinger, Remarks concerning the conformal deformation of Riemannian structures
on compact manifolds, Ann. Scuola Norm. Sup. Pisa (3) 22 (1968), 265–274. MR 0240748

[12] Hidehiko Yamabe, On a deformation of Riemannian structures on compact manifolds, Osaka
Math. J. 12 (1960), 21–37. MR 0125546

45





3The Positive Mass Theorem and the resolution of the
Yamabe problem
3.1 Asymptotically flat manifold and ADM mass

Definition 3.1 (Asymptotically flat). A complete, noncompact, smooth Riemannian manifold
(M, g) is called asymptotically flat (with one end) if there exists a compact set K inM such that
M \K is diffeomorphic toRn\B1 (0), i.e., there exists a diffeomorphismϕ : M \K → Rn\B1 (0).

Let x1, . . . , xn be the pullback of Euclidean coordinates via ϕ, i.e.,

(x1, . . . , xn) = ϕ−1 (ξ1, . . . , ξn) ,

where (ξ1, . . . , ξn) ∈ Rn \B1 (0).
We require the metric g to satisfy

g

(
∂

∂xi
,
∂

∂xj

)
= gij = δij +O

(
|x|−p

)
,

∂gij = O
(
|x|−p−1

)
,

∂2gij = O
(
|x|−p−2

) (3.1)

for some p > n−2
2 and

Rg = O
(
|x|−q

)
for some q > n. Here ∂i denotes the covariant derivative.

We give some examples.

Example 3.2. (Rn, gflat) is asymptotically flat.

Example 3.3.
(
Rn \ {0} ,

(
1 + n

2|x|n−2

) 4
n−2

gflat

)
, Schwarzchild spacetime, is asymptotically

flat. Take ϕ = Id. We leave it to an exercise for conditions on the metric g. For the scalar curvature
Rg ,

−4 (n− 1)

n− 2
4

(
1 +

m

2 |x|n−2

)
+Rgflat = Rg

(
1 +

m

2 |x|n−2

) n+2
n−2

.

Note that

4

(
1 +

m

2 |x|n−2

)
= 0.

Hence Rg = 0. Observe also that Schwarzchild spacetime is rotational symmetric.

Remark. (i) For simplicity, we write

gij = δij +O2

(
|x|−p

)
for (3.1).

(ii) Note that the condition “gij = δij + O
(
|x|−p

)
” does not imply the other conditions. For

example, take gij =
(

1 + sin (xn1 ) / |x1|n/2
)
δij . Then gij = δij +O

(
|x|−n/2

)
. But

∂1gij =

(
nxn−1

1 cos (xn1 )

|x1|n/2
+ · · ·

)
δij
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3. The Positive Mass Theorem and the resolution of the Yamabe problem

= O
(
|x1|n/2−1

)
since the sine function osculates too much.

Some other papers or books use different asymptotic orders. They require

gij = δij +O2

(
|x|−p

)
Rg = O

(
|x|−q

)
for some p > p′ and q > q′. Here p′ and q′ may not be (n− 2) /2 or n, respectively. The reason
is historical because they didn’t know the exact order in the definition. Our definition is natural in
the view of the following definition.

Definition 3.4. The ADM mass (introduced by R. Arnowitt, S. Deser, and C. W. Misner in 1959)
for an asymptotically flat manifold (M, g) is defined by

mADM (M, g) =
1

2 (n− 1)ωn−1
lim
σ→∞

∫
|x|=σ

(∂igij − ∂jg) νjdS,

where ν is the outward unit normal of {|x| = σ} and ωn−1 is the volume of (n− 1)-dimensional
unit sphere.

Example 3.5. Take (M, g) = (Rn, gflat). Aswe know, ∂igij = ∂jgii = 0. SomADM (Rn, gflat) =
0.

Example 3.6. (M, g) =

(
Rn \ {0} ,

(
1 + m

2|x|n−2

) 4
n−2

gflat

)
, Schwarzchild spacetime

gij =

(
1 +

m

2 |x|n−2

) 4
n−2

δij

∂igij =
∂

∂xi

(
1 +

m

2 |x|n−2

) 4
n−2

δij = −2m

(
1 +

m

2 |x|n−2

) 4
n−2−1

|x|−n xiδij

∂jgii = −2m

(
1 +

m

2 |x|n−2

) 4
n−2−1

|x|−n xj .

Note that the outward unit normal is given by ν = x
|x| . This implies

(∂igij − ∂jg) νj = −2m

(
1 +

m

2 |x|n−2

) 4
n−2−1

|x|−n [xiδij − xj ]
xj
|x|

= −2m

(
1 +

m

2 |x|n−2

) 4
n−2−1

|x|−n
(
|x|2

|x|
− n |x|

2

|x|

)

= −2m (n− 1)

(
1 +

m

2 |x|n−2

) 4
n−2−1

|x|1−n .

So

mADM (Schwardchild) =
m

ωn−1
lim
σ→∞

∫
Sn−1

(
1 +

m

2 |σ|n−2

) 4
n−2−1

|σ|1−n |σ|n−1
dVgSn−1

= m lim
σ→∞

(
1 +

m

2σn−2

) 4
n−2−1

= m.
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Our asympotitc order on a metric and the scalar curvature gurantees the well-definedness of
ADM mass. To see this, Stokes’ theorem gives∫

|x|=σ2

(∂igij − ∂jgii) νjds−
∫
|x|=σ1

(∂igij − ∂jgii) νjds

=

∫
σ1<|x|<σ2

(∂j∂igij − ∂j∂jgii) dV.

If
∑
i,j (∂j∂igij − ∂j∂jgii) is an integrable function, then the above boundary integral on balls of ra-

diusσ is aCauchy sequence and hence has a limit. Sowe have to prove that
∑
i,j (∂j∂igij − ∂j∂jgii)

is integrable.
Recall, in local coordinates, we have

Rg =

n∑
i,j=1

(∂i∂jgij − ∂i∂jgii) +O
(
(g − δ) ∂2g

)
+O

(
(∂g)

2
)
.

Since (M, g) is asymptotic flat,

O
(
|x|−q

)
=

n∑
i,j=1

(∂i∂jgij − ∂i∂jgii) +O
(
|x|−p |x|−p−2

)
+O

((
|x|−p−1

)2
)

for some q > n and p > n−2
2 . So

n∑
i,j=1

(∂i∂jgij − ∂i∂jgii) = O
(
|x|−q

)
+O

(
|x|−p |x|−p−2

)
+O

((
|x|−p−1

)2
)

= O
(
|x|−r

)
for some r > n, which shows the claim.

3.2 The Positive Mass Theorem

In this section, we prove the positive mass theorem, which plays a central role in the resolution of
Yamabe problem.

Theorem 3.7. If (M, g) is an asymptotically flat manifold with Rg ≥ 0 with dimM = n, then
mADM (M, g) ≥ 0. Moreover,mADM (M, g) = 0 if and only if (M, g) and (Rn, δ) are isometric,
where δ denote the flat metric in Rn.

One surprising things of this theorem is that the zero mass of ADM determines the geometry.
Historically, this theorem is proved by Scheon and Yau in 1979 and 1980 [11, 12] for the case
3 ≤ dimM = n ≤ 7 by using minimal hypersurface. Few year laters, in 1984, Edward Witten
[15] proved the PMT when (M, g) is spin (but for all n) by using spinor. Very recently, in 2017,
Schoen-Yau [9] claim that the PMT is true in full generality. In this course, we prove the case when
3 ≤ n ≤ 7. The proof is very elegant and beautiful.

