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Introduction to Yamabe problem

1.1 Introduction

We discuss the motivation of Yamabe problem. Let M be a C'*°-manifold and gy be a Riemannian
metric on M. We have

Exercise 1.1. Let u be a positive smooth function on M. Define g = ugy. Show that g is a
Riemannian metric on M.

Definition 1.2. We say that g is conformal to gq if g = ugo for some u > 0, u € C*° (M).
Exercise 1.3. Show that the relation “is conformal to” is an equivalence relation.

Definition 1.4. Given a Riemannian metric gg, the equivalence class [go] is called conformal class
of go, i.e.,
[go] = {Riemannain metric g : g is conformal to go } .

Question. Given a C'*°-manifold M, how many conformal classes are there?
The following theorem is a classical.

Theorem 1.5 (Uniformization theorem). Suppose M is a compact 2-dimensional manifold and gq
is a Riemannian metric on M. Then there exists a g € [go| such that the Gaussian curvature K, of
g is constant.

Most of people are not familar with this type of theorem. Assuming the following fact,

Fact. If (M, g) is a compact 2-dimensional manifold which has constant Gaussian curvature K,
then (M, g) is one of the following: (genus).

then we obtain the familiar one. So we want to generalize the uniformization theorem to higher
dimension.

Problem (Yamabe problem). Let M be an n-dimensional compact manifold gy a Riemannian
metric on M, where n > 3. Find g € [go] such that the scalar curatuve of g is constant.

Remark. For your information, in dimension 2, K, = 2R, Ric, = %K ¢9. If M is not compact,
then the problem may not solvable.

The Yamabe problem can be stated as a PDE problem.

Proposition 1.6. Let M be an n-dimensional compact manifold, where n > 3. If g = = go for
some 0 < u € C (M), then

4(n—1 .
Lz)Agou+Rgou:Rgu£. (1.1)

n —
Here g, is a Laplacian of go, Rg, a scalar curvature of go, Rg a scalar curvature of g, respectively.

Proof. The proof is quite tedious but you have to do it one time. To prove this, we do this in two
steps:

1. we write down the Christoffel symbols of g in terms of the Christoffel symbols of g.

2. we write down the curvature of g in terms of the Christoffel symbols of go.
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For convenience, write § = ug, where u is a positive smooth function on M and let { X;} be the
normal frame at p € M with respect to g, i.e., g (X;, X;) = d;; in a neighborhood of p so that
Fk =0at pE| So the Christoftel symbol of g is given by

ol 0L 0

2 8331' gji 8xj gil 8%5 Gij
1 _ 0 0

= 5u lgkl [83@1 (ugji) + 87553 (ugi) — 8 ( 913)}

L, [0 O T P L S
9 g o, .. 94l a o 9it — 91] 2 gjl oz, gil aSCj Gij oz

1 0 8 0

=Tk 4+ = 1 s 1 1 .

u+2<5 k Oz ogu—l—éka ogu — dj; . ogu)

The last part comes from the assumption on normal frame. So we have

I8 =TF  ifi,j,k are all distinct

~ 1 0
Ik =1k - 1

11 1 2 axk Ogu
=3 i 1 8 f (12)
~. 1 0
i =T% + = 1 .

© + 2 Ox; s

The curvature tensor of g is given by
0 ~ 0 ~

S S

ik = Flkr Flkrfz + 5 Dotk T Pk
€ 4

and the curvature tensor of g is given by

0 0
_ 1
Ry =Tl =Tl + oz, e~ %ij'
In particular, at a point p,
UL Iy
S Ox; "% Omy 7
Now the sectional curvature of g in {X;, X;} at p is given by
RS
R, x) = ol
9iiJjj gi i
. Riji“QSi
2
(ugii) (ugj;) — (ugi;)
— u—lR]

171"
This implies

'LLIA(: (XZX]) RJ

iji

'Be careful! The Christoffel symbol vanishes only at p, not on the neighborhood of p!



1.1. Introduction

0 ~ 0 =~
LT Tl T
_F“Fﬂ F F1+TF12_87F i
Note that .
Z FLFZZ = Z ngrzl =0
I=1,l#1#j l=1,l#1i#j5

since [ #i#jandfﬁj =0atp.
Now from (T.2)), we have

uk (X;, X;) = > T+ TLTY, (1.3)
=1,l#i

1 1
-5 (logu);; — B (logu),;;, + K (X;, Xj) .

So we can compute the Ricci curvature of g in terms of Ricci curvature of g. Also, we can
compute the scalar curvature of g in terms of the scalar curvature of g. So

= > uK (Xi, X)) (1.4)
i#]
= Z = Z (logu),] [(logu) r + % [(log u)i]2
'L;ég l 1
5 (ogu); — 3 (logu) + K (X;, X;)

(n>—n Z (log w),] (n—1 Z (log u),] n—l)Z(logu)ii—kRQ.
=1 j
In normal coordinate, we see that
Vy(logu) = V(logu), Agu= Au.
Thus, we get
1
uRg =~ (n=2)(n - 1)|V, (logu)|> = (n — 1) A, (logu) + R,.

If n = 2, then
uRy = Ry — Ay (logu) ,
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when g = ug. Write u = €. Then
'Ry =Ry — Agv

so that
o1 1
(& §K(j = qu — Ag’U,

where K is a Gaussian curvature.
4 ~ _4
If n > 3, then we letu = v»—2,i.e., g = v»—2g, then

4
logu = 72logv
4 Vv
Vg (logu) = mvg (logv) = S 5
4 |Vgl? 4 Agv
Ny (1 =— g g,
g (log ) n—2 v? +n—2 v
Put these this into (T.4)), we obtain
_4 4(7171)& v
Ry = Ry — g
v g g n—2 v’
which is (T.I). O

Remark. (i) The reason to take u = €V if n = 2, and u = vﬁ when n > 3 is to cancel the
gradient term.

(ii) The Yamabe problem is equivalent to find a positive solution u > 0, u € C*° (M) of (I.I)
with R, being constant.

(iii) The equation (L.I) is called Yamabe PDE, which is a second order semilinear elliptic
equation.

To solve (I.I)), we define some concepts.

Definition 1.7. Let M be an n-dimensional compact manifold, where n > 3 and let gy be a
Riemannian metric on M. For any u > 0, u € C*° (M), we can define

n—2

EQO (u) n—2 ’

<fM “%dvgo> !

4(n—1 2
_ S ( )|Vgou| + Rgou?dVy,

the Yamabe energy.

If the metric is ambient, we drop g in the notation.
Here V 4 u is a vector field such that

(X,Vgou), =X (u) forany other vector field X.

90
Remark. Multiply u to (T.T)) and take integration by part. Then we obtain each part of the integrand.

Let us state some properties of Yamabe energy.

(1) The Yamabe energy is scalar invariant in this sense:
E(cu) = FE (u)

for any constant ¢ # 0.
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2) Ifu>0and g = uﬁgo, then

AV, = un-zdV,

go-
Indeed, we have

dVy = +/det(g¥)dzy A --- Ndxy, = det(u%go)dml A

\/u% det godz1 A -+ A dxy,
— yntz v/det godxy A -+ Ndxy,

2n
=un=2dVy,.

(3) Based on (2),if g = uﬁgo and u is a solution of (I.1)), then

/ unzdV,, = Vol (M, g)
M

and
4(n—
/M( n—9 quu| + Rgou )dvgo
_4n
Agou—i—Rgou udVy,

M n —

/ Rgu" “2dV,, = / RydVy.

M
Thus

_Jar BodVy

E (u) = n_2)
Vol (M, g) ™

where g = uw? go- We call [  BgdVy, the total scalar curvature.

A dxy,

(1.5)

(1.6)

Proposition 1.8. Ifu is a critical point of the Yamabe energy, then u satisfies the Yamabe equation

with Ry being constant.

Proof. If u is a crticial point of F, then

d
0=—FE(u+ty) |i=o,

at
a Jur (B4 Vgpu + WMI2 + Ryy (u+t9)°) dVy,
-2 —

(IM + tSO n— 2 dVgn)
M % (Vgott; Vo) + 2RguipdVy,

(fM“" -

2n n
-2

n +1 n—2

(f w2 v, go>

4(n—1 n
B 2 [ (_ (nfz ) Dgou+ Rgou) ¢dVg,  2F (u) S n= wdVy,

n—2 2n
Jar um=2dVy,

(fM “%dvgo) '

2n-_] 2n
— un—2 dV,
_n 2 IM (1?17290 (/ (4(n ) |V90u‘ +R90u )dV!Jo)
M



1. INTRODUCTION TO YAMABE PROBLEM

2 [y *4(:—721) ADgou + Ryou — %“m @dVy,
<f1\/1 un=2 dVQo) !

(fM u%dvgo) N

holds for any ¢ € C*° (M). Thus,

4(n—1)
 n-2

E u n+2
Agou+ Rgu = (u) S U2,

(fM u%dV%) '

4 . .
i.e., for ¢ = u»—2 gy which has constant scalar curvature, i.e.,

E
R, = N O

. 2n n
(jIW un—? dvgo)

Thus by Proposition [I.8] we reduced the Yamabe problem to find a critical point of Yamabe
energy.

1.2 Yamabe constant and the conformal Laplacian

Given a compact Riemannian manifold (M, g), the Yamabe energy of a function 0 < u € C* (M)
is given by

[ 2= uf® + RyudV,
n—2 .

(fM “%dv.q) o

If M is not compact, then we must restrict © which has a compact support. We will see it later.

E(u) =

Definition 1.9. The Yamabe constant of (M, g) is given by
Y (M,g)=inf{E(u):0<uecC®(M)}.
Proposition 1.10. Y (M, g) is a finite number.

Proof. Ifu=1,thenY (M, g) < E(1) < co. If miny; Ry > 0, then by definition of the Yamabe
energy, F (u) > 0. So Y (M, g) > 0 in this case. If miny; Ry < 0, then by Holder’s inequality

Ryu?dV, > (wmin R, ) / u2dv,
M

M M
n—2 2
. 2n_ " "
> (H]l\}[n Rg) (/M un 2dVg) (/M dVg) .
So
(miny Ry) (fM s dVg) - (Jar Vo) .
E(u) = e
(fM u"z%zdvg) '
g
= (H}Vi[nRg) (/M dVg) .
This completes the proof. O
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Definition 1.11. Given a Riemannian manifold (M, g), the conformal Laplacian L, is defined by

4(n—1)

1
Ly=- n—2

Ay + R,

Clearly, L, : C*° (M) — C* (M). So we can rewrite (I.1)) as

n+42
Lgou = Ryun=2,

where g = uﬁgo.
The conformal Laplacian has some propertieq?}

Proposition 1.12. For any ¢ € C* (M), we have

_n+2
u 2 Loy (up) =L 4 (p), (.7

un=2go
where 0 < u € C*° (M), i.e., the conformal Laplacian is conformal invariant in this sense.

Proof. Fixu,p >0, € C> (M). Then using Yamabe equation, we have

Ly (up) =R s (up)"
up) = 4 up)n—2
0 T Ry ez gy 7
+2 42
:uZ—ZR 4 80272
(up) =2 go
+2 +2
:uZ—2R 4 4 802—2
ot ()
n+2
=un—2L _4 ((p) O
umn=2go

This proves (I.7) under the assumption ¢ > 0. Then applying the limiting argument, (I.7) holds
when ¢ > 0.

For general ¢, decompose ¢ = ot — o~ as usual. Although ¢* and ¢~ is not smooth,
we take a mollifier, i.e., oI = (p* * p.), where {p.} is a nonnegative mollifier. Then 7 is
smooth and nonnegative and ¢ converges to ¢ pointwise. Similarly, ¢ — ¢~ pointwise and
$0 oI — p- — ¢ pointwise.

Now by linearlity of conformal Laplacian, we have

_n+t2

L s (of —¢o)=u"m2 Ly (u(pl —¢o))

un=2go

Now observe that o1 — p- = . and it converges ¢ pointwise and uniformly. Now let ¢ — 0.

This completes the proof.

Remark. (i) One can prove that L, is continuous on W12(M). Then applying the density
argument, (I.7) holds for W1:2(M).
(ii) One can also show it directly without using Yamabe equation.

So the Yamabe energy is written as

_ T 4(n—1) |Vgu|2 + Ryu*dV,

n—2

n—2

(fM un? dVg) )

2Not just for the writing it in IATX easily
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Jos uLgudVy,

(fM u%dVg) -

As one can see, Yamabe energy depends on the background metric. But, in fact, we have

Lemma 1.13. The Yamabe constant of (M, go) depends only on [go), i.e., if g € [go],

Y (M,g) =Y (M, go)-
Proof. Since g € [go], we can wrtie g = Lpﬁ go- Then by Proposition and (T.3)), we have
Sy uLgudVy

E, (u) =

n—2
< [y 2 dVg> "

Jyul s udV.