Before to prove the PMT, we give some interesting consequences.

• In (Rn, δ), let K be a compact subset of Rn. Perturb δ in a compact set K to g, while
keeping it the same in Rn \K. We claim that we cannot perturb δ to g in a compact set K
such that Rg ≥ 0. Indeed, if it is possible, thenmADM (Rn, g) = 0 since g = δ in Rn \K.
By equality part of PMT, g = δ in Rn . Before the positive mass theorem, many people did
not expect this result.
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3. The Positive Mass Theorem and the resolution of the Yamabe problem

• Consider (Rn, g) with Rg ≥ 0. If g = δ in Rn \K, then g = δ in Rn. Hitchin mentioned
that this cannot be true. But it actually true by positive mass theorem.

One motivation of the positive mass theorem is the following: in general relativity, Rg is related to
local density. ThemADM is related to the global mass. So one might ask whether the global mass
is nonnegative if the local density is nonnegative.
Remark. This is sometimes called a Riemannian positive mass theorem. There is a more general
version of PMT, positive energy theorem, for pseudo-Riemannian manifold. In 2016, Eichmair-
Huang-Lee-Schoen [2] proved the spacetime positive mass theorem in dimensions less than 8.

3.2.1 Steps for proving the positive mass theorem
There are five steps to prove this theorem.

Step 1. It suffices to consider the case when Rg ≡ 0. Indeed, since Rg ≥ 0, the conformal
Laplacian given by

L = −4 (n− 1)

n− 2
4g +Rg

is positive definite. We can find a positive solution u such that

− 4 (n− 1)

n− 2
4gu+Rgu = 0 inM. (3.2)

We asume the following facts:

Fact 1. If we normalize the asymptotic condition to be u → 1 as |x| → ∞ , then u is uniquely
determined.

The fact is essentially maximum principle.

Fact 2. We have the asymptotic expansion of u at∞:

u (x) = 1 +
A

|x|n−2 +O

(
1

|x|n−1

)
. (3.3)

Assuming these facts, we claim that A ≤ 0. Integrating (3.2) over Bσ gives

0 =

∫
Bσ

(
−4 (n− 1)

n− 2
4gu+Rgu

)
dVg.

Integration by parts gives ∫
∂Bσ

4 (n− 1)

n− 2

∂u

∂νg
dS =

∫
Bσ

RgudVg ≥ 0 (3.4)

since Rg ≥ 0 and u > 0. On the other hand, by (3.3),

∂u

∂xi
= A

(
−n− 2

2

)(
|x|2
)−n−2

2 −1

(2xi) +O

(
−n− 1

2

(
|x|2
)−n−1

2 −1

(2xi)

)
= − (n− 2)A |x|−n xi +O

(
|x|−n

)
.

Since (M, g) is asymptotically flat,
νg ∼

x

|x|
.
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3.2. The Positive Mass Theorem

So
∂u

∂νg
= ∇u · νg ∼ − (n− 2)A |x|−n |x|+O

(
|x|−n

)
.

Hence ∫
∂Bσ

∂u

∂νg
dSg ∼

∫
|x|=σ

(
− (n− 2)A |x|1−n +O

(
|x|−n

))
dSg

= ωn−1

(
− (n− 2)Aσ1−n +O

(
σ−n

))
σn−1

= − (n− 2)ωn−1A+O
(
σ−1

)
.

Put this into (3.4),

−ωn−1 (n− 2)A+O
(
σ−1

)
=

∫
∂Bσ

∂u

∂νg
dSg ≥ 0.

Lettting σ →∞, we get A ≤ 0, which proves the claim.
Now we define the metric by

g̃ = u
4

n−2 g.

Then Rg̃ = 0 by (3.2). By using (3.3), one can check that g̃ is still asymptotically flat (Exercise!)
and

mADM (g̃) = mADM (g) + 2A. (3.5)

Since A ≤ 0 by claim, mADM (g̃) ≤ mADM (g). In particular, if we can prove the positive
mass theorem for (M, g̃), the positive mass theorem for (M, g) follows. Let us prove (3.5). Note

∂ig̃ij = ∂i

(
u

4
n−2 gij

)
(3.6)

=
4

n− 2
u

4
n−2−1∂iugij + u

4
n−2 ∂igij

and
∂j g̃ii =

4

n− 2
u

4
n−2−1∂jugii + u

4
n−2 ∂jgii. (3.7)

By (3.3)
∂iu = − (n− 2)A |x|−n xi +O

(
|x|−n

)
.

Set
ν̃ = u−

2
n−2 ν.

Then we have
g̃ (ν̃, ν̃) = u

4
n−2 g

(
u−

2
n−2 ν, u−

2
n−2 ν

)
= 1.

and
dSg̃ = u

2
n−2 (n−1)dSg.

So by definition of ADM mass, (3.6), and (3.7), we have

mADM (g̃)

=
1

2 (n− 1)ωn−1
lim
σ→∞

∫
|x|=σ

(∂ig̃ij − ∂j g̃ii) ν̃dSg̃

=
1

2 (n− 1)ωn−1
lim
σ→∞

∫
|x|=σ

[
4

n− 2
u

4
n−2−1 (∂iugij − ∂jugii)
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3. The Positive Mass Theorem and the resolution of the Yamabe problem

+u
4

n−2 (∂igij − ∂jgii)
]
u−

2
n−2 νju−

2(n−1)
n−2 dSg

= mADM (g)

+
1

2 (n− 1)ωn−1
lim
σ→∞

∫
|x|=σ

[
4

n− 2
u

4
n−2−1 (∂iugij − ∂jugii)

]
u−

2
n−2 νju−

2(n−1)
n−2 dSg

Now under some reduction and taking change of variables into a polar coordinate, we have

1

2 (n− 1)ωn−1
lim
σ→∞

∫
|x|=σ

[
4

n− 2
u

4
n−2−1 (∂iugij − ∂jugii)

]
u−

2
n−2 νju−

2(n−1)
n−2 dSg

=
1

2 (n− 1)ωn−1
lim
σ→∞

∫
|x|=σ

[(
− (n− 2)A |x|−n xi +O

(
|x|−n

))(
δij +O

(
|x|−p

))
− (n− 2)A |x|−n xj +O

(
|x|−n

)(
δii +O

(
|x|−p

))] xj
|x|
dSg

=
4

2 (n− 1) (n− 2)
lim
σ→∞

[(
− (n− 2)A |x|−n xi +O

(
|x|−n

))(
δij +O

(
|x|−p

))
−
(
− (n− 2)A |x|−n xj +O

(
|x|−n

)(
δii +O

(
|x|−p

))) xj
|x|
|x|n−1

]∣∣∣∣
|x|=σ

=
4

2 (n− 1) (n− 2)
lim
σ→∞

− (n− 2)A |x|−n |x|
2

|x|
|x|n−1

+ n (n− 2)A |x|−n |x|
2

|x|
|x|n−1

∣∣∣∣∣
|x|=σ

= 2A

for some p > n−2
2 . This completes Step 1.

We sketch the proof of Step 2 and Step 3.

Step 2. we can approximate g by another g which is harmonically flat near infinity and having
the ADM mass closed to the ADM mass of g. More precisely, given ε > 0, there exists g such that

(i) (M, g) is asymptotically flat,

(ii) (M, g) is scalar flat, i.e., Rg ≡ 0,

(iii) (M, g) is conformally flat near infinity, i.e.,

g = u
4

n−2 δ.

(iv) |mADM (g)−mADM (g)| < ε.

The idea of the proof is the following. Replace the metric by δ near infinity and restore the condition
R ≡ 0 by conformal method. More precisely, for any large σ > 0, we define a cut-off function ψσ
by

ψσ (|x|) =

{
1 if |x| < σ

0 if |x| > 2σ

with ψ′σ ≤ 0,|ψ′σ| ≤ C/σ and |ψ′′σ | ≤ C/σ2. Define g(σ) by

g(σ) = ψσ (δ + g) + (1− ψσ) δ.

Exercise 3.8. Check that g(σ) is harmonically flat. Also, show thatmADM (g) is sufficiently close
tomADM (g).
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3.2. The Positive Mass Theorem

Why do we call the harmonic flat? The justification of the term is the following. By (ii) and
(iii), Yamabe equation, we have

−4 (n− 1)

n− 2
4δu+Rδ = Rgu

n+2
n−2

near infinity. So u is harmonic near at infinity. This completes Step 2.

Step 3. Aiming for contradiction, given g in Step 2 with mADM (g) < 0, we can find g̃ such
that

(i) (M, g̃) has Rg̃ ≥ 0, and

(ii) g̃ is Euclidean outside a compact set.

The idea of the proof is the following.

Fact. We have the asymptotics:

u (x) = 1 +
m

|x|n−2 +O

(
1

|x|n−1

)
.

So
mADM (g) = mADM

(
u

4
n−2 δ

)
= m.

By assumption, we havem < 0. By the asymptotics for u and for σ � 0, we have

1 +
m

σn−2
∼ max

Sσ
u < min

S2σ

u ∼ 1 +
m

(2σ)
n−2

where Sσ = {|x| = σ}. Fix such a σ and some constant α ∈ (maxSσ u,min2σ u). Let v =
min {u, α}. Then v is superharmonic in C0-sense (exercise). In fact, we can find smooth ṽ > 0
which is still superharmonic and {

ṽ = u in Bσ
ṽ = α inM \B2σ.

Therefore, if we define

g̃ =

{
g in Bσ,
ṽ

4
n−2 δ inM \B2σ.

Then g̃ satisfies (i) and (ii). This completes Step 3.
Remark. g̃ is non-flat since g is not flat in Bσ .

Step 4. If there exists an asymptotically flat (M, g) with mADM (g) < 0, then there exists an
asymptotically flat (M, g̃) which is non-flat Euclidean outside a compact set and has Rg̃ ≥ 0.

Now the geometric idea comes in. This idea comes from Lohkamp. Take a big cube in the flat
region which encloses the non-flat partM0 ofM . Then identifying the boundaries of the cube, we
get a compact manifoldM ′, which is a connected sum of a flat torus Tn withM0 which admits a
non-flat metric g with nonnegative scalar curvature.

The following lemma is classical.

Lemma 3.9. Let (M, g) be a compact manifold withRg ≥ 0 which is not Ricci-flat, i.e., Ricg 6= 0.
Then g can be perturbed to a metric g with Rg > 0.

The modern approach to prove Lemma 3.9 is to use Ricci flow. We will prove this in later.
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3. The Positive Mass Theorem and the resolution of the Yamabe problem

Lemma 3.10. The (M ′, g) we constructed before is not Ricci-flat.

From Lemma 3.9 and Lemma 3.10, there exists g inM ′ = Tn#M0 such that Rg > 0.
There is a conjecture suggested by Lohkamp.

Conjecture (Lohkamp). For any compact n-dimensional manifoldM , the connected sum Tn#M
does not have a metric of positive scalar curvature.

Remark. Lohkamp’s conjecture implies that the positive mass theorem is true. The conjecture is
not artifical. Note that

Tn#M = Tn

which has not metric of positive scalar curvature. This was proved by Schoen and Yau.

Now we conclude Step 4 by proving Lemma 3.9 and Lemma 3.10.

Proof of Lemma 3.9. We use the Ricci flow

∂

∂t
g (t) = −2 Ricg(t) for t ≥ 0 (3.8)

g (t) |t=0= g.

Thiswas first introduced byRichardHamilton in 1982 [6]. Hamilton proved the short-time existence
of the Ricci flow, i.e., there exists smooth g (t) onM × [0, ε) which satisfies (3.8) for some ε > 0.
Note that this equation is of not parabolic type. Along the Ricci flow (3.8),

∂

∂t
Rg(t) = 4g(t)Rg(t) + 2

∣∣Ricg(t)
∣∣2
g(t)

.

Based on these facts, we are ready to prove Lemma 3.9. Given (M, g)withRg ≥ 0 and |Ricg|2g > 0,
we can start the flow with g (t) |t=0= g. By the maximum principle, Rg(t) > 0 or Rg(t) ≡ 0 and
Ricg(t) 6≡ 0 .

Proof of Lemma 3.10. First, we look at the degree 1 map from M to Tn by contracting M0 to a
point . Denote this by π : M ′ → Tn. Without loss of generality, we assume that Tn = Rn/Zn.
Given (x1, . . . , xn) ∈ Rn, then we have 1-forms on Tn given by

αi = dxi, 1 ≤ i ≤ n.

Note that αi’s are all closed and not exact (Exercise!). So 0 6= [αi] ∈ H1
DR (Tn), whereHk

DR (M)
denotes kth de Rham cohomology ofM . In fact, {[αi]}ni=1 forms a basis for H1

DR (Tn). Also,∫
Tn
α1 ∧ · · · ∧ αn = 1.

Using pullback, we obtain θi = π∗αi, 1 ≤ i ≤ n. Then θi is closed 1-form inM ′. We can compute∫
M ′

θ1 ∧ · · · ∧ θn =

∫
M ′

π∗α1 ∧ · · · ∧ π∗αn

=

∫
M ′

π∗ (α1 ∧ · · · ∧ αn)

= deg (π)

∫
Tn

(α1 ∧ · · · ∧ αn) = 1 · 1 = 1.
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3.2. The Positive Mass Theorem

So θi is not exact for 1 ≤ i ≤ n by Stokes’ theorem. This implies 0 6= [θi] ∈ H1
DR (M ′)

for 1 ≤ i ≤ n. By the Hodge Theorem, we can find a harmonic 1-form θHi in M ′ such that[
θHi
]

= [θi], i.e.,4θHi = 0. By Bochner’s formula, we have

1

2
4
∣∣θHi ∣∣ = −

∣∣∇θHi ∣∣2 + θi4θHi + Ric (∇θi,∇θi)

= −
∣∣∇θHi ∣∣2

if we assumeM ′ is Ricci-flat. Integrating this overM ′, Stokes’ theorem gives

0 =

∫
M ′

∣∣∇θHi ∣∣2
and so ∇θHi ≡ 0 inM ′, i.e.,

{
θH1 , . . . , θ

H
n

}
are parallel 1-form inM ′. Since [θi] =

[
θHi
]
for all

1 ≤ i ≤ n, θi = θHi + dβj for some 0-form βj inM ′. So

θ1 ∧ · · · ∧ θn = θH1 ∧ · · · ∧ θHn + dβ

for some (n− 1)-form β inM ′. So

1 =

∫
M ′

θ1 ∧ · · · ∧ θn =

∫
M ′

θH1 ∧ · · · ∧ θHn .

Hence
{
θH1 , . . . , θ

H
n

}
are parallel 1-form inM ′, which forms a basis of cotangent bundle (TM ′)

∗.
This implies that M ′ is flat. But this is a contradiction since M ′ = Tn#M0 is not flat. This
completes the proof.