P n=2go0 e

7 90

_nt2 _2n_
_ Sy e Ly, (up) 72 dVy,

n—2

(fur (wp) ™= avy, ) ™
= Ey, (up) .

Thus,

Y (M, go) = inf {Ey, (u) : 0 < u € C (M)}
=inf{Ey (pu) : 0 <ue C>® (M)}
=inf{E; (u) : 0 <ue C™ (M)}
=Y (M,g).

—~

So we are done. O

Remark. (i) In view of Lemma the Yamabe constant of (M, g) is sometimes written as
Y (M. [g).

(i) If g, go are Riemannian metrics in M such that g and g are not conformal, then Y (M, [go])
and Y (M, [g]) may not equal.

(iii) One can propose the following problem. It is actually an open problem: given a compact
smooth manifold, what is

{Y (M, g) : g is Riemannian metric on M }?

Some result is available when M is a 3-dimensional real projective plane, but essentially there is
no techinque to attack this kind of problem.

Define

n—2

fM (4(n_1) |Vgu|2 + Rguz) dVy
E(u) = .

n—2

(fM |U‘% dVg) h

Suppose u # 0 in W12(M). Then by the Sobolev embedding theorem, u € L2 (M) and so
E(u) is well-defined. Note that for u € W12(M), |V, |ul| = |V u| a.e. So E(u) = E(|ul).

It is useful to observe that the restriction to smooth positive functions in the definition of Yamabe
constant Y (M, g) is unnecessary.

10



1.2. Yamabe constant and the conformal Laplacian

Lemma 1.14. We have
Y(M,g) =inf {E(u) :0Z£ue W"?(M)}.

Proof. Following the proof of Proposition[1.10} we see that inf { E(u) : 0 # u € W2(M)} is a
finite number. Let us denote y = inf { E(u) : 0 # u € W?(M)}. Clearly, Y (M, g) > y.

Now let € > 0 be given. Then there exists u € W12(M) such that u # 0 and E(u) < y + €.
Since E(u) = E(|u|), we may assume w > 0 but not identically zero. Since M is compact,
C> (M) is dense in W12(M). So there exists a sequence uz € C°(M) satisfying up > 0 and
up — u in W1*2(M) Also, by Sobolev embedding theorem, u;, — u in L%(M) Thus,
limg 00 E(ug) = E(u). Since

Y(M,g) < E(ux)
for all k, letting £ — oo, we have
Y(M,g) < E(u) <y+e,
ie,Y(M,g) <inf{E(u): 0% uec WH"2(M)}+e. The proofis completed by lettinge — 0. [

Remark. Note that
sup{E (u): 0 <u e C® (M)} =oo0.

Choose a small part U of M so that Vol (U, g) = €. Define u = 1 on left part of U, Define
u = 2 on the other side of U. Then |V u| ~ % inU. So

=2 Vel + Ryutdv, N ) L [Vgul® vy o

E (u) n—2 9 > =2
(fM udeg> (fM’ e qu) =
> e E%dVL _c
(fM\UQ'”zfdeg) !
29 Vol (U, g) O o

as e — 0+.

Recall our strategy of the Yamabe equation. From Proposition [T.8] it suffices to find a critical
point of Yamabe energy. One classical approach is to find a minimizer of the energy. There are
another strategy for solving Yamabe problem since we just need to find a critical point of the energy.
Using geometric flow approach, we can also find a critical point, which will see it later.

31s it okay?

11
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Note that the conformal Laplacian is a second-order elliptic differential operator. Let \; (g) be
the first eigenvalue of the conformal Laplacian, i.e., Ly f = A (g) f for some f € C*° (M). By
Courant nodal theorem, f does not change sign. By replacing f by — f, we can assume that f > 0.
By Raleigh quotient,

fM uLgudV,

Al(g):inf{ [y, :O#uECOO(M)}. (1.8)

Remark. For n X n matrix A,

A1 (A) = inf { %x”;? Lx o} .

Proposition 1.15. A\ (g) and Y (M, g) have the same sign. This implies the sign of \1 (g) is a
conformal invariant.

Remark. A1 (g) is not conformal invariant. (Hint: for a constant ¢ > 0, show that A1 (cgo) =
¢ " Ai(90))

Proof of Proposition[I.I3] First, we show A; (g) < 0 if and only if Y (M,g) < 0. Assume
A1 (g) < 0. Then there exists f € C° (M) which is positive such that L, f = A (g) f with
A1 (g) < 0.

Now note that

/ FLyfdVy = A (g) / f2av,,.
M

Since

E(f) _ fM =](lIfg.]t(ﬂ/vg71772 _ )\1 (g)ffzdvgi2 <0

(S F752avy) ™ (fy f=av,) ™

since A1 (g) < 0. So
Y (M,g9) < E(f) <0.

Similarly, we see that Ay (¢) > 0 implies Y (M, g) > 0.
Suppose Y (M, g) < 0. Then there exists a positive function u € C*° (M) such that F (u) < 0.
So

/ uLgqudVy < 0.
M

This implies A1 (g) < 0 by (1.8).
Suppose Y (M, g) > 0. Given any 0 # f € C* (M),

Y (M,g) <E(f).

So by Hoélder’s inequality,

fM fLgfdVy _ fM JLgfdVy (foanz) )

Jor F2AVy (fo,fl‘gdvg) = w2V,

>c(M,n)Y (M,g)

for some positive constant ¢ depending on M and n. Hence by taking infimum, we obtain the
desired result. O

12



1.2. Yamabe constant and the conformal Laplacian

Proposition 1.16. If Y (M, g) < O, then there exists § € [g] with Rz < 0. That is to say, there

~ 4 .
exists a smooth function 0 < u € C*° (M) such that § = u=—=2 g has negative scalar curvature.

Proof. By Proposition there exists a 0 < f € C (M), Lyf = A1 (g) f with A\ (g) < 0.

Now consider g = f»-2¢g. Then from Yamabe equation and definition of Raleigh quotient, we
have

n+2

Ry=f " ?L,f
— [N (g) F <0,

which completes the proof. O

Remark. This proposition does not imply that scalar curvature is constant.

By the same proof, we can also show:
Proposition 1.17. IfY (M, g) > O, then there exists § € [g] with Rz > 0.

We will see that the situation is very different when Y (M, g) > 0and Y (M, g) < 0.
In fact, the converse is also true.

Lemma 1.18. (i) If there exists g € [go] such that Ry, < 0, then' Y (M, go) < 0.
(ii) If there exists g € [go] such that Ry > 0, then' Y (M, go) > 0.

Proof. (i) If g € [go] such that R, < 0, then
Jas BgdVy

n—2
(S dVe) ™
and thus Y (M, g) < E, (1) < 0. Since Y (M, g) is conformal invariant, Y (M, go) < 0.
(ii) If g € [go] such that R, > 0,

E,(1)= <0

S T IV gul’ + Rywav,

n—2

(fM uf%dVg) '
forall 0 < u € C* (M). Now taking infimum, we obtain
Y(M,g) =inf{E;(uv):0<uecC®(M)}=Y(M,go). O

This easy lemma helps us to compute the Yamabe constant for some manifolds exactly.

Lemma 1.19. Let T™ be the n-dimensional torus, i.e., T" = R™/Z"™. Let gy be a flat metric on
T". Then'Y (M, go) = 0.

Proof. Since gy is flat,

R, dV,
Ego (1) _ f]ﬂ go 932 -0

(fM dVgo) !
So ¥ (M, go) < F, (1) = 0.
We claim that there is no g € [go] such that R, < 0. Suppose not. Then there exists g € [go]
such that R, < 0. Then multiply  and taking integration by parts, we get

4 - 1 n
21 )/ |V goul® dVy, =/ Rgu?=2dVy, <0,
n—2 M M

a contradiction. Thus, Y (M, go) > 0. This completes the proof. O

13



1. INTRODUCTION TO YAMABE PROBLEM

In fact, computing the Yamabe constant of a Riemannian manifold (M, go) is extremely difficult.
(i) For example, it is difficult to compute (82 x 82, gg2 X 932) since the energy behaves badly
for product metric. For the product metric gp; X gy on M x N, the energy

4(m+n—1) 2 2
E(u)— MxXN m+4n—2 ‘VQMXQNU" +R9M><9Nu dVgMXgN

2(mtn) m+4n—2
mrTn m+n
(fM umFr=2dV,, ng)

We have some splitting

dv, — qv,

gm

v,

M XgN
Note
Rg\ixgn = Ry + Rgy
2 2 2
‘VQZ\/IXQNU‘ = |VQMU| + |v9Nu| .
4(m+n—1) 2(m+n)

But constants s make difficult.
m+n—2 m+n—2
(ii) Given a compact manifold M, we can consider

{Y (M, g) : g is Riemman metric on M} .

But we don’t know the characterization of this set. We know nothing about this.

1.3 Existence and uniqueness of the Yamabe problem when Y (1, g) < 0.

When Y (M, g) < 0, we want to consider the uniqueness of the Yamabe equation
4(n—-1 n
—%Agu + Ryu = Rguﬁ,

4
where g = u»—2 g. Recall that if v is minimizer, then we have

E (u) Y (M,g)
Ry = ) 2 = o 2z
(fMU/HQ dVg) (fM “mdvg)
S0 4 1 Y (M
- 7;”:2 ) Aju+ Ryu = (M, 9) Fut, (1.9)

(f M uns dVg)

Then we have the following uniqueness result when Y (M, g) < 0.

Theorem 1.20. If u, v satisfy (T9) with [,, um-2dV, = [,, vi-2dV,, then u = v.
Theorem [I.20] follows from the following theorem.

Theorem 1.21. Let g1, g2 € [go] such that Ry, = R,, < 0. Then g1 = go.

4
Proof. Since g1, go are in the same conformal class, g; is conformal to g3. So g5 = u»—2g; for
some 0 < u € C* (M). Now consider the Yamabe equation

4(n—1 n
(72)A91“ + Rg,u = Rgzu"tg-

14



1.3. Existence and uniqueness of the Yamabe problem when Y (M, g) < 0.

Since Ry, = R,, we have

4(7’l— 1) n+2
—ﬁAqlu = Rgl ('U/”*2 — U) .

We claim that sup,, u < 1. Since M is compact, there exists o € M such that u (z¢) = sup,; u.
Then
Ngou(zg) < 0.

At g, we have
4(n—1 nt2
A= A ) = R, (@)~ u(a0)).
n—2
Since Ry, < 0, u (xo)% —u(xp) <0. Since u > 0, u (x0) < 1. Following the above proof, we
have infy; w > 1. So u = 1. This shows that g; = go. O]

Remark. (i) The condition in Theorem [I.2T| cannot be weaken to R,, = Ry, < 0 since the proof
does not work anymore. In fact, we have the following counterexample: M = T", gy =flat metric
on T™.

Rgy =0 = Rey,

for any positive constant c. But gg # cgo if ¢ # 1. The positive case has no uniqueness. Consider
S™ with standard metric go. Then
n(n—1)
RQO == T.
Choose any isometry ¢ € O (n). Then Ry, = Ry-g,. But go # ¢*go for ¢ # id.

(ii) R4, = R4, may not be constant. So we have also an uniqueness of prescribing curvature
problem. The prescribing curvature problem is the following: Given a Riemannian manifold
(M, go) and f € C™ (M), does there exists a g € [go] such that R, = f?

Note that this is equivalent to

4(n—1 n+2
—%Agu + Ryu = fun—2
when n > 3 and
~Agu+ R, = fe**

when n = 2.

When (M, go) = (S™, gsn ), this is called Nirenberg problem. If f is constant, this reduces to
the Yamabe problem.

By Theorem if f is a negative function, then the metric g in the prescirbe curvature
problem is unique. Of course, this is not solvable for some f.

Lemma 1.22. Let T" be a n-dimensional torus, go be a flat metric. If g € [go] satisfying Ry = f,
then f must change sign or f = 0.

Proof. First, considern > 3. If g = wnz go such that R, = f, then

4(n—-1)
n—2

nt2
Agou+ Rgyu = fun—2.

Integrate over T™. Then

15



1. INTRODUCTION TO YAMABE PROBLEM

Forn = 2, if g = e?%gy with Ry = f, then
—Ngou = fe**.

Integrate it. Then
0=— A%wnfi/féw%m
T2 T2

So we are done. O

Remark. When n = 2, applying the Gauss-Bonnet theorem, we obtain the Lemma.
If Ry = fand forn =2, K, = 1R,. So K, = 1 f. Hence by Gauss-Bonnet Theorem tells

that
1

3 /T2 fdvy = /T2 K,dVy = 2mx (T") = 27 (2 — 2genus (T")) = 0.