Step 5. We construct a minimal hypersurface Σ inM ′. To do this, we will apply the geometric
measure theory. Recall, in the proof of Lemma 3.10, we have α1, . . . , αn closed 1-form in Tn and
not exact. Consider

0 6= [α1 ∧ · · · ∧ αn−1] ∈ Hn−1
DR (Tn)

is dual to the sub-torus
Tn−1 = {xn = 0}

in the sense that ∫
Tn−1

α1 ∧ · · · ∧ αn−1 = 1.

This implies that [α1 ∧ · · · ∧ αn−1] is an integral cohomology class of Tn, i.e.,

[α1 ∧ · · · ∧ αn−1] ∈ Hn−1 (Tn,Z) .

The pullback gives

π∗ [α1 ∧ · · · ∧ αn−1] = [π∗ (α1 ∧ · · · ∧ αn−1)] = [θ1 ∧ · · · ∧ θn−1] ∈ Hn−1 (M ′,Z) .

Sinceπ : M ′ → Tn,π∗ : Hn−1 (Tn,Z)→ Hn−1 (M ′,Z). So [θ1 ∧ · · · ∧ θn−1] ∈ Hn−1 (M ′,Z)
is dual to a homology class σn−1 ∈ Hn−1 (M ′,Z). By geometric measure theory(see Federer-
Fleming [4] or Federer [3]), we can minimize the volume among all submanifolds in the same
integral homology class, i.e., there exists Σn−1 ∈ σn−1 such that

|Σ| = min {|Σ0| : Σ0 ∈ σn−1}

and ∫
Σ

θ1 ∧ · · · ∧ θn−1 = 1.

55



3. The Positive Mass Theorem and the resolution of the Yamabe problem

In general, Σn−1 is not smooth. In fact, we know thatΣn−1 is smooth away from a set of comension
8. If 3 ≤ n ≤ 7, then Σn−1 is smooth.

Consider the variation of Σn−1 inM ′. Fix an orthonormal frame {e1, . . . , en} inM ′ such that
{e1, . . . , en−1} is a frame tangent to Σn−1 and en is an unit normal vector field on Σn−1. We will
vary the surface Σn−1 in the direction en. For any ϕ ∈ C∞

(
Σn−1

)
, we can consturct a familiy of

hypersurfaces
Σn−1
t = exp (tϕen) Σn−1.

A direct computation shows that

d

dt

∣∣Σn−1
t

∣∣∣∣∣∣
t=0

= 0 ⇒ H ≡ 0

and
d2

dt2
∣∣Σn−1
t

∣∣∣∣∣∣
t=0

≥ 0 if Σn−1 is a minimizer, (3.9)

where H is the mean curvature of Σn−1. Note that

d2

dt2
∣∣Σn−1
t

∣∣
=

∫
Σn−1

(
|∇ϕ|2 − RicM (en, en)ϕ2 − |A|2 ϕ2

)
dµ,

where A is the 2nd fundamental form.

Definition 3.11. Aminimal hypersurfaceΣn−1 is stable if (3.9) is satisfied for allϕ ∈ C∞
(
Σn−1

)
.

In particular, a minimizer is stable. We can rewrite (3.9) as follows:

RM
′

=

n∑
a,b=1

RM
′

abab

=

n−1∑
i,j=1

RM
′

ijij + 2 RicM
′
(en, en)

=

n−1∑
i,j=1

(
RΣn−1

ijij −AiiAjj +A2
ij

)
+ 2 RicM

′
(en, en)

= RΣn−1

−H2 + |A|2 + 2 RicM
′
(en, en) .

Here we used the Gauss equation. Put this into (3.9), we get∫
Σn−1

(
|∇ϕ|2 − 1

2

(
RM

′
−RΣn−1

+ |A|2
)
ϕ2

)
dµ ≥ 0

So ∫
Σ

(
|∇ϕ|2 +

1

2
RΣn−1

ϕ2

)
dµ ≥

∫
Σ

(
1

2
RM

′
ϕ2 +

1

2
|A|2 ϕ2

)
dµ > 0.

for any 0 6≡ ϕ ∈ C∞
(
Σn−1

)
. Thus, the first eigenvalue of −4Σn−1 + 1

2R
Σn−1 is positive.

Consider the conformal Laplacian of Σn−1, i.e.,

−4 (n− 2)

n− 3
4Σ +RΣn−1

.

56



3.3. The resolution of Yamabe problem

Since 2(n−2)
n−3 ≥ 1, we have

λ1

(
−4 (n− 1)

n− 2
4Σn−1 +RΣn−1

)
= λ1

(
2

(
−2 (n− 2)

n− 3

)
4Σ +

1

2
RΣn−1

)
≥ λ1

(
2

(
−4Σ +

1

2
RΣn−1

))
In particular, let u be the 1st eigenvalue of

−4 (n− 2)

n− 3
4Σ +RΣn−1

.

Then 0 < u ∈ C∞
(
Σn−1

)
and g̃ = u

4
n−3 gΣn−1 has positive scalar curvature.

So we can play the same game for Σn−1 to get an (n− 2)-submanifold Σn−2 which has the
same conditions. Applying the argument repeatedly, we get a 2-dimensional manifold

(
Σ2, g

)
with

Rg > 0 and
∫

Σ2 θ
1 ∧ θ2 = 1.

Since Rg > 0, the Gaussian curvature Kg is positive. Hence, by the Gauss-Bonnet theorem,
we have

2πχ
(
Σ2
)

=

∫
Σ2

Kg > 0,

where χ (M) denotes the Euler characteristic of a manifoldM . Hence, Σ2 is diffeomorphic to S2.
Since θ1, θ2 are closed 1-form in S2 and H1

DR

(
S2,R

)
= {0}, θ1 and θ2 are exact. So θ1 = df1

and θ2 = df2 for some f1, f2 ∈ C∞
(
S2
)
. Hence,∫
S2
θ1 ∧ θ2 = 0

by Stokes’ theorem, which is a contradiction. This proves the inequality of PMT, namely, if (M, g)
is asymptotically flat with Rg ≥ 0 and 3 ≤ n ≤ 7.

For the equality part, we have the following theorem.

Theorem 3.12. If (M, g) hasmADM (g) = 0, then it is Ricci-flat.

We can prove this theorem by using Ricci flow. We omit the proof. Accepting this theorem,
for dimM = 3, then the sectional curvature is zero, i.e., g is flat. Hence, (M, g) is isometric to(
R3, δ

)
. This completes the proof of the positive mass theorem.

3.3 The resolution of Yamabe problem

So now we come back to the Yamabe problem. For Y (M, g) > 0, by changing the metric g
conformally, we can assume Rg > 0(see Proposition 1.17). In particular, the conformal Laplacian

Lg = −4 (n− 1)

n− 2
4g +Rg

is invertible. For any p ∈M , there exists a Green’s function 0 < Gp ∈ C∞ (M \ {p}) to Lg , i.e.,

LgGp = δp inM \ {p} . (3.10)

Here δp denotes the Dirac delta function at p, i.e.,∫
M

fLgGpdVg = f (p) for all f ∈ C∞ (M) .

We accept the following theorem frequently.
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3. The Positive Mass Theorem and the resolution of the Yamabe problem

Theorem 3.13. Suppose that 3 ≤ n ≤ 5 or M is locally conformally flat, in conformal normal
coordinates at p. We have the following asymptotic expansion:

Gp = r2−n +A+ α (x) , (3.11)

where r = dist (p, x), where A is a real number and α = O (r) and α ∈ C2,β for some β > 0.

For the proof, see Lee and Parker and Scheon-Yau.