Theorem 1.23. Ler (M, go) be a compact smooth n-dimensional Riemannian manifold. Consider
the semilineaer elliptic equation

Agou+ f (z,u) =0, (1.10)
where f € C* (M x R). If there exist p,1) € C? (M) satisfying

Ago@ + f (ZL‘7 SD) Z

Doy + f(z,9) <

i.e., p and ) are subsolution and supersolution of (I.10), respectively, such that ¢ < 1), then (T.10)
has a C'*° solution u satisfying ¢ < u < 1.

0 (1.11)
0

)

Proof. Since M is compact, there exists a constant A such that — A4 < ¢ < ¢ < A. Since M is
compact, we can choose ¢ >> 1 such that for each z € M, F (z,t) := ¢t + f (z,t) so that F' is
increasing in ¢ in [— A, A]. Define the operator

Lu = —-Agu+ cu.

Then L : C%% (M) — C% (M) is an elliptic second order operator. By the Schauder theory,
L=1: 0% (M) — C* (M) exists and it is a compact operator.

Claim 1. Lw; > Lw,, then v; > ve (comparison principle)

Proof of Claim 1. By assumption, L (v; — vy) > 0. We claim that minys (v — v3) > 0. Since
M is compact and v1, v9 are continuous, there exists a point xo € M such that

(v1 — va) (zp) = m]viln (v1 — va).

Then for this ¢, we have Ay (v1 — v2) (zg) > 0

0 < L(v; —v2) ()
= 7Ago (1)1 — UQ) (IO) + C(Ul - UQ) (IO) .

So
¢(v1 = w2) (x0) = Ay, (01— v2) (20) -

Since ¢ > 0, v1 — va (29) > 0, which proves the claim. O

16



1.3. Existence and uniqueness of the Yamabe problem when Y (M, g) < 0.

Now we define ¢y, and ¢, inductively:

op =L (F(2,01-1)), fork>1 and o= (1.12)
Y=L (F(2,¢%-1)), fork>1 and v =1

Claim 2. Lyo < Lo < Lapy < L.
By (L.12),
L%:F(%Z/J)a LQPl:F(mﬂﬁ)
By assumption, we know ¢ < 1. Since F' is increasing in t, Ly, < Li);. Note that
Ly — Lpg = F (x,00) — Lepo
= Dgop+ f(z,90) 20

by (T.T1). Replacing ¢ with ¢ in the above, we get Lip; — L1y < 0. By Claim 1, we have

wo < 1 <Y1 < Yo

By induction, we have
w0 < -1 < < Yp < -1 <o
for all k. Since {pr} is a sequence of monotone increasing functions and bounded by 1, there

exists a pointwise limit of ¢, and write the limit by u. Similarly, since {4, } is monotone decreasing
and bounded below by g, there exists @ such that 1, — u pointwise. Also, we have

ug <u <u < .

By (I12), Loy, = F (z, k1) for k > 1. Note that ¢y, is bounded. Since F' is smooth on M,
F(x,0r_1) € LP(M) for any 1 < p < oco. With this same p, 5, € LP (M). So ), € WHP(M).
If we choose p > n, then by Sobolev embedding theorem, ¢, € C% (M) with

||<Pk||cowa(M) <C ||<PkHW1.p(M) :
Now from |k | < ox — @0 + |0 < Yo + 2|pol, we have

||<pk||00ea(M) <C

where C' is independent of k. Thus, by Arzeld-Ascoli’s theorem, there exists a convergent sub-
sequence, still denoted it by {¢x}, such that ¢ — @ in C®*(M). Then @ = u. So we obtain
the pointwise convergence o — u is in fact ¢ — w in C% (M). Similarly, the pointwise
convergence v, — 1 is in fact ¢ — w in OO |

By taking limitin Loy, = F (2, pk—1) and LYy, = F (x,¢_1) , we have L (u) = F (x, u) and
L (u) = F (x,u). Since u,u € C**(M), F(z,u), F(x,u) € C%*(M). Now by the Schauder
theory, u,w € C%% (M). Now bootstrap argument yields u,w € C°° (M). By definition of L and
F', we have

—ADgu=f (z,7),
i.e., u is a solution for (I.10). This completes the proof. O

Based on this theorem, we prove the Yamabe problem for (M, go) with Y (M, go) < 0. The
Yamabe equation takes this form

4(n—1 n
(72)Agou + Rgou = Rgunirg,

17



1. INTRODUCTION TO YAMABE PROBLEM

where R, is anegative constant. Since Y ()M, g) < 0, by Propositionl.16| without loss of generality,
we can assume 74, < 0. Define

J ) = 2[Ry

2
m RQU”_2 - Rgou] .

Clearly, f is C*°. To apply theorem[1.23] we want to find ¢ and 1 satisfying (T.T1). Take ¢ = .
Then

flz,p) = % (113575:%rg - Ryu5>

2
Z m (Rg&‘n*Q — m]\%XRQOE) >0

if  is sufficiently small. Take ¢y = C' > 0. Then

) = g (RCFE = RyC)
< % (RB,C7% — (min Ry, ) C) <0

if C' is sufficiently large. So at the same time, ¢ < 1. Now apply Theorem [1.23] we get a
C'*°-solution u to the Yamabe equation with u > 0.

Remark. Try it for (M, go) with Y (M, go) > 0. Then we cannot use Theorem

18



Yamabe problem on non-locally conformally flat
manifold

2.1 Aubin-Trudinger approach to the Yamabe problem

So far we consider the Yamabe problem when Y (M, go) < 0. From now on, we focus on the case
Y(Ma 90) > 0.

Theorem 2.1 (Aubin-Trudinger). For a compact n-dimensional Riemannian manifold (M, go),
() Y (Ma gO) <Y (Sna gsn ), and
(i) Y (M, go) <Y (S™, gsn), then the Yamabe problem is solvable.

We want to compute Y (S™, gs»). In order to do this, we would like to talk about the best
constant of Sobolev inequality of R™. The Sobolev inequality of R™ tells us that there exists a
constant A depending only on n such that

2n % 4 — 1
A (/ |u|™=2 dm) < (7172)/ \Vul? da 2.1
n n— n

forall u € C§° (R™). Here C§° (R™) is the set of all smooth functions in R™ with compact support.
Question. What is the smallest number A such that 1)) is true?

This question is closely related to Yamabe problem. Note that the scalar curvature of R™ with
respect to the standard metric is 0. Therefore, the conformal Laplacian of R" is just the standard

Laplacian up to a constant:
4(n—1
Ly=_ =1,
n—2

The best constant in 2.1) is

4(n—1) VUde
A= infd o2 Jenl ‘H

(f]R” |u\% dx)
=inf {E (u) :u € C§° (R"),u # 0}
=Y (angﬂat) y

which is the Yamabe constant of (R™, ggat) -
Let €2 be a bounded open set in R™. We can define

uweCE (RY),u0

AQ)=mf{E(u):0ZueC{(Q)}.
Lemma 2.2. A (Q) = A

Proof. Consider ¢ : R®™ — R"™ ¢ (x) = x + a for some fixed a € R™, which is the translation
in R™. If Q and Q' are open sets in R™ such that ' = ¢ (Q), A (Q) = A(Q') because ¢ is an
isometry of ggat.

If Q and ' are open sets in R” satisfying 2 C €, then A (2) > A (Q) since C§° (Q) C
C§° (§Y'). Given any bounded open set €2 in R”, there exists a translation ¢ such that 0 € ¢ (Q2).
Since ¢ (£2) is open and bounded,

B, (0)Cyp (Q) C By, (0)
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2. YAMABE PROBLEM ON NON-LOCALLY CONFORMALLY FLAT MANIFOLD

for some 71,79 > 0. So
A (B, (0) < A(Q) <A(By, (0)).

Claim 1. Forany r > 0, A (B, (0)) = Ao.

Claim2. Ay=A =Y (R", ggn).

Proof of Claim 1. Tt suffices to prove A (B,.) = A(B;) for all » > 0. To see this, let 0 £ u €
C§° (By (0)) . Now we define

(z) :=u(rx) forze By (0).

Then 0 # @ € C§° (B (0)). Then Vi (z) = r (Vu) (rx). So change of variable yields

4(n—1) |v7:6|2 dx
E(’EL) _ n—2 fBl(O) -

(fBl(O) ﬂ%dx> "
=E(u),

which proves Claim 1. 0

Proof of Claim 2. Since C§° (B, (0)) C Cg° (R™), Ag > A. Note that

U B, (0) =r".

r>0

S0 U,»0 C6° (By) is dense in C§° (R™).
For all i, there exists u; € C§° (R™) such that E (u;) < A+ 5-. So there exists @; € C§° (B,)
such that L
E(t;) < B (ui) + 5 < A+ -
So
Ao = A(B,, (0) < E (@) <A+ +.

Now letting 7 — oo, we are done.
Hence by Claim 1 and Claim 2, we completes the proof of Lemma.

Consider
S*={z e R*"*": |z| =1}.

We have the stereographic projection from the nouth pole N = (0,...,1) € S

m:S"\{N} = R,

T Tn
T (X1yeyTy) = e ,
l_anrl 1_$n+1

where = (z1,...,%n, Tnt1) € S™\ {N}.
7 is bijective, diffeomorphism,

7R = S"\{N},

_ 201 200 |<p|2 -1

1

0 ((pl;~~~7§0n): P ) P
<|902+1 o2+ 1 || +1
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2.1. Aubin-Trudinger approach to the Yamabe problem

where ¢ = (¢1,...,¢n) € R™.

The standard Riemmanian metric gs» on S™ is given by gs» = i* (grn ), where i : S® — S"*1,
i(x) =

In particular, 771 : (R™, ggn) — (S™, gs») . In particular, 7! is a diffeomorphism. We can
compute (771)" ggn. We will see 7~ is a conformal map in the sense that (771)" ggn = fggn.

We want to show that )
ik 2
(7T 1) (ggn) = (|2> grn .

L+ e
At = (p1,...,p,) €R™, (8%)1,...,%) is a basis of T,,R™ . Consider

(m)" (gsn) (56%’ ai) B (d ™) (398%) ) <8?02>)
- (5555 )

» <87r1 87r1>
=1 grn+1 | —(m/

dpi " Oy,
g (87T1 8771>
=grn+t1 | ——,
BN
Note
o1 41 p; 2 42 4pnp; dop;
6%0 = —_ 5 27...7‘ |2+1— 5 27...,_ 5 29 5 2
l (e +1)" (1o +1) (1o +1)" (lol* +1)
If ¢+ = j, then
2
s o 9 —4p1p;
1 1
ey () = [
(=) i Op; <1+|@‘2>2
2
2 4?
44 3 — i 5
P+ (P +1)
2 2
4pnpi 4ip;
FRUUUOTRY RN T2 I QT
(1o +1) (10 +1)
n 16(,0?%2 4 16¢? 1642
- N T 2 A 2)*
= (1+el) (elP+r) (lel) T (11l
2
16 (|l +1) o2 4 16,2 4
- 2\ 4 2 2 2 5 2 2
(1+1ef) (P +1) (eP+1) (1o +1)
If i # j, then
1y a 0 1602 pip; 2 42 ey
1 1Y i [
(m) (98”(8@»8%):;4 et | |2+1_ 5 2 _27%
CO0S (14 1eP) ° (10 +1) (1o +1)
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2. YAMABE PROBLEM ON NON-LOCALLY CONFORMALLY FLAT MANIFOLD

2 4y —4p;jpi
T (1)) \ (i 1)
L6phpip; 16010
(1o +1)" (1ol +1)"

1600  ~— 16,0, 16p;0;
_ PiPj 2@2_ PiPj + PiPj —0.

4 k 3 4
(P +1) &=t (el +1) (lef+1)

4
(1 + 1>2ng,. =y

That is to say, 7+ : R™ — S™ \ {N} is a conformal map.

‘We have shown that
(™) gsn =

Definition 2.3. Given a map f : (M, gn) — (N,gn), if f is a diffeomorphism and f*gy is
conformal to g/, then f is said to be a conformal diffeomorphism.

Proposition 2.4. If f : (M, gn) — (N, gn) is a conformal diffeomorphism, then'Y (M, gn) =

Proof. Since M and N are diffeomorphic, dim M = dim N = n. Let 0 < u € C§° (N). Then
change of variable gives

_ fN 4(n71) |vgNU|2 + RgNUdVgN

n—2

EQN (u) on n—2
(fN |ul =2 dVgN) "

M 4(::21) [Vfegn (uo f)|2 + Rpegy (uo f)2 AV gy

n=2
(fur (wo )™= Vg, )
Since f is a conformal diffeomorphism, f*gn € [gar]. So
o<uehcl£>°(1v) Bu) = o<uehcl£>c(1v) Eou (wo f) = O<u€ig§°(1v1) E(u).
This completes the proof of Proposition. O
Applying Proposition[2.4] we have
Y (R*, grn) =Y (S" \ {N}, gs) (2.3)

— inf{E(u):0#ue H(S"\{N}}
=inf{E(u): 0 #ue H'(S")}
=Y (S",gsn) .