Theorem3.14. Let (M, g) be aRiemannianmanifold. Then for fixedp ∈M ,
(
M \ {p} , ĝ = G

4
n−2
p g

)
is asympotically flat with Rĝ ≡ 0. Also,mADM (ĝ) = cnA, where A is the constant in (3.11).

Proof. By Theorem 3.13, in a normal coordinate, we have

Gp = r2−n +A+ α (x) ,

where r is the distance from p to x, where A is a real number and α = O (r) and α ∈ C2,β for
some β > 0. Note that LgGp = 0 inM \ {p}. So Rĝ ≡ 0 from the Yamabe equation. Let U be
an open neighborhood at p, in which the conformal normal coordinates is defined. Without loss of
generality, we assume that U = {(x1, . . . , xn) : |x− p| = r < ρ}. SetK = (M \ {p}) \U . Then
K is compact inM \ {p}. Note that (M \ {p}) \K = U \ {p} is diffeomorphic to Rn \B1/ρ (0)
through the map

U \ {p} → Rn \Bρ (0)

(x1, . . . , xn) 7→
(
x1 − p1

r2
, . . . ,

xn − pn
r2

)
where r denotes the distance between x and p.

In U , from gij (x) = δij + fij and Taylor’s expansion, we have

ĝij (x) = Gp (x)
4

n−2 gij (x)

=
(
r2−n +A+ α (x)

) 4
n−2 (δij + fij)

= r−4
(
1 +Arn−2 + α (x) rn−2

) 4
n−2 (δij + fij)

= r−4

(
1 +

4

n− 2
A+ rn−2

)
δij + βij ,

where β = O
(
rn−5

)
, ∂β = O

(
rn−6

)
, and ∂2β = O

(
rn−7

)
.

Since yi = xi−pi
r ,

ĝij (y) = ĝ

(
r2 ∂

∂xi
, r2 ∂

∂xj

)
= r4ĝij (x)

and
|y| = 1

|x− p|
=

1

r
.

Therefore,

ĝij (y) =

(
1 +

4

n− 2
A |y|2−n

)
δij + |y|−4

βij

(
y

|y|2

)
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which verifies that (M \ {p} , ĝ) is asymptotic flat (Exercise!)
Hence, the ADMmass of (M \ {p} , ĝ) is well-defined and the straightforward calculation gives

mADM (ĝ) = cnA

for some dimensional constant cn. By the positive mass theorem, A ≥ 0 and A ≡ 0 if and only if
(M \ {p} , ĝ) is isometric to a Euclidean space.

We are ready to prove the rest case of the Yamabe problem. This was proved by Schoen.

Theorem 3.15 (Schoen). Let (M, g) be a Riemannian manifold with Y (M, g) ≥ 0 and 3 ≤
dimM ≤ 5. If (M, g) is not conformally equivalent to (Sn, gSn), then Y (M, g) < Y (Sn, gSn).
Hence, the Yamabe problem is solvable in this case.

Proof. Fix p ∈ M and let U be the conformal neighborhood of p, wehre its conformal normal
coordinates is defined(see Theorem 2.19). Recall our bubble function

uε (x) =

(
ε

ε2 + |x|2

)n−2
2

and

η (x) = η (r) =

{
1 if r < ρ0

0 if r ≥ 2ρ0

and 0 ≤ η ≤ 1 and |∇η| ≤ c/ρ0 for some ρ0 > 0.
By Theorem 3.13, we have

G = r2−n +A+ α (x) ,

where α ∈ C2,β , α (x) = O (r), where r = |x− p|. Define the test function

ϕ (x) =


uε (x) if |x| < ρ0,

ε0 (Gp (x)− η (x)α (x)) if ρ0 ≤ |x| < 2ρ0

ε0Gp (x) if x ∈M \B2ρ0 (p) .

,

Here ε0 > 0 and ε0 � ρ0 satisfying

ε0

(
ρ2−N

0 +A
)

=

(
ε

ε2 + ρ2
0

)n−2
2

. (3.12)

Note that ϕ is Lipschitz continuous. Indeed, when r = 2ρ0,

ϕ (x) = ε0Gp (x) since η (x) = 0 at r = 2ρ0.

When r = ρ0, by (3.12) and the asymptotic expansion of Gp,

ε0 (Gp (x)− α (x)) = ε0

(
ρ2−n

0 +A
)

=

(
ε

ε2 + ρ2
0

)n−2
2

.

We claim that this ϕ is the desired one. Note that

gij = δij +O
(
r2
)
, det g = 1 +O

(
rN
)

and Rg = O
(
r2
)
.

We estimate∫
M

(
4 (n− 1)

n− 2
|∇gϕ|2 +Rgϕ

2

)
dVg
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=

∫
Bρ0

(
4 (n− 1)

n− 2
|∇gϕ|2 +Rgϕ

2

)
dVg +

∫
M\Bρ0

(
4 (n− 1)

n− 2
|∇gϕ|2 +Rgϕ

2

)
dVg

= I + II.

If ρ0 ≤ r ≤ 2ρ0, we have

|∇gϕ|2 = ε2
0 |∇g (Gp − ηα)|2

= ε2
0

(
|∇gGp|2 + |∇g (ηα)|2 − 2 〈∇gGp,∇g (ηα)〉

)
.

So

II

=

∫
M\Bρ0

(
4 (n− 1)

n− 2
|∇gϕ|2 +Rgϕ

2

)
dVg

=

∫
M\Bρ0

ε2

(
4 (n− 1)

n− 2
|∇gGp|2 +RgG

2
p

)
dVg

+ε2
0

∫
B2ρ0

\Bρ0

4 (n− 1)

n− 2

(
|∇g (ηα)|2 − 2 〈∇gGp,∇g (ηα)〉+Rg

(
η2α2 − 2ηαGp

))
dVg

= III + IV.

By using |∇g (ηα)| ≤ c and |∇gG| ≤ cr1−n, we have

|IV | ≤ cρ0ε
2
0.

To estimate III , we use integration by parts to get

III = ε2
0

(∫
M\Bρ

GpLgGpdVg +
4 (n− 1)

n− 2

∫
∂Bρ0

Gp
∂Gp
∂νg

dSg

)

= −ε2
0

4 (n− 1)

n− 2

∫
∂Bρ0

Gp
∂Gp
∂νg

dSg,

where νg denotes the outward unit normal vector. So

II >
4 (n− 1)

n− 2
ε2

0

∫
∂Bρ0

Gp
∂Gp
∂νg

dSg + ρ0ε
2
0. (3.13)

For the first part, as we done before using the conformal normal coordinate, we have

I >
∫
Bρ0

4 (n− 1)

n− 2
|∇guε|2 dx+ cρ6−n

0 ε2
0.

By taking ntegrating by parts, we have

=

∫
∂Bρ0

4 (n− 1)

n− 2
uε
∂uε
∂νg

dSg (3.14)

−
∫
Bρ0

4 (n− 1)

n− 2
uε4uε + cρ6−n

0 ε2
0.

Recall that
−4 (n− 1)

n− 2
4uε = Λu

n+2
n−2
ε .
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Combining (3.13) and (3.14), we have

E (ϕ) =

∫
M

(
4(n−1)
n−2 |∇gϕ|

2
+Rgϕ

2
)
dVg(∫

M
ϕ

2n
n−2 dVg

)n−2
n

≤ Λ ‖ϕ‖22n
n−2

+ cρ0ε
2
0

+
4 (n− 1)

n− 2

∫
∂Bρ0

(
uε
∂uε
∂r
− ε2

0Gp
∂Gp
∂νg

)
dSg.