Recall that Y (R™, ggn ) = A, where A is the best constant in the Sobolev inequality.

Exercise 2.5. If § = ug for some 0 < u € C° (M), then prove that the Ricci curvature of § and
g are related by

Ric (X, X3)
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2.1. Aubin-Trudinger approach to the Yamabe problem

n—2 n—2 .
= (logw),, (logu), — 5 (logu),,; + Ric (X;, Xi)

n—2 2 1
_ (4 Vg logul, + §Ag (logu)) Jik-
Theorem 2.6 (Obata). If g is a metric on S™ conformal to gs» and has constant scalar curvature,
then up to a constant scalar factor, g is obtained from gs~ by a conformal diffeomorphism of S™.

If g € [gsn] with Ry = constant, then g = cf*gsn for some constant ¢ > 0 and f € Conf (S™).

Proof. We show that g is Einstein, i.e., Ricg —%g =0, i.e., B;; = Ric;; —%gij = 0. Here B;;
denotes the trace-less Ricci tensor. Write gs» = ug. Then

. R n
(B!]S"L)ij = (Ricggn )ij - if (QS")"

n—2 n—2
= (logu); (logu); fT(logu .+ Ric;; — < Vg4 10gu| + A (logu)> 9ij
1 [ 1
—u —Z(n—2) (n—1)|V, logu\ —(n—1)A4(logu) + Ry | ugi;
n—2 n—2 n—2(n-1
:Bij+T(logu)i(logu)j—T(logu)ij—l— 1 (n —1>|Vglogu|3gij

n—1 1
+ ( - 2) Ay (logu) gij.

Let u = ¢ 2. Then logu = —2log ¢ and

2 i 2 i -2 ii 2 ey
7 L ¥ ®
So ) 2
4 2Np 2
|V10 u|2 — L;M7 A(logu) _ _J n ‘V;pl -
Thus,
n—2 1
(Byon )ij = Bij + % (@ij - nA‘PgiJ) : (2.4)

Note (Bgsn )ij = 0. Since R, is constant, by the contracted Bianchi identity, we have

0=(X,VRy) =2 Z X, Ricg (X, X;) for all vector field X.

i=1
In particular,

n n
0= in Ric, (X, X;) = Z X; Ricj; forall j. (2.5)

i=1

So

i=1 i=1

=0
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2. YAMABE PROBLEM ON NON-LOCALLY CONFORMALLY FLAT MANIFOLD

since IR is constant and X; is compatible with the metric g;;. Therefore, by we have
2 ij
- ‘Blg gOdVg = /7L (,OB JB,»jdVg
ij 1
=—(n- 2)/ (BY) <<Pz'j - nA<sz'j> dVy by 24)
=—(n- 2)/ BYp;;dV, since B;; is traceless

=—(n—-2) / (Bij)j ©:dV, integration by parts
=0 by 2.5).

Since ¢ is arbitrary, B = 0, i.e., g is Einstein.
We need two facts. Let us assume these facts in the moment.

Fact1. Since gisconformal to gs» and gsn is locally conformally flat, g is also locally conformally
flat. So the Weyl tensor of g, W = 0.
Fact2. If B =0and W = 0, then g has constant sectional curvature.

By Fact 1 and Fact 2, (S™, g) is isometric up to constant factor to (S™, gs» ), i.e., there exists
an isometry f : (S, g) — (S™, gsn) such that g = cf*gs». Since g = ¢ 2gsn = cf*gsn, we are
done. O

First, we explain Fact 1. We define the following terminology which we used in Fact 1.

Definition 2.7. We say (M™, g) is locally conformally flat if it is locally conformal to the flat metric
of R™ ,i.e., forany z € M™", thereis aneighborhood U of x and a parametrization f : V' C R® — U
such that f*¢g = uggn for some u > 0.

Example 2.8. For 0 < u € C* (R"), (R™, ugg~) is locally conformally flat (in fact, it is global
conformally flat, or conformally flat.)

Example 2.9. (S", gs») is locally conformally flat. Indeed, for any x € S* \ {N}, 77! : R" —
S™ \ { NN}, inverse of stereographic projection. Then

4
G
(1+ 1)

Definition 2.10. Given a Riemannian metric g, the Weyl tensor of g is given by

(m1) gsn =

1 . . . .
Wijki = Rijri — - (Ricik gj1 + Ricji gir — Ricy gjx — Ricjk gar)
1
+ (TL — 1) (TL — 2) ] (glk?gjl glejk)
If h, m are (0, 2)-tensors, we define
(h®m); 0y = hikmg + hjma,e — hamgy — hjema.

We call (h ® m) the Kulkarni-Nomizu product.

1 R
W = Rm — —— Ri — :
e eIt S T =) P
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2.1. Aubin-Trudinger approach to the Yamabe problem

The following proposition explains some properties of Weyl tensors.
Proposition 2.11.
(i) Weyl tensor satisfies all the algebraic identities of Riemann curvature tensor
@ Wijki = —Wiin.
) Wik = —Wijig.
©) Wijki = Wiy
(d) Wijkt + Wik + Wiiji = 0.

(ii) Weyl tensor is a pointwise conformal invariant. More precisely, if §j = e*“g, then

-2
Wijk:l =e uWijkl.

(iii) g is locally conformally flat if and only if the Weyl tensor of g is equal to 0.

Proof. (i) is easy.
(ii) We know Rm and Rm, Ric and Ric, and R, and R, change conformally, just put it these.
(iii) (=) Easy by computation («=): difficult. L]

As a consequence of Proposition (2.T1)), if g € [¢] and g is locally conformally flat, then W, = 0
by (iii) and so W3 = e_QUWg = 0 by (ii). Thus, g is locally conformally flat by (iii).
We prove Fact 2.

Proof. If B = 0, then by definition
. R
RlCij = Zggij'
From this and the contractive Binachi’s identity, we have
’ g — g ’ - n )

Put X = X;. Then we have
2
X;(Ry) = (X;,VRy) = ﬁXj(Rg) for all j.

Since n > 3, this shows that 14 is constant.

Now
0= Wi
1 . . . .
= Rijr — > (Ricik gj1 + Ricji gir — Ricy gjx — Ricjk gar)
1
R, (GinGil — Gi10:
+(n - (9ik9j1 — Girgjk)
1
= R _ Ro(aindir — ainas
ijkl + ( n(n—2) + -1 (n- 2)> o (9ikgj1 — gugik)
=R, Rg ( s . )
= ikl " (n — 1) 9ik9j51 — 9il9jk) -
Thus, by Schur’s Lemma, (M, g) has constant sectional curvature. It is equal to %. O
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2. YAMABE PROBLEM ON NON-LOCALLY CONFORMALLY FLAT MANIFOLD

Exercise 2.12. If g1, g5 are locally conformally flat, then is g; x go is locally conformal flat? If g
is locally conformally flat, Ricci soliton, prove that g has constant sectional curvature.

Exercise 2.13. Find a Riemannian metric g which is not locally conformally flat.
Now using Obata’s theorem(Theorem [2.6)), we can now compute Y (S™, ggn ).
Proposition 2.14.

(i) Y (S™, gsn) is attained. That is, there exists 0 < u € C*(S") such that E(u) =

2

First we prove (ii) first assuming (i). By (i), there exists 0 < u € C'°° (M) such that
E(u) =Y (5, gsn).

4
By Proposition g = un—2 gg» has constant scalar curvature. Hence by Obata Theorem, g has
constant sectional curvature and g = ¢f*gs». By (L.6),

fS" Rng(]
n—2

(Jon dVg) ™
— fS“ Regegon dVgsn

(Jon AVegegon) ™
_ fS” Rgs" dVg%ﬂ

n—2

(f n dVgsn) "

-0 ()

This completes the proof of (ii).
Combining Lemma [2.2]and (2.3)), we have

E(u) =

since g = c¢f*gsn

since f is conformal diffeomorphism

n(n— 1) Vol (5", gsn) = ¥ (5", gsn) = ¥ (R", ggn) = A = A (),

where A is the best constant in the Sobolev inequality.
Recall the Sobolev inequality in R tells us: there exists a constant A depending only on . such

that Y
2n n — 1
A(/ un2dac> < 4(”72)/ |Vu|® dz (2.6)
n n — n

for all w € C§° (R™). We know that the smallest constant such that holds is equal to
n(n—1) Vol (S, gsn).

Now we prove (i). We want to find a function u such that the equality holds in (2.6). Given
§ € R™ and ¢ > 0, we consider the function u¢ o) : R™ — R defined as

n—2

o)~ ()

Take { = 0 € R™, then ug ) (z) is rotationally symmetric. [DRAW A GRAPH] The function
U(¢ ) concentrates near §. The smaller € is, the more concentrated at § u ¢ .y is.
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2.1. Aubin-Trudinger approach to the Yamabe problem

Note
8U(€75 5%72 < n2)2
= n | — (xz 61)
o0x; (62—|-|93 €| )2 2
(n—2)e"= (x:i— &)
(2 + 10— ¢P)
and
O2ue ) (n—2)e"s i (n—2)e"s (z;— &) (—2) 2 (x; — &)
;0T 3" o
0u0 (2o gf) (52+\x— )
L= o (=T (@ = &) (@5 - &)
n Y1) 1
(2 +1e—P)* (2+1—e)"
So

n—2
n(n—2)ez
Auee) = — (n-2)

2
+n
n L4l
(2+1e-¢P)"  (2+le-¢f)”
n(n—2)e"s 2
.
(2 +1e—¢f)"
n+42

= -ntn-2u),

n42

ie., Auge +n(n—2)uj

() = 0. Multiply u(¢ () to this equation and integrate, we get

2n
Ry
Rn "

()97
ie.,
4(n—1) 2 ,f_"
5 /Rn |Vue,o|” do = 4n(n — 1)/]R Ul ;)dx
So

Al [ [Vuageo) | de
E (uee) =

n—2
<f]R" ngaz)dx>
2
n o= "
=n(n-1) <2 /n u(g,s)d:r) .
Note
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[ (55e) @
»\e2+Jal
1
= / Ty
(1 1l’)

E(u(g’s)) =n(n-—1) </Rn (1—1—2|y|2> dy) )

On the other hand, we have

Vol (S", ggn) = / AV, = / AV
i S"\{N}

= [ av.
n—1(R")

[ =y a,,

= / dv(ﬂ'_l)*%n
- [

= dV.
/n (1+\i\2)2gm"

(L () W)

E (u(e.) = n(n — 1) (VoL (S™, gsn))

So

o

This completes the proof.
Combining all these, we have

=Y (Sn7 gSn)
— Y (B, gnr)
=A.

Remark. (i) u,) is not compactly supported. However, since u¢ .)concentrated at § and it has
a fast decay, we can multiply a cut off function to u (¢ .y and the resulting function is compactly
supported and its energy is arbitrary closed to A.

(ii) In fact, if w is a function in R™ such that E' (u) = A, then u = ¢ ) for some £ € R™ and
e >0.

All of these calculations have meaning. Recall the Aubin-Trudinger theorem. Given (M, g),
the theorem tells that ()Y (M, go) < Y (S, gs») and (ii) if Y (M, go) < Y (S™, gs»), then the
Yamabe problem is solvable. So we need to know the exact value of Y (S™, gs» ) since we have a
‘strict inequality’.

Now we are ready to prove the Aubin-Trudinger theorem.