Note that
∂uε
∂r

= − (n− 2)

(
ε

ε2 + r2

)n−2
2
(

r

ε2 + r2

)
and so by (3.12),

uε
∂uε
∂r

= − (n− 2)

(
ε

ε2
0 + ρ2

0

)n−2(
ρ0

ε2 + ρ2
0

)
(3.15)

= − (n− 2) ε2
0

(
ρ2−n

0 +A
)2( ρ0

ε2 + ρ2
0

)
= − (n− 2) ε2

0

(
ρ2−n

0 +A
)2 1

ρ0

= − (n− 2) ε2
0

(
ρ3−n

0 + 2Aρ1−n
0 +O

(
ρ−1

0

))
.

Similarly, on ∂Bρ0 ,

ε2
0Gp

∂Gp
∂νg

= ε2
0

(
ρ2−n

0 +A+O (ρ0)
)(
−n− 2

ρn−1
0

+O (1)

)
(3.16)

= − (n− 2) ε2
0

(
ρ3−n

0 +Aρ1−n
0 +O

(
ρ2−n

0

))
.

So by (3.15) and (3.16),

uε
∂uε
∂r
− ε2

0Gp
∂Gp
∂νg

= − (n− 2) ε2
0

(
Aρ1−n

0 +O
(
ρ2−n

0

))
since n ≥ 3. Thus, ∫

∂Bρ0

(
uε
∂uε
∂r
− ε2

0Gp
∂Gp
∂νg

)
dSg

= − (n− 2) ε2
0

(
Aρ1−n

0 +O
(
ρ2−n

0

))
ωn−1ρ

n−1
0

= − (n− 2) ε2
0ωn−1

(
A+ Cρ0ε

2
0

)
.

Thus,
E (ϕ) ≤ Λ ‖ϕ‖22n

n−2
+ Cρ0ε

2
0 − (n− 2)ωn−1ε

2
0A+ cρ0ε

2
0.

Since (M, g0) is not conformally equivalent to (Sn, gSn), (M \ {p} , ĝ) is not isometric to (Rn, δ).
Hence by the positive mass theorem, A > 0. Thus,

Y (M, g) ≤ E (ϕ) < Λ = Y (Sn, gSn) .

This completes the proof.

Similarly, following the above proof, one can prove that if n ≥ 6 and (M, g) is locally
conformally flat, then the Yamabe problem is solvable.
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4Yamabe flow
In this chapter, we introduce the flow approach to the Yamabe problem. In the late 1980’s, Richard
Hamilton introduced the Yamabe flow to study the Yamabe problem.

4.1 Basic properties of the Yamabe flow

Definition 4.1. Let (M, g0) be a compact Riemannian manifold. The Yamabe flow is the evolution
equation of Riemannian metric g = g (t) defined by{

∂
∂tg = −

(
Rg −Rg

)
g for t ≥ 0

g |t=0= g0,

where Rg denotes the scalar curvature of g and Rg is the average of Rg , i.e.,

Rg =

∫
M
RgdVg∫
M
dVg

.

Remark. We skip writing space variable x and time variable t. The motivation of the Yamabe flow
is to deform the metric g = g (t) until it has a constant scalar curvature, as a result, solving the
Yamabe problem.

Here we present some properties of Yamabe flow.

Proposition 4.2.

(i) The Yamabe flow is steady if and only if the scalar curvature of g0 is constant.

(ii) The Yamabe flow preserves the conformal structure, i.e., g ∈ [g0].

Proof. (i) The Yamabe flow is steady, i.e., g (t) = g0 for all t ≥ 0 if and only if ∂
∂tg (t) = 0 for all

t ≥ 0. By the definition of Yamabe flow, it is equivalent to Rg(t) = Rg(t) for all t ≥ 0.
(ii) Suppose g is a solution of Yamabe flow for t ∈ [0, T ) for some T > 0. For t ∈ [0, T ), we

claim that
g (t) = e−

∫ t
0 (Rg(τ)−Rg(τ))dτg0,

which is a well-defined Riemannian metric.

∂

∂t
g (t) = −

(
Rg(t) −Rg(t)

)
e−
∫ t
0 (Rg(τ)−Rg(τ))dτg0

= −
(
Rg(t) −Rg(t)

)
g (t) .

By Proposition 4.2 (ii), we can write

g = u
4

n−2 g0 (4.1)

for some positive function u = u (t) ∈ C∞ (M). Substituting this into the Yamabe flow, we have

∂

∂t

(
u

4
n−2 g0

)
= −

(
Rg −Rg

)
u

4
n−2 g0

u
4

n−2 g0 |t=0 = g0

if and only if {
∂u
∂t = −n−2

4

(
Rg −Rg

)
u for t ≥ 0.

u |t=0= 1
(4.2)
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4. Yamabe flow

This is the evolution equation for the conformal factor u = u (t). Note that this is a scalar equation.
Note that the Ricci flow is a system of PDE. So the solving Yamabe flow is easier than Ricci flow.

By (4.1), we have the Yamabe equation

−4 (n− 1)

n− 2
4g0u+Rg0u = Rgu

n+2
n−2

and so
u−

n+2
n−2

(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
= Rg. (4.3)

Substituting this into the first equation in (4.2), we get

∂u

∂t
= −n− 2

4

[
u−

n+2
n−2

(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
−Rg

]
u,

i.e.,
∂

∂t

(
u (t)

n+2
n−2

)
=
n+ 2

4

(
4 (n− 1)

n− 2
4g0u (t)−Rg0u (t) +Rg(t)u (t)

n+2
n−2

)
,

which is a parabolic equation of u. Hence, it has a short-time existence and uniqueness. This is an
basic and important proposition because it tells that we can start the flow.

Proposition 4.3. Given any Riemannian metric g0, there exists T > 0 such that there exists a
unique solution g = g (t) of Yamabe flow for t ∈ [0, T ) with the initial condition g |t=0= g0.

Another property is the following:

Proposition 4.4. Along the Yamabe flow, the volume ofM is preserved, i.e.,∫
M

dVg =

∫
M

dVg0 for all t ≥ 0.

The proof is left as an exercise to the reader
Recall the previous approach of Yamabe problem. We want to find a minimizer of the Yamabe

functional, which is a solution of Yamabe problem. The following proprosition tells that Yamabe
flow decreases the Yamabe energy.

Proposition 4.5. Along the Yamabe flow, we have

d

dt
Eg0 (u) ≤ 0.

Proof. Recall the definition of the Yamabe energy.

Eg0 (u) =

∫
M

(
4(n−1)
n−2 |∇g0u|

2
+Rg0u

2
)
dVg0(∫

M
u

2n
n−2 dVg0

)n−2
n

.

By Proposition 4.4, it suffices to differentiate the numerator of the Yamabe energy. Then using
integration by part and (4.2), we have

d

dt

∫
M

(
4 (n− 1)

n− 2
|∇g0u|

2
+Rg0u

2

)
dVg0

= 2

∫
M

(
4 (n− 1)

n− 2

〈
∇g0u,∇g0

∂u

∂t

〉
+Rg0u

∂u

∂t

)
dVg0
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= 2

∫
M

(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
∂u

∂t
dVg0

= 2

∫
M

Rgu
n+2
n−2

[
−n− 2

4

(
Rg −Rg

)
u

]
dVg0

= −n− 2

2

∫
M

Rg
(
Rg −Rg

)
dVg.