Proof of Theorem (i). Forany o > 0, let B, be the ball of radius « in R"™ centered at the origin.
Let

n—2

2
£
U(()’g) (LU) = <€_i_|x2> 5 e>0.
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2.1. Aubin-Trudinger approach to the Yamabe problem

Now choose a smooth cut-off radial function 0 < 1 < 1 supported in By,with n = 1 on B,
|Vn| < 2. Now consider ¢ = nu(g ¢). Then

74(71_1)/ |V<p|2dx: 74 (n—l)/ |Vgp\2d:v
B2y

n—2 n n—2

4(n—1 2
el — )/ n* [Vuge| du
B2o<

+7)/ 2nu(o,e) <Vn, Vu(075)> dzx
n — 2 Boa

4 (TL — 1) 2 2
+7n —> /B U ¢) |Vn|® dz

2a

=IT+II+1II1I.
We estimate I, 11, and /1. Note

n—2
4(n—1)
— /Rn\v“(osﬁ dx

To estimate /1 and 111, we need

9 2« ,r,n—l
/ Ve do < 05"_2/ g dr ="
Ba\Ba o T

an—2
S an72
and )
2n_ en
wr Adr < c—.
/Bza\Ba (0,e) a™
So
4(n—1
II = 7( ) / 2nu(075) <Vu(075),Vn> dx
n — 2 BQQ\BQ
: :
c 2
< — (/ |U(0,6)I2> (/ [V, )
«Q B2a\Bo¢ B2a
n—2 2 % %
C 2n_ " " 2
< = / |u(0,e)|"2 dx / dx / [Vul® dz
a Ba\Ba Bso\Ba B2a\Ba
< [(5)”‘2 azr ()™
a |\« «
€ n—2
(5
«
Similarly,

4(n—1)

11127/ u?y o |Vl d
n — 2 BQQ\BQ (075) |
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n—2

2
C _2n_ " "
S . un—2 dZC /
052 </B2Q\Ba (O)E) ) ( BZa\Ba>
£ n—2
<8
«

n—2
4(n—1) 2 2o N T (e
— /]Rn V| de < </Rn Uy oy T + (a) .

Since ¢ = nug ¢y and ¢ is supported in By, with ¢ =1 on B, we have

n—2 n—2
w2 dw) — (/ gorfn"‘dx> ’
‘( / () -

n—2

<e( [ lano ol
R™\Bq

Since @) > ¢ > 0, we have

Thus, we get

Thus,

4(n—1) v de n—2
e Jre MHSAJM(E) '

(F,, ¢72dr) ”

Now for a compact Riemannian manifold (M, g), choose any point zy € M. Then we can
consider the geodesic normal neighborhood U of xy. Then U can be parametrized by (1, ...,&,)
such that

a 0 )
g(a&,ag]) —6” an

Fi—cj ($0) = 0
In this neighborhood,
‘Vggoﬁ = |V90|2'
Similarly,
dVy = d¢

since g (% %) = ;5 in U. Therefore, we can construct a C°°-function ¢ compactly supported
i J
in U = By, such that

(07

4(n—1 2
(71—2) fU|Vg<P|ngg <A+C(s)n—2
n—2 — *

(fU S"%dvg) '
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2.1. Aubin-Trudinger approach to the Yamabe problem

Extend ¢ to a C*°-function in M by letting ¢ = 0 in M \ U. Then using Holder’s inequality,

) [ Vool dVy + [, Ryp?dV,
Eg (‘P) = 2

(Jfyo™2av,)

<4(n—1) fM|Vgcp| dV
- n-—-2

n—2

(fM ‘P"%dvg) ' (fUdVQ)%

n—2

(Jy o2av,) ™ (Jy 2av,) ™

£ n—2 2
SA—FC(*) + ca”.
Q@

First, choose « very small since we can choose the radius of normal ball very small. Next, we pass
€ — 0. Thus, E,, () is arbitrary closed to A. Thus,

Y (M, g) <A=Y (5" gsn).
This completes the proof of (i). O

To prove (ii), we have the following difficulty. We have the following Sobolev embedding, where

W2 (M) < LP (M), where 1 < p < 2" . This embedding is compact when 1 < p < -*%5 and

is only continuous when p = n2f2.

The strategy of Yamabe is to consider the subcritical equation of Yamabe equation: for 1 <
p < —, consider

4(n—1
- L;Agou + Ryou = Ryur™" 2.7)
n—

with R, =constant.
(a) We can find a solution w,, for @
(b) Conclude that u, — u as p — -=5 and u satisfies the Yamabe equation.

Yamabe succedded in doing step (a) but failed in doing step (b). Aubin-Trudinger proved (b) under
the condition Y (M, g) <Y (S", gsn).
We first do Step (a). Define

fM ( q;l 21) |vgo“|2 +R90u2) dVy,
(fM uT’dVgO)%

E, is the original Yamabe energy. Define

By (u) =

forl <p< 2% Whenp = -2

ﬁ’
Y, (M, go) = inf {E, (u) : 0 £ ue W' (M)}.

Following the proof of Proposition @ we can show that if w is a critical point of £, then u
satisfies (2.7). In particular, if v is a minimizer in the sense that

E;D (u) = Yp (Mvgo) )

then u satisfies (2.7).
Following the proof of Proposition [1.15] we obtain the following: Let A; (go) be the first
eigenvalue of Ly, . If A1 (go) < 0, then Y}, (M, go) < 0. If Ay (go) > 0, then Y}, (M, go) > 0.
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2. YAMABE PROBLEM ON NON-LOCALLY CONFORMALLY FLAT MANIFOLD

Lemma 2.15.
(i) limsup,_, 2u Y}, (M, go) <Y (M, go).

() IfY, (M, go) > 0, then Y, (M, go) = Y (M, go) as p — =5.

2
n—2
Proof. (i) Note that
Y (M, go) =Y 2 (M, go) .

Then there exists 0 < u; € C° (M) such that

E(u;) = Jus Ly L <Y (M, g0) + 5

(fM |ul|% dVgo) !

Consider
_ fJV[ u; Lgyu;dVy,

Ep (Ui) PR
(fM ‘Ui|p dVQO)p

1
Since p — ([, [uil” dVy,)? is continuous,

2

2n

P a3
Thus,
1
limsup Y}, (M, go) < limsup By, (u;) <Y (M, go) + ~.
e p— 725 ?

Letting ¢ — oo, we are done.
(i) If Y, (M, go) > 0, then E,, (u) > O forall 0 < uw € C* (M). Then by Holder’s inequality,

n—2

)
)
O; ﬂ Vol(M,go)%(lfp i )-

Taking infimum over 0 < u € C*° (M), we obtain
Y (M, go) < Y, (M, go) Vol (M, go) » (1 72°55°)
Now taking liminf , we have
Y (M, go) < liminf¥;, (M, go).

Hence combinig this with (i), this completes the proof. O

32



2.1. Aubin-Trudinger approach to the Yamabe problem

Lemma 2.16. Forany2 < p < -2, there exists 0 < u, € C°° (M) such that

n—2’

1

9

||up||Lp(M,go) =
EP (up) =Y (Ma gO) )
and

Lgoup =Y, (M, go) ub™". (2.8)

Proof. Choose a sequence {u;} C W12 (M) \ {0} such that E, (u;) — Y, (M, go) as i — ooc.
Since E, (Ju;|) < E, (u;), we can assume that u; are nonnegative. Since Yamabe energy is scaling
invariant, by rescaling, we may assume that ||u;|| ;, 5/ 4,y = 1. First we show that {v; } is abounded

sequence in W12 (M). By E,, (u;) = Y, (M, go) as i — oo and ||u;||;, = 1 for all i, we have
4 (n — 1) 2
— 5 IVuillze —max|Rg[ [Ju]| . < C

for some constant C' independent of . Thus, by Holder’s inequality,

2

Vil 72 < ex + ea (M, m,p) uill, < Ci,

where C] is a constant independent of ¢.

By the weak compactness result of W12 (M), there exists a subsequence of {u;} which is still
denoted by {u;} such that u; converges to u weakly in W12 (M) as i — oo, i.e.,

1—00

i [ (Vg Vo) + ) Vi, = [ (Vg Vo) 4 uh) ¥, 29
M M

forany f € W12 (M). By the Rellich-Kondrachov theorem, we know that W12 (M) is compactly
embedded in LP (M). Thus, (up to subsequence) u; — u strongly in LP (M) as i — oco. That s,

lim [ju; — ul|,, = 0. (2.10)
71— 00
This implies
Jim i = ] - @.11)
Therefore,

[ =0 Y5 < o =l an 1l
< cllui = ull o ary 11 L2 ary = 0

as ¢ — oo by (Z.I0). Thus, combining this with (2.9), we have

hm [ (Vgui, Vg f) dVy, = / (V gty Vo f) AV, (2.12)
M

i—»00
for f € W12 (M).
Put f = u; — uwin 2.12). Then

lim |qu (u; — U)|2 dVg, =0,

i—oo Jar
ie.,

im [ [Vul? — 2/ (V gty V gou) dVy, +/ |V goul? dz = 0.
M M M

1—00
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Put f = u in (2.12). Then

i [ (Vous, V) dV, = / Vol dVy,
M

11— 00 M
Thus,
‘lim/ |vgoui|2dvgoz/ IV goul” dVy, . (2.13)
M M

11— 00

Since {u;} converges weakly in W12 (M), {u;} is bounded in W12 (M). By Holder’s inequality,

’/ Rgou?dvgo _/ R90u2dV90
M M

< max |Rgo|/ lu; — ul|u; +u| dVy, (2.14)
M v

1

§C</ |u1_u| dvgo)
M

<Clui - UHLp(M) :
Combining @2.1T1), 2.13) and 2.14), we have
Y, (M, 90) = By (u) = lim B (u) = B, (u) > Y, (M, go).

Thus, B, (u) = Y, (M,g0). By @.I11), [|ull,, = 1. As a minimizer, u satisfies Ly, u =
Y, (M, go)uP~t in the weak sense.

It remains to show that w, > 0 and u, € C*° (M ) We can do this by using bootstrap argument,
which means the following: forany p —1 < ¢ < ;=5

Lyu, =Y, (M, go)ub~" € L7 (M, g).

Hence by L? estimates of conformal Laplacian, u, € Wi (M, go). Hence by Sobolev embed-
ding theorem, u, € L° (M, go), where
_4q
" (54) q

-1
2 (i)

Lgup = YP (Ma 90) U;’TI € Lpl%l (Ma 90)

S =

Therefore, we get

with s > ¢. Hence by L? estimates of conformal Laplacian, v € W71 (M, go) . Repeating the
above procedure, we get u € W24 (M, go) for all ¢ > 1. Hence by Morrey embedding theorem,
u € C* (M, go) for some o, where C* denotes the space of Holder’s continuous.
Since Lg,u, =Y, (M, go) ub~" € C* (M, go) for any 0 < a < 1, by the Schauder estimates,
€ C* (M, go). Smce Ly, up =Y, (M, go) ub™" € C**, derivatives of u also satisfies some
ellllptlc equation. So we can apply the same techmques to conclude that all derivatives of u,, is
C*<. Continue this process to conclude that u,, € C*> (M).
Recall w,, is the limit of sequence of nonnegative functions. By maximum principle, u, = 0 or
up > 0. Since ||up||;, = 1, up, > 0. This completes the proof of Lemma. O

Let us start Step (b) of Yamabe’s strategy. Letting p — ff” and we want to conclude that

u, — u which satisfies
n+2

Lgu=Y (M, go)un-
Yamabe claimed that he can do this. But this is false in general. (See Example[2.18)
However, Aubin-Trudinger proved that the claim of Yamabe is true under the technical assump-
tion.
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2.1. Aubin-Trudinger approach to the Yamabe problem

Lemma 2.17 (Aubin-Trudinger). Let u, be a solution constructed in Lemma.. If Y (M, go) <

Y (S", gsn), then there exist constants sq < =5 and r > =5 and C' > 0 such that
| <C
Jorall sy < p < 25, where
Lgyup =Y (M, go)ub™". (2.15)

Proof. By rescaling go, we may assume that Vol (M, go) = 1. Let 6 > 0. Multiply uzl,“‘S to (2.15)
and integrate it. Then integration by part gives

Y, (. 90) |

p+28 _ 1426
Uy, dVy, 7/ Uy, LgoupdVy,
M M

:_4(n—1)/ u1+25A up+/ R u2+26dv
M 7 M

n—2 p 907p

4(n—1
_ir-1) (1+25) / U |V goup) dVy, + / Rgu2™2dVv,,.
n—2 M M
(2.16)
If we set w = ul*%, we have w? = w2+ and |V4,w|? = (1 +6)” u2’ |Vy,u,|*. Put these

into (2.16)), we get
d(n—1) 1+26
n—2 (1+6)7°

/ IV gow|? dV,, = / (Yp (M, go) w’ub™ — Rgw?) dVy,.  (2.17)
M

Now by the Holder’s inequality, the sharp Sobolev inequality and (2.17)), we get

1 [ 4(n—1
§(1+6)—/ M|Vgow|2dvgo+05/ w?dVy, (2.18)
A M n—2 M
1+e(1+6)>
< REEY; /M(Y(Mgo)wup2 Rgow)dVgO—i—C/ Vao

1+¢ (1—|—5)2 2n n’:Q (p—2)2 n
< Y (M no2 2]
= A 1+25 p( 790) /Mw dVgo /I\/Iup ‘/go +C /