Add n−2
2 Rg

(∫
M
Rg −Rg

)
dVg in the above, although it is zero by the definition of Rg . Then it is

equal to

= −n− 2

2

∫
M

(
Rg −Rg

)2
dVg ≤ 0.

So
d

dt
Eg0 (u) =

−n−2
2

∫
M

(
Rg −Rg

)2
dVg(∫

M
dVg
)n−2

n

≤ 0. (4.4)

This completes the proof of Proposition 4.5.

Suppose that the solution g of Yamabe flow exists on [0,∞)×M . Then for any T > 0, we can
integrate (4.4) from 0 to T to get

Eg0 (u (T ))− Eg0 (u (0)) =
−n−2

2

∫ T
0

∫
M

(
Rg −Rg

)2
dVgdt(∫

M
dVg0

)n−2
n

.

This implies that

n− 2

2

∫ T

0

∫
M

(
Rg −Rg

)
dVgdt = (Eg0 (1)− Eg0 (u (T )))

(∫
M

dVg0

)n−2
n

≤ (Eg0 (1)− Y (M, g0))

(∫
M

dVg0

)n−2
n

≤ C.

Hence the upper bound does not depend on T . Letting T →∞, we have

n− 2

2

∫ ∞
0

∫
M

(
Rg −Rg

)2
dVgdt ≤ C

for some uniform constant C depending only on g0. So

lim inf
t→∞

∫
M

(
Rg −Rg

)2
dVg = 0.

Proposition 4.6. If g = u
4

n−2 g0, then

(i) 〈∇gf1,∇gf2〉g = u−
4

n−2 〈∇g0f1,∇g0f2〉g0 .

(ii) 4gf = u−
n+2
n−2

(
n4g0f + 2 〈∇g0f,∇g0u〉g0

)
.

Proof. (i) In a local coordinate, we have

∇gf = gij
∂f

∂xi

∂

∂xj
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4. Yamabe flow

= u−
4

n−2 gij0
∂f

∂xi

∂

∂xj

= u−
4

n−2∇g0f.

So

〈∇gf1,∇gf2〉g =
〈
u−

4
n−2∇g0f1, u

− 4
n−2∇g0f2

〉
= u−

4
n−2 〈∇g0f1,∇g0f2〉g0

since 〈·, ·〉g = u
4

n−2 〈·, ·〉g0 .
(ii) In a local coordinate, recall that

4gf =
1√

det g

∂

∂xi

(√
det ggij

∂f

∂xj

)
.

Since g = u−
4

n−2 g0, gij = u−
4

n−2 (g0)
ij . Also, we have det g = u

4n
n−2 det g0. So

4gf =
1√

det (g0)u
2n
n−2

∂

∂xi

(√
det g0u

2n
n−2u−

4
n−2 (g0)

ij ∂f

∂xj

)
=

1√
det (g0)u

2n
n−2

∂

∂xi

(√
det g0u

2 (g0)
ij ∂f

∂xj

)
=

u2

u
2n
n−2

4g0f +
2u

u
2n
n−2

(g0)
ij ∂u

∂xi

∂f

∂xj

= u−
n+2
n−2

(
n4g0f + 2 〈∇g0f,∇g0u〉g0

)
.

This completes the proof.

Proposition 4.7. Along the Yamabe flow, the scalar curvature satisfies the evolution equation:

∂

∂t
Rg = (n− 1)4gRg +Rg

(
Rg −Rg

)
.

Proof. Differentiate (4.3) with respect to t. Then

∂

∂t
Rg = u−

n+2
n−2

(
−4 (n− 1)

n− 2
4g0

∂u

∂t
+Rg0

∂u

∂t

)
−n+ 2

n− 2
u−

n+2
n−2−1 ∂u

∂t

(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
= u−

n+2
n−2

[
−4 (n− 1)

n− 2
4g0

(
−n− 2

4

(
Rg −Rg

)
u

)
+Rg0

(
−n− 2

4

(
Rg −Rg

)
u

)]
−n+ 2

n− 2
u−

n+2
n−2−1

(
−n− 2

4

(
Rg −Rg

)
u

)(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
= −n− 2

4
u−

n+2
n−2

(
−4 (n− 1)

n− 2
4g0

(
−n− 2

4

(
Rg −Rg

)
u

)
+Rg0

(
−n− 2

4

(
Rg −Rg

)
u

))
+
n+ 2

4
u−

n+2
n−2

(
Rg −Rg

)(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
= −n− 2

4
u−

n+2
n−2

(
−4 (n− 1)

n− 2

((
Rg −Rg

)
4g0u+ u4g0Rg
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+2 〈∇g0Rg,∇g0u〉g0
)

+Rg0
(
Rg −Rg

)
u
)

+
n+ 2

4
u−

n+2
n−2

(
Rg −Rg

)(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
=

(
n+ 2

4
− n− 2

4

)(
Rg −Rg

)
u−

n+2
n−2

(
−4 (n− 1)

n− 2
4g0u+Rg0u

)
+ (n− 1)u−

n+2
n−2

(
u4g0Rg + 2 〈∇g0Rg,∇g0u〉g0

)
=
(
Rg −Rg

)
Rg + (n− 1)u−

n+2
n−2

(
u4g0Rg + 2 〈∇g0Rg,∇g0u〉g0

)
.

By Proposition 4.6, we are done.

Remark. We can also compute the evolution equation of the Ricci curvature, etc,. since we know
g = u

4
n−2 g0 and we know how Ricg and Ricg0 are related. Now differentiate Ricg with respect to

t and use the evolution equation for ∂u∂t .
Recall, we have proved that

d

dt
E (u (t)) = −n− 2

2

∫
M

(
Rg −Rg

)2
dVg(∫

M
dVg
)n−2

n

,

where g = g (t) = u (t)
4

n−2 g0 is the solution of Yamabe flow. We can also use Proposition 4.7 to
prove this.

Another proof of Proposition 4.5. Recall,

E (u (t)) =

∫
M
RgdVg(∫

M
dVg
)n−2

n

,

where g (t) = g (t) = u (t)
4

n−2 g0. By Proposition 4.7, we have

d

dt

∫
M

RgdVg =

∫
M

∂Rg
∂t

dVg +

∫
M

Rg
∂

∂t
dVg (4.5)

=

∫
M

[
(n− 1)4gRg +Rg

(
Rg −Rg

)]
dVg

+

∫
M

Rg

(
−n

2

(
Rg −Rg

))
dVg

since
∂

∂t
dVg = −n

2

(
Rg −Rg

)
dVg.

By Stokes’ theorem, we get

=
(

1− n

2

)∫
M

Rg
(
Rg −Rg

)
dVg

= −n− 2

2

∫
M

Rg
(
Rg −Rg

)
dVg +

n− 2

2
Rg

∫
M

(
Rg −Rg

)
dVg

= −n− 2

2

∫
M

(
Rg −Rg

)2
dVg ≤ 0.

This completes the proof.
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4. Yamabe flow

Corollary 4.8. t 7→ Rg(t) is a nonincreasing function.

Proof. From (4.5) and Proposition 4.4, we have

d

dt
Rg =

d

dt

(∫
M
RgdVg∫
M
dVg

)
=
−n−2

2

∫
M

(
Rg −Rg

)2
dVg∫

M
dVg

≤ 0.

Note that the function is bounded below. To see this, it follows from the definition of Yamabe
energy

Rg =

∫
M
Rg(t)dVg(t)∫
M
dVg(t)

=

∫
M
Rg(t)dVg(t)(∫

M
dVg(t)

)n−2
n
(∫
M
dVg(t)

) 2
n

=
E (u (t))(∫
M
dVg0

) 2
n

≥ Y (M, g0)(∫
M
dVg0

) 2
n

.