Note that p < =25 if and only if (p — 2) & < p. So by Hélder’s inequality

/ u;)p_Z)%dng S 1
M

since ||uy|,;, = 1 and Vol (M, go) = 1.
If Y, (M, go) > 0, then by Lemma 5Y, (M, go) — Y (M, go) as p — 2. Since we have
assumed

Y (M, g90) _ Y (M, g0)
Y(Snag()) A

we can choose ¢ and ¢ sufficiently small so that

<1,

(1+6)° Y, (M, go)

1.
1126 A ©

vy=(1+¢)

So we get
2 2
(1= wl} 2z, <cllwl|Z. -

1—2
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This is also true for the case Y, (M, go) is negative. We can conclude that

2 2
holl? s, < C ]2

Here the constant C' is independent of p. Choose ¢ sufficiently small so that 2 + 26 < p. Then by
Holder’s inequality, we get

fwlfe = [ wtavy, = [ v, <1
M M

Note that

n—2

2 B 2n(146)\ "
[wl]l] 20, = U

This completes the proof of Lemma [2.17] O

Based on Lemma we can conclude that Step (b) works under the condition Y (M, gg) <
Y (S™, gsn). Consisder the solution u,, of Lg,u, = Y, (M, go) ub~'. By Lemma {up,} are
uniformly bounded in L" for some r > %

For each fixed so < p < 2%, Lgu, = Y (M,go)ub™t € Lv 1 (M,go). So u, €
W25 (M, go). By the Sobolev embedding theorem, l|upll -, < C for some r; > r. Here
the constant C' is independent of p. So [up|lyy2.4(5y < C for all ¢ independent of p. Thus, by

Schauder estimate,

Up | C2e (M) < C for all .. Here the constant C' is independent of p.
Thus, by Arzela-Ascoli theorem, there exists a convergent subsequence of {u,, } which converges

to a function u € C% (M) as p — 2f2 and v satisfies
Lgou=Yunz, (2.19)
where
= i o { LG O 2o
Now multiply and

Y =E(u)2Y (M, go)
by definition. This completes the proof of Theorem 2.1}

Example 2.18. The crucial step of the above proof was ||uy || o2.a ) is uniformly bounded for any
p < ;=5. Yamabe claimed this. But this is not true for the case when M = S"™. Recall the identity

2
n

4

—1\* 2
T = ———ds”.
Set uq (z) = W Then we write
—1\* _ %_2 2
(m7%) g0 = 4duy ds®.

Using the stereographic projection, we can find all conformal diffeomorphisms on sphere. This
diffeomorphism is generated by rotation, 7~ tr,m, and 7~ 16,m. Here 7, and J,, are

() =2 —v, do(x)=a 'z
for v € R™ and a > 0. In particular,

2n

5*(7'(71)*90 — 4“?

ds?,
2—n

where u, () = (Iw\;ﬁ) * . Note that (m=10,7)*go is a solution of Yamabe equation for any
a > 0 but not uniformly bounded.
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2.2. Yamabe problem under Aubin’s assumption

2.2 Yamabe problem under Aubin’s assumption

We have proved Aubin-Trudinger theorem. To solve the Yamabe problem, we just need to show
that
Y (Ma g) <Y (SnagS") .

So by definition, if we can find 0 # u € C'*° (M) such that £ (u) < Y (S", gs» ), then
Y (M,g9) =inf{E(u)} <Y (S", gsn).

We know that Y (M, g) <Y (S™, gs») by considering bump function. But it is not that easy. For
some cases, we can do this. Historically, this was done by Aubin in 1976 when (M, g) is not locally
conformally flat and dim M > 6. In 1984, Schoen proved this when (M, g) is locally conformally
flat or 3 < dim M < 5 by using positive mass theorem.

Today, we consider Aubin’s theorem. To do this, we introduce the concept ‘conformal normal
coordinates’. Recall, the geodesic normal coordinates is given by: for any p € (M, go), there
is a neighborhood U of p such that go (X;, X;) = 0;; in U and Ffj (p) = 0 at p.We can do
something similarly in conformal geometry. This is called conformal normal coordinates, which
was introduced by Robin Graham.

Theorem 2.19. Let (M, go) be a Riemannian manifold. Fix p € M. For each N > 2, there exists
g € [go] such that

(i) det (gi;) =1+ O (r"), where r = || in the normal coordinates at p.

(ii) In these coordinates, if N > b, then the scalar curvature of g satisfies

1
R, =0(r*), Ry(p)=0, and A4R,= ~% W[ arp.

Here
2 i i Kk I
(WI" =g" ¢ "% 6" WijaWirjirn.

Basically, the proof is nothing but linear algebra. See Lee and Parker or Scheon and Yau.
Assuming this, we can prove the following theorem.

Theorem 2.20 (Aubin). If (M, go) is not locally conformally flat and dim M > 6, then
Y (M7 gO) <Y (Snv gS”) .

Proof. Let {X;} be a conformal normal coordinates in a neighborhood of p € M. We have
constructed the a C'°>°-function ¢ compactly supported in U such that

n—2 -

4(n—1) 2 -
n—2 f[zjn|vg¢ (jvg <A+ (Z) 2’
(fU ‘P"”deg)

where ¢ = nu g ) and

_J1 inB,
K 0 outside By,.
The idea of this theorem is to consider scalar curvature terms. Actually, this motivates us to

study the conformal normal coordinates. By considering Taylor’s series of I7, expanding at p in
coordinates {z;},
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t/)Rg@QdV
U

n 8 1 n 82
= /B Ry(p)+ ) o, 1o (p)zi + 5 > r.9p. e (P) ziz; + O (r) | ¢d.
20 i=1 "t ij=1 "7

Using the co-area formula, we have

.9
:/B Rg(p)"'Z% Z 2 z} +0(r’) | p*da
2a i=1 - 9
2a n
1 2
/ /83 +Za §Z 8 +O( ) p dodr.
with

Since ¢ is a radial function and z; is a odd function respect to the origin, we have

2a
/ (/ xida> ©2dr = 0.
0 dB,.
2c
/ </ xixjda) ©2dr =0
0 dB,
if i # j.

For fixed r > 0, for any 1 < ¢ < n, change of variable gives

/ x?da = / (ryi)Qr”_lda =yl / yfda.
9B, Sn—1 sn—1

Since the surface measure on S”~1! is invariant under the orthogonal transformation, we see that

[ ido= [ sias
S§n—1 S§n—1

w
2 n
yido = —.
/Sn 7t n

2

1 r
/ RQ@Zqu = / (Rg (p) + §A9Rg (p) —+0 (7“3)) <P2d$
U Baa n

—c|W (p)\2/ 7“2772u%0,6)dx + / 0] (r3) nzufo’g)dx.
BQQ B2a

The following elementary lemma helps us to estimate this.

Similarly, we have

forany 1 <i <n.
So

Thus,

Lemma 2.21. Suppose k > —n and o > 0 is fixed. Then, as € — 0,

«
k, 2 n—1
/0 YU )T dr

is bounded above and below by positive multiple of

I(e)

gh+? ifn>k+4
b 2log (L) ifn=k+4
en—2 ifn < k+ 4.
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2.2. Yamabe problem under Aubin’s assumption

Proof. By change of variables, we have

« e n—2
I(e)= /0 ¥ (52 n r2> r"tdr

a c n—2

€ Kk n—1 ~
= /O (er) <€2 m €2f2) (er)" ™" edr
z ~k+n—1
= 5’“‘2/ A —5dr.
0o (1+72)

If ¢ is sufficiently small, % > 1. So

I(e) ~ ek / QA / i
o (1+72)"7? 722

= eht? <c + / . fk+3”df> :
1

Ifn>k+4,thenk+3—n < —1. So fﬁ FEt3—ndr ~ C for some constant C. If n = k + 4,
then

a

/1? R di = clog (%) .

If n < k + 4, then

B @ k+4—n
S ht3m e A a c
FR3=ngE = o [RH)F = ¢ ( ) 1)~
1 £ I3 +4—n

Thus, we are done. O

=

By this Lemma with k = 2, we have

/B r2n2u%07€)dx2/ r2u%0’6)dac
2«

a

«
_ 2 2 n—1
= wn_l/o T U )T dr

S ce? if n > 6,
- caﬂog(%) if n = 6.

So
L W (p)| r2n*u?, . dx
12n By (0.2)
_ —c|W (p)|* et ifn > 6,
T —c|W () etlog (1) ifn=6.

Similarly, by the Lemma with k = 3,
/ (0] (T3) nzu%078)dx.
Baa

< c/ r3u?0£)dx
Bs ’

e
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2a
:cwn_l/ r3u?0)5)r"_1dr
0

ce? ifn>7,
<< cedlog (é) ifn=7,
ce? if n = 6.

Thus, combining these two estimates, we obtain

12n | / Tzn U%O’E)dx + Lza O (7"3) ,’72u%0.’€)d1'

- —c|W (p)|°e +C€5log(1) if n > 6,
- —C\W(p)|elog()—|—05 ifn =6.

Since (M, go) is not locally conformally flat and n > 6, there exists a point p € M such that
|W (p)|*> > 0. For this point p, we have

—c|W (p)|Pe* + Ce®log (L)  ifn > 6,
/Ry(deVg = e )|2 4 1 (62; P
—c|W (p)["elog (L) + Ce* ifn=6.

if € is sufficiently small.

Thus,
4(n l)f |V
pl” dVy + [y Ryp®dV,,
E(p) = S e
(fywmdv.q)
<A+(£)”—2_ c|W(p))Pet — Celog (L) ifn > 6,
- a c|W (p)Petlog (L) — Ce* ifn=6.
This completes the proof. O

The remaining cases are (M, gg) is locally conformally flat or 3 < n < 5. Note that the above
proof used the local geometry. So one might expect that the remaining cases can be considered via
global geometry. The remaining cases, namely, when 3 < n < 5 or M is locally conformally flat
was done by Schoen by using the positive mass theorem. Schoen solved this by using positive mass
theorem and showed that Y (M, go) < Y (S™, go). Then by Aubin-Trudinger, the Yamabe problem
is solved. In next chapter, we will study the positive mass approach to the Yamabe problem.
Remark. There are another methods which can solve the Yamabe problem, i.e., there exists g € [go]

4
such that R, is constant. However, if ¢ = um—2 g, then F (u) may not be minimized. Another
method is the geometric flow which does not use positive mass theorem.

2.3 Boundary Yamabe Problem and Han-Li conjecture

This section is based on the guest lecture given by Professor Xuezhang Chen (Nanjing University).

2.3.1 Yamabe problem without boundary
Let (M™, go) be a closed manifold. The Yamabe constant is defined by

Rzduz
Y (M, [go]) = int —Jas Rod¥s

ge[g()] (IM dﬂg) n
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2.3. Boundary Yamabe Problem and Han-Li conjecture

The conformal Laplacian is denoted by

4(n—1)
Loy === =%~

A90 + Rgo'

It is conformal invariant in the sense that for any ¢ € C'*° (M),

Lo (up)=L 4 (p) forsome0<uecC™(M).

In 1960, Yamabe [12]] gives a proof. In 1968, Trudinger [11]] found the error of the proof of
Yamabe. Also, he proved that the Yamabe problem is true when Y (M) < 0 is true. In 1976,
Aubin [2] proved the Yamabe problem if n > 6 and M is not locally conformally flat. In 1984, R.
Schoen [10] proved the remaining cases: If 3 < n < 5 or M is locally conformally flat. It is very
natural to generalize to the compact manifold with boundary.

2.3.2 Boundary Yamabe problem

From now on, let (M™, go) be a compact manifold with smooth boundary. We introduce some
concepts corresponding to the (classical) Yamabe constant. First, we define

Rydp, +2(n—1 hod
Y (M,0M,[go]) = inf St Rodpig +2(n nzzfaM 9999
o (farditg)

Here hy denotes a mean curvature on (M™, g) which is defined by

1
hg = nflTr(ﬂ-)’ 7'1'1‘]‘:<Vi1/g,6j>7 1<i,j<n-—1,

4
where v, is an outward unit normal on OM. Let g = un—2go. Then the corresponding the
Euler-Lagrange equation is

n+2
Lg,u=ciun=2 in M,
Bgou =10 on OM.

Another Yamabe constant is defined by

Q (M,0M,[go]) = inf Ju Bydig +2(n = 1) fo hgdag’
9€(g0] (faM dgg)ﬁ

Then the corresponding the Euler-Lagrange equation is

Lgu=0 in M,
Byu = ”szcguﬁ on OM.

We introduce a conformal invariant operator

0 n—2
B =5t 5
g

0

in the sense that for any ¢ € C> (M),

By, (up) =B s (p) forany0<ueC>®(M).

un=2gp

If the underlying metric go is ambient, we drop [go] in the notation.
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2. YAMABE PROBLEM ON NON-LOCALLY CONFORMALLY FLAT MANIFOLD

Remark.
(i) Y (M,0M) > —oc and
(i) —oo < Q (M, dM).