By Corolloary 4.8, limt→∞Rg(t) exists. Recall that we have proved

lim inf
t→∞

∫
M

(
Rg(t) −Rg(t)

)2
dVg(t) = 0.

If g (t)→ g∞ as t→∞, then by Fatou’s lemma, we have

Rg∞ = Rg∞ = lim
t→∞

Rg(t),

which is constant. Here we again note that this method does not give an information on minimizer.
We don’t know whether it is a minimizer of the Yamabe energy.

4.2 The Yamabe flow when Y (M, g0) < 0

We focus on Y (M, g0) < 0. We are going to prove the long-time existence and the convergence
of the Yamabe flow. One might expect this result since we can prove the original Yamabe problem
easily in this case. By changing the metric conformally, we can assume that Rg0 < 0.

Proposition 4.9. If Rg0 < 0, then Rg ≤ maxRg0 along the Yamabe flow.

Proof. We try to use the maximum principle. For ε > 0, we consider

Fε (x, t) = Rg(t) − ε,

which is a smooth function onM × [0, T ). Choose ε to be small enough such that

maxRg0 + ε < 0. (4.6)

We claim that
Fε < maxRg0 .

Suppose not. Then there exists (x0, t0) ∈M × [0, T ) such that

Fε (x0, t0) ≥ maxRg0 . (4.7)

Then t0 > 0 since if t0 = 0, then

F (x0, 0) = Rg0 (x0)− ε ≤ maxRg0 − ε < maxRg0 ,
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which leads a contradiction.
Assume t0 to be the smallest to which satisfies (4.7), i.e., for any t < t0,

Fε (x, t) < maxRg0 . (4.8)

By continuity, letting t→ t0−, we have

Fε (x, t0) ≤ maxRg0 for all x ∈M. (4.9)

Combining (4.7) and (4.9), we see that Fε (x0, t0) = maxRg0 . By definition of Fε, we have

Rg0(t0) (x0) = maxRg0 + ε. (4.10)

By the same reason, we also have

Fε (x0, t0) = max
x∈M

Fε (x, t0) . (4.11)

At (x0, t0), we have

0 ≤ ∂

∂t
Fε (x0, t0)

by (4.8) and (4.9). By the definition of Fε, (4.10), and (4.11), we have

∂

∂t
Fε (x0, t0) =

∂

∂t
Rg(t0) = (n− 1)4g(t0)Rg(t0) +Rg(t0)

(
Rg(t0) −Rg(t0)

)
≤ 0 +

(
max
M

Rg0 + ε
)(

max
M

Rg0 + ε−Rg(t0)

)
< 0

since (4.6) and
max
M

Rg0 + ε−Rg(t0) ≥ max
M

Rg0 + ε−Rg0 > 0

holds. Here we used the nondecreasing property of Rg , which leads a contradiction. This proves
the claim. Letting ε→ 0, we get Rg ≤ maxRg0 .This completes the proof.

Similarly, we have

Proposition 4.10. If Rg0 < 0, then
min
M

Rg0 ≤ Rg

along the Yamabe flow.

Proof. For ε > 0, define
Fε (x, t) = Rg(t) (x) + ε(t+ 1),

which is smooth onM × [0, T ). Then we claim that

Fε > min
M

Rg0 .

Suppose not. Then there exists (x0, t0) such that

Fε (x0, t0) ≤ min
M

Rg0 .

Then following the argument in the proof of Proposition 4.9, we can show that t0 > 0. Then choose
the smallest t0 so that

Fε (x0, t0) = min
M

Rg0
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which implies that
Rg(t0) (x0) = min

M
Rg0 − ε.

Then at (x0, t0), we have

0 ≥ ∂

∂t
Fε (x0, t0) = ε+

∂

∂t
Rg(t0)

= ε+ (n− 1)4g(t0)Rg(t0) +Rg(t0)

(
Rg(t0) −Rg(t0)

)
.

Since Rg attains minimum at (x0, t0), we have 4g(t0)Rg(t0)(x0) ≥ 0. From Proposition 4.9, we
have Rg ≤ maxRg0 < 0, and so Rg(t0) < 0 and hence

Rg(t0)(Rg(t0) −Rg(t0)) ≥ 0.

This leads a contradiction.

Combining these two propositions, we have

min
M

Rg0 ≤ Rg ≤ max
M

Rg0 (4.12)

along the Yamabe flow.

Proposition 4.11. If Y (M, g0) < 0, then the Yamabe flow exists for all t ≥ 0.

Proof. We know that the Yamabe flow is equivalent to solving the evolution equation of the
conformal factor:

∂

∂t
u (t) = −n− 2

4

(
Rg(t) −Rg(t)

)
u (t) .

By (4.12),

∂

∂t
u (t) = −n− 2

4

(
Rg(t) −Rg(t)

)
u (t)

≤ n− 2

4

(
max
M

R0 −min
M

Rg0

)
u (t) .

So
u (t) ≤ exp

(
n− 2

4

(
max
M

Rg0 −min
M

Rg0

))
T

for all t ∈ [0, T ] and for any T > 0. This implies that u (t) ∈ C0 (M × [0, T ]). Since u (t) is a
solution of the parabolic equation, u (t) ∈ C∞ (M × [0, T ]).

Proposition 4.12. We have

sup
M

u (t)
n+2
n−2 ≤ max

{
sup
M

u (0)
n+2
n−2 ,

(
minM Rg0
maxM Rg0

)n+2
4

}
=: c0.

Proof. For ε > 0, define
Fε (x, t) = u (x, t)

n+2
n−2 − ε (1 + t) .

We claim that Fε (x, t) < c0. Suppose not. Then there exists (x0, t0) ∈M × [0,∞) such that

Fε (x0, t0) ≥ c0. (4.13)
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Note that t0 > 0 since

Fε (x, 0) = u (0)
n+2
n−2 − ε

≤ sup
M

u (0)
n+2
n−2 ≤ c0.

Choose the smallest t0 such that (4.13) is satisfied, i.e.,

Fε (x, t) < c0 for all t < t0. (4.14)

So combining (4.13) and (4.14), we have

F (x0, t0) = max
M

F (x, t0) . (4.15)

By (4.13) and the definition of Fε, we have

u (x0, t0)
n+2
n−2 ≥ ε+

(
minRg0
maxRg0

)n+2
4

. (4.16)

At (x0, t0), by (4.13) and (4.14), we have

0 ≤ ∂

∂t
Fε (x0, t0) =

∂

∂t
u (t)

n+2
n−2 − ε.

Using the evolution equation of the conformal factor and the Yamabe equation, we have

= −ε+
n+ 2

n− 2
u (x0, t0)

n+2
n−2−1 ∂u

∂t
(x0, t0)

= −ε+
n+ 2

4
u (x0, t0)

n+2
n−2

(
Rg(t0) −Rg(t0)

)
= −ε+

n+ 2

4

(
4 (n− 1)

n− 2
4g0u−Rg0u+Rg(t)u

n+2
n−2

)
≤ −ε+

n+ 2

4

(
maxRg0u

n+2
n−2 −maxRg0

)
< 0.

So we are done.

Similarly, we can prove the following proposition.

Proposition 4.13. We have
inf
M
u (t)

n+2
n−2 ≥ c1

for some constant c1.

Based on these propositions, we have c1 ≤ u (t) ≤ c0 for all t ∈ [0,∞) and also u(t) ∈
C∞([0,∞)]×M).
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