Problem. Let (M™, go) be a smooth compact manifold with smooth boundary. Is there g € [go]
such that R, = ¢3 and hy = c; for some ¢y, c; € R?

We give a history. There are three types. (a) ¢; = 0, ca # 0(b) c1 # 0, c2 = 0 (c) 1 # 0,
Co 7£ 0.

(a) and (b) are started by Escobar [4] in 1992 and Escobar [3] in 1992. The strategy of Escobar
was similar to the classical Yamabe problem. For (i), he made a criterion of the existence of
the minimizer for Q (M,9M). The model examples are B; (0) C R™. Using the streographic
projection 7 : R™ — S™ \ {N}, we can pushforward B; (0) to S™. On the half space R} =
{z =(,2™) e R": 2™ > 0}.

We introduce a bubble function

n—2

() - 2
u 1 ) =
o (e +2m)° + |2/ — 2o/

fore > 0, z, € R"~!. Note that u, ,; satisfies

{—Aug’mé =0 inR?,
6us =/ —_n_

_ T _ n—2 n
St = (n —2) ul, on OR"..

For the case of unit ball, we can compute @) (B”, oB", \dx|2> explicitly since R, = 0 and
hg =1. So
2(n—1)|0B"|

Q (B”,aB”, |d;1;|2) = e —2(n—1) 0B
oB" |

We introduce one notion before to state the theorem.

Definition 2.22. Let 7;; denote the second fundamental form. We define 7;; = m;; — hyg;; the
umbilicity tensor.

Remark. () If § = pg, p > 0, then © = pm(Exercise!) -
(ii) For a Weyl tensor W + A ® g = Rm, we have Wi, = pWiju, where A;; =

L (Ric - % gi j) is the Schouten tensor.

Theorem 2.23 (Escobar [4]). Let (M™, go) be a compact smooth manifold with boundary, n > 3
with Q (M, 0M) finite. If (M™, go) is not conformally equivalent to (B”7 \dm|2) and

Q(M,0M) <Q(B",9B"),

then there exists a minimizer of Q.

So we want to find a test function ¢ such that

Q(M,0M)
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2.3. Boundary Yamabe Problem and Han-Li conjecture

< fM (4(77:21) |Vg\§0 + Ryo‘ﬁ2> dpig, + 2 (n—1) faM hg‘PQdago

— n—2

2(n721) n—1
(fa]y[|‘p " dago)

<Q(B",0B").

For (a), Escobar [4] proved the theorem is true if n = 3. It is also true if n = 4,5 and OM is
umbrlic. Also, if n > 6 and OM is umbilic with M is locally conformally flat.

In 2005, Marques [8] proved that the Yamabe problem is true for the following cases: If n > 8,
M is umbilic and W () # 0 for z9 € OM, where W denotes the Weyl tensor of submanifold. If
n >9, W(xg) # 0 for xg € OM , where 9M is umbilic. In 2007, Marques [9] also proved the
case when n = 4,5 and M has a non-umbilic point.

In 2010, Almaraz [[1] proved the remaining case when n = 6, 7,8, 9M is umbilic W (zg) # 0
for g € OM.

I will not mention the case (b). One can do this if one understand the case (a).

2.3.3 Han-Li conjecture
In 1999, Zhen-Chao Han and Yan Yan Li [6] proposed a conjecture:

Conjecture. If Y (M, 0M,[go]) > 0, then there exists a conformal metric with constant scalar
curvature 1 and any constant boundary mean curvature c.

The nonnegative case is easily solved by using subsolution method. In 1999, Han-Li [6] proved
the conjecture when n > 3, M is locally conformally flat, and M is umbilic. In 2000, Han-Li [[7]
proved the case M has a non-umbilic point. There had been no improvement on this conjecture
after these works. Chen, Ruan and Sun proved the following:

Theorem 2.24 (Chen-Ruan-Sun). Let (M™, go) be a smooth compact manifold with smooth bound-
ary, n > 3. Assume that any of the following hypotheses holds:

(i) 3<n<T.

(i) For xqg € OM, d = [%], define

7 = {xo €OM:0=Lim dgy (z,20)> "Wy, (z) = lLim  dg (z,20)" " |#, (a:)|}.

reEM,x—x9 ° rz€OM,x—x0
Assume that n > 8, Z is non-empty and M is spin.

Then Han-Li conjecture is true. Moreover, if n > 8, OM is umbilic and the Weyl tensor is nonzero
at xg € OM, then Han-Li conjecture is true, in addition that ¢ € [—cg, 00), where cq is a positive
dimensional constant.

To prove this theorem, we recall original strategy of Han-Li: find a nontrivial Mountain Pass
critcial point of a free functional:

4(n—1
ITu):= / (5”7—2) |Vu|§0 + Rgou2) dprg, +2(n — 1)/ hg,u?doy,
M oM

2n 2(n—1)

—4(n—1)(n— 2)/ ul  dpg, — 40/ u,""? dog,,
M oM

where u € H' (M, go), uy = max {u,0}, and ¢ € R. The Euler-Lagrange equation for I is

4(n—1 ni2
—%Agou + Ryou=4n(n—1)ul™ inM (2.20)
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2. YAMABE PROBLEM ON NON-LOCALLY CONFORMALLY FLAT MANIFOLD

ou 4 n—2
Ovg, 2

n
hgou = cui™ ondM.

Let g = um2go. Then Ry = 4n (n — 1) and by = 2< € R.
We need a compactness lemma.

Lemma 2.25 (Compactness; Han-Li(weak-version)). For any Palais-Samle sequence {u;} C
H' (M, go) satisfying
Tu]—=L<s.=1 [WE;R’H
and
I [wi]ll =0 asi— oo,

where W, is the standard bubble. Then up to a subsequence, either {u;} goes to a nontrivial
solution of @20) in H (M, go) or {u;} — 0in H' (M, go).

So the goal is to find a test function ¢ such that

I,,, = inf sup I < max [ [ty] < s,
P WGFweg [¢] t€[0,00) [SO]

where 7 is a continuous path connecting 0 and ¢ and I" is the space of such continuous paths.
For the case (i), Motivated by Simon Brendle [3]], Chen and Sun constructed a test fuction

‘P:Xp(Weer’)Jr(l*Xp)Ga

where X, is a cut-off function equal to 1 in B;’and 0 outside B;“p, G is a Green function for

conformal Laplacian with conformally invariant boundary condition and ¢ is a correction term.
In dimension 7,

° =X {6 (K2 (" = Te0)” + Kae (" = Tee) + Ko ) (1" + ("~ 7)) ] ’
where y = (y',y") € R7.
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The Positive Mass Theorem and the resolution of the
Yamabe problem

3.1 Asymptotically flat manifold and ADM mass

Definition 3.1 (Asymptotically flat). A complete, noncompact, smooth Riemannian manifold

(M, g) is called asymptotically flat (with one end) if there exists a compact set K in M such that

M\ K is diffeomorphic to R\ B; (0), i.e., there exists a diffeomorphism ¢ : M\ K — R™\ By (0).
Letzy,...,z, be the pullback of Euclidean coordinates via ¢, i.e.,

("I:lw"?wn) :So_l (Slu”wgn)u

where (&1,...,&,) € R"\ By (0).
We require the metric g to satisfy

o 0 _
oo ) =iy =05+ 0 (Jal 7).
g<al‘i GI]) 91 J+ |£E|
dgi; = 0 (e 7)), 3.1
029 =0 (|21 %)

for some p > "772 and

R,=0 (|£C|7q)
for some g > n. Here 0; denotes the covariant derivative.

We give some examples.

Example 3.2. (R”, gg.¢) is asymptotically flat.

4
Example 3.3. <R" \ {0}, (1 + M%) " gﬁat> , Schwarzchild spacetime, is asymptotically
flat. Take ¢ = Id. We leave it to an exercise for conditions on the metric g. For the scalar curvature
Ry,

n+2

4(n—1) m m "
E0 A1 " V4R, =R, [1+ ") .
n — 2 ( 2 |w|n—2> Gfla g ( 2 |x|n—2>

Ali+—" ) =0
2|z|

Hence R, = 0. Observe also that Schwarzchild spacetime is rotational symmetric.

Note that

Remark. (i) For simplicity, we write
9ij = (Sij + 02 (|x|_p>
for (3.
(ii) Note that the condition “g;; = 6;; + O (|x|7p ) ” does not imply the other conditions. For
example, take g;; = (1 + sin (z7) / |x1\”/2> 8;j. Then g;; = &;; + O (|m|7"/2). But
n—1 n
nxy  cos(x
Ahgij = (1 n/2( D +> 03
|21
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=0 (|x1|n/2_1)

since the sine function osculates too much.

Some other papers or books use different asymptotic orders. They require
Gij = 035 + O2 (|x|_p)
Ry =0 (|33 |_q)

for some p > p’ and ¢ > ¢'. Here p’ and ¢’ may not be (n — 2) /2 or n, respectively. The reason
is historical because they didn’t know the exact order in the definition. Our definition is natural in
the view of the following definition.

Definition 3.4. The ADM mass (introduced by R. Arnowitt, S. Deser, and C. W. Misner in 1959)
for an asymptotically flat manifold (M, g) is defined by

1 ,
S ST i — 0:q) I
mapwm (M, g) = Do gh_{rolo e (0i9:5 — 0j9) ¥’ dS,

where v is the outward unit normal of {|z| = ¢} and w,,_; is the volume of (n — 1)-dimensional
unit sphere.

Example 3.5. Take (M, g) = (R, gaat). Asweknow, 0;¢;; = 09 = 0. Somapm (R”, gaat) =
0.

Example 3.6. (M, g) = (R" \ {0}, (1 + M%) e gﬂat> , Schwarzchild spacetime

4
n—2
m
9 =1+ —7= 0ij
Y] ( 2|x|n 2) 9
6 ﬁ ﬁfl
m m .
0= — [1+—" ) §;=—2m(1+ " e
lglj aifz ( + 2|xn_2> 7 m( + 2|xn_2> |$‘ ZT; (¥

w1
m —n
0igii = —2m | 1+ ——— lz| " x;
2|z

Note that the outward unit normal is given by v = ﬁ—‘ This implies

m N (P e
2m|14+ ——= o] " [ — —n—
< 2Jal” ) of " el

sl
= —2m(n—1) (1 + m) 2| "

-1
n—2

; m _n Z;

(9igij — 9i9) v = —2m <1 + > || [2i0i; — 5] ﬁ

So

mapm (Schwardchild) = wml Uhjolo - < 2| |n 2) |0\17n o™ 1dVgM 1

. m
:mgll_)n;o(l—l—?(jn 2) =
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3.2. The Positive Mass Theorem

Our asympotitc order on a metric and the scalar curvature gurantees the well-definedness of
ADM mass. To see this, Stokes’ theorem gives

/ | (0i9ij — 0jgis) vids — / (05955 — 0j9i) vids

|z|=01

= / (8j8¢gij — 6j5jgn') dV.
o1 <|z|<oz

Ify i (0;0:g:; — 0;0;g::) is an integrable function, then the above boundary integral on balls of ra-
dius o is a Cauchy sequence and hence has alimit. So we have to prove that | i (0;0:9:5 — 0;0;6:i)
is integrable.

Recall, in local coordinates, we have

n

Ry = 3" (30955 — 0:0i9i) + O (9 — 6) %) + 0 ((99)°)

ij=1

Since (M, g) is asymptotic flat,

0 (qu) = zn: (0:059i; — 0:0;9:) + O (|x|7p |£C|7p72) +0 <(|x|p1)2>

4,5=1

n—2
for some ¢ > n and p > *5=. So

" 0y~ im0 =0 (1) + 0 (117 0 (11))
ij=1
=0 (J2I")

for some r > n, which shows the claim.

3.2 The Positive Mass Theorem

In this section, we prove the positive mass theorem, which plays a central role in the resolution of
Yamabe problem.

Theorem 3.7. If (M, g) is an asymptotically flat manifold with R, > 0 with dim M = n, then
mapm (M, g) > 0. Moreover, mapm (M, g) = 0 if and only if (M, g) and (R™, §) are isometric,
where & denote the flat metric in R™.

One surprising things of this theorem is that the zero mass of ADM determines the geometry.
Historically, this theorem is proved by Scheon and Yau in 1979 and 1980 [L1} [12]] for the case
3 < dim M = n < 7 by using minimal hypersurface. Few year laters, in 1984, Edward Witten
[15] proved the PMT when (M, g) is spin (but for all n) by using spinor. Very recently, in 2017,
Schoen-Yau [9]] claim that the PMT is true in full generality. In this course, we prove the case when
3 < n < 7. The proof is very elegant and beautiful.

Before to prove the PMT, we give some interesting consequences.

o In (R™,4), let K be a compact subset of R™. Perturb § in a compact set K to g, while
keeping it the same in R™ \ K. We claim that we cannot perturb ¢ to g in a compact set K
such that R, > 0. Indeed, if it is possible, then mapwm (R™, g) = O since g = § in R™ \ K.
By equality part of PMT, g = § in R™ . Before the positive mass theorem, many people did
not expect this result.
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* Consider (R”, g) with R; > 0. If ¢ = 0 in R™ \| K, then g = ¢ in R™. Hitchin mentioned
that this cannot be true. But it actually true by positive mass theorem.

One motivation of the positive mass theorem is the following: in general relativity, R, is related to
local density. The mapy is related to the global mass. So one might ask whether the global mass
is nonnegative if the local density is nonnegative.

Remark. This is sometimes called a Riemannian positive mass theorem. There is a more general
version of PMT, positive energy theorem, for pseudo-Riemannian manifold. In 2016, Eichmair-
Huang-Lee-Schoen [2]] proved the spacetime positive mass theorem in dimensions less than 8.

3.2.1 Steps for proving the positive mass theorem
There are five steps to prove this theorem.

Step 1. It suffices to consider the case when R, = 0. Indeed, since R, > 0, the conformal
Laplacian given by
4(n—1)
n—2
is positive definite. We can find a positive solution u such that

L=-— A, + R,

4(n—1
- %Agu +Ryu=0 inM. (3.2)

We asume the following facts:

Fact 1. If we normalize the asymptotic condition to be u — 1 as |z| — oo , then u is uniquely
determined.

The fact is essentially maximum principle.

Fact 2. We have the asymptotic expansion of u at oco:
A 1
u(r)=1+——5+0 ( n_1> . (3.3)

Assuming these facts, we claim that A < 0. Integrating (3.2) over B,, gives

0:/ (—MAQuJFRgu) dv,.
B

n—2

o

Integration by parts gives

4(n—1) Ou
S s = v, > 4
/836 m— aygS /BGRgu Vg >0 (3.4)

since Ry > 0 and u > 0. On the other hand, by @I)

5); =4 (—n 5 2) (|CL"2)7”T_271 (22,) + 0 (—” — (|a:|2)ﬂ5171 (2xi))
= —(n—2)Alz| "z + 0O (|x|—n) ,

Since (M, g) is asymptotically flat,
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So

3u —-n —-n
g, = Vurve~ = (n=2) Al |:L'|+O(|o:| )
Hence
ou 1-n -n
/ch, oSy ~ /|m—g (- =2 Alal" 0 (s ™)) S,
=wnp1 (-(n=2)Ac""+0(c7")) 0"
=—n-2)w,—144+0 (071) .
Put this into (3.4),
~wp-1(n—=2)A+0 (¢7) 2/ %dsg > 0.
9B, Oy

Lettting o — oo, we get A < 0, which proves the claim.
Now we define the metric by

j=urzg.

Then Rz = 0 by (3.2). By using (3.3). one can check that g is still asymptotically flat (Exercise!)

and

mapwm (§) = mapwm (g) + 24.

(3.5)

Since A < 0 by claim, mapm (§) < mapwm (g9). In particular, if we can prove the positive
mass theorem for (M, g), the positive mass theorem for (M, g) follows. Let us prove (3.5)). Note

and

By (3.3)

Set

Then we have

and

- _4_
9igi; = 0; (U"‘2gi]‘)
4 4 4
= o 2un72 181/“9” _|_ un—2 alg”

4

0iGii =

du=—(n—2)Alz| "2 +0 (\xr") .

dS; = um=z""Dds,.

So by definition of ADM mass, (3.6), and (3.7), we have

mapm (9)
1

2(n—1)wp—1 =00

1

= —————— 1.
2 (n — l)wn,1 ULH;O |z|=c

(0:gij — 0;Gii) PdS;

|z|=0

4 a4 _
{n —5 w2 (Oiugsj — Djugii)

2uﬁ_13jugﬁ + Uﬁajgii.

(3.6)

3.7)
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. 2(n-1)

+u? (Digis — 5;‘91@‘)} u”TEyiyT r S,

= mapwm (9)
" 1 i 4 i T 5 1 2 *2("_21)d8
—— lim un- iugi; — Ojugi) | w2 uT s
2(7’l— 1)wn_1 T—00 |z|=0 n—2 Jis iug g

Now under some reduction and taking change of variables into a polar coordinate, we have

1 4 4 2 . 2(n—1)
— i 2 Qg — Oiug) | w2 iy Tro2 dS,
2 (’I’L — 1) Wn—1 ULHgo |z|=0 |:’I’L _ 2u ( zU!Ju Jugu):| u v'u g

S S . (=2 alel w40 (121 7)) (655 +0 (o] 77))

2(n —1)wp—1 0200 Jj5=0

—(n—2)Alz| " z;+0 (|x|*") (@i +0 (mﬂ)} %dsg
_ m T [(= (-2 Alal ™2+ 0 (J2o1 7)) (65 +0 (121 7))
= (= =2 ALl a0 (Jal ) (840 (ol 7)) 2 ha

|LL‘| |z|=0
S . (n—2)Alz|™" il " n(n—2)Alz| " ﬁ || "
2(n—1)(n—2) oo || || .

=24

for some p > ”T’Q This completes Step 1.
We sketch the proof of Step 2 and Step 3.

Step 2. we can approximate g by another g which is harmonically flat near infinity and having
the ADM mass closed to the ADM mass of g. More precisely, given € > 0, there exists g such that

(i) (M,79) is asymptotically flat,
(i) (M,7g)is scalar flat, i.e., Rg = 0,

(iii) (M,g) is conformally flat near infinity, i.e.,
g = uﬁ 5

(iv) |mapm (9) — mapm (9)] < e.

The idea of the proof is the following. Replace the metric by J near infinity and restore the condition
R = 0 by conformal method. More precisely, for any large o > 0, we define a cut-off function ¢,

by
1 ifjz| <o
Vo (lal) = {0 if |z| > 20
with o < 0,]¢’ | < C/o and || < C/o?. Define g by
9 =, (5 +9)+ (1 — o).

Exercise 3.8. Check that g(") is harmonically flat. Also, show that map (g) is sufficiently close
to maADM (g)
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Why do we call the harmonic flat? The justification of the term is the following. By (ii) and
(iii), Yamabe equation, we have

4(n—1 n
—LAW—FR(;:R@U%
n—2

near infinity. So w is harmonic near at infinity. This completes Step 2.

Step 3. Aiming for contradiction, given g in Step 2 with mapym (g) < 0, we can find § such
that

(i) (M,g) has Rz > 0, and
(ii) g is Euclidean outside a compact set.
The idea of the proof is the following.

Fact. We have the asymptotics:

1
U($)=1+T_2+O<n_1>-
|| ||

_4
mapm (J) = mapm (u n—2 5) =m.

So

By assumption, we have m < 0. By the asymptotics for v and for o > 0, we have

1+

. m
2~Héaxu<m1nu~1+
-

on— S2o (20’)n_2

where S, = {|z| = o}. Fix such a o and some constant « € (maxg, u, ming, u). Let v =
min {u, a}. Then v is superharmonic in C”-sense (exercise). In fact, we can find smooth & > 0
which is still superharmonic and

Therefore, if we define

Then g satisfies (i) and (ii). This completes Step 3.
Remark. g is non-flat since g is not flat in B,.

Step 4. If there exists an asymptotically flat (M, g) with mapwm (g) < 0, then there exists an
asymptotically flat (M, §) which is non-flat Euclidean outside a compact set and has Rz > 0.

Now the geometric idea comes in. This idea comes from Lohkamp. Take a big cube in the flat
region which encloses the non-flat part M, of M. Then identifying the boundaries of the cube, we
get a compact manifold M’, which is a connected sum of a flat torus T™ with M, which admits a
non-flat metric g with nonnegative scalar curvature.

The following lemma is classical.

Lemma 3.9. Let (M, g) be a compact manifold with Ry > 0 which is not Ricci-flat, i.e., Ricg # 0.
Then g can be perturbed to a metric g with Rz > 0.

The modern approach to prove Lemma [3.9]is to use Ricci flow. We will prove this in later.
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3. Tue Positive MAss THEOREM AND THE RESOLUTION OF THE YAMABE PROBLEM

Lemma 3.10. The (M', g) we constructed before is not Ricci-flat.

From Lemma|[3.9)and Lemma [3.10] there exists g in M’ = T"# M, such that Rg > 0.
There is a conjecture suggested by Lohkamp.

Conjecture (Lohkamp). For any compact n-dimensional manifold M, the connected sum T"# M
does not have a metric of positive scalar curvature.

Remark. Lohkamp’s conjecture implies that the positive mass theorem is true. The conjecture is
not artifical. Note that

T'#M =T"
which has not metric of positive scalar curvature. This was proved by Schoen and Yau.

Now we conclude Step 4 by proving Lemma [3.9]and Lemma [3.10}

Proof of Lemma We use the Ricci flow

9
at?
g (t) lt=0=g-

(t) = —2Ricyy)y fort >0 (3.8)

This was first introduced by Richard Hamilton in 1982 [6]. Hamilton proved the short-time existence
of the Ricci flow, i.e., there exists smooth g (¢) on M x [0, ) which satisfies (3.8) for some £ > 0.
Note that this equation is of not parabolic type. Along the Ricci flow (3.8)),

0

. 2
7 o) = Doty oy +2 Ricg(n]

Based on these facts, we are ready to prove Lemmaﬁ Given (M, g) with R, > 0 and |Ricg|{2] > 0,

we can start the flow with g (¢) [;=o= g. By the maximum principle, Ry, > 0 or Ry;) = 0 and
Ricg(t) ;7é 0. O

Proof of Lemma[3.10} First, we look at the degree 1 map from M to T" by contracting M to a
point . Denote this by 7 : M’ — T™. Without loss of generality, we assume that T" = R"/Z".
Given (z1,...,2z,) € R"™, then we have 1-forms on T given by

a; =dr;, 1<i<n.

Note that o;’s are all closed and not exact (Exercise!). So 0 # [o;] € Hb g (T™), where HE, (M)
denotes kth de Rham cohomology of M. In fact, {[a;]}}_, forms a basis for H}g (T™). Also,

/ ar N Nay, = 1.

Using pullback, we obtain 0; = 7*«;, 1 < ¢ < n. Then 0; is closed 1-form in M’. We can compute

/01/\~-/\9n:/ T A AT o,

— [ #@nena)

:deg(w)/n(al/\~-~/\an):1-1:
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3.2. The Positive Mass Theorem

So 6; is not exact for 1 < i < n by Stokes’ theorem. This implies 0 # [6;] € Hpg (M')
for 1 < ¢ < n. By the Hodge Theorem, we can find a harmonic 1-form (‘)ZH in M’ such that
[6F] = [6;], i.e., ABH = 0. By Bochner’s formula, we have

%A 105 = — |VOH |* + 6: 061 + Ric (V6;,V0,)
— —|ver |

if we assume M’ is Ricci-flat. Integrating this over M’, Stokes’ theorem gives

o= [ |verf

and so V0T = 0in M, i, {0f,... 0%} are parallel 1-form in M’. Since [¢;] = [0] for all
1 <i<n,0; =0 + dp; for some O-form B; in M’. So

LA NO, =00 N AOH 1 ap

for some (n — 1)-form 3 in M’. So

1:/ OLN-NO, = | OF A nOH.
’ A{/

Hence {9{1 N } are parallel 1-form in M’, which forms a basis of cotangent bundle (7M")".
This implies that M’ is flat. But this is a contradiction since M’ = T"# M, is not flat. This
completes the proof. O

Step 5. We construct a minimal hypersurface 3 in M’. To do this, we will apply the geometric
measure theory. Recall, in the proof of Lemma[3.10] we have a1, ..., o, closed 1-form in T" and
not exact. Consider

0% [ A+ Aay_q] € Hig" (T™)

is dual to the sub-torus
™ ! = {z, =0}

/ al/\---/\an,lzl.
Tn—1

This implies that [o; A - -+ A ayp—1] is an integral cohomology class of T, i.e.,

in the sense that

[ A Aay_1] € H*H(T™, Z).
The pullback gives
T far A Aapq] = [T (@1 A Aap1)] =01 A A1) € H (M, Z).
Sincew : M’ — T", w* : H" 1 (T",Z) — H" ' (M',Z). So[01 A---ANB,_1] € H" 1 (M',Z)
is dual to a homology class 0,1 € H,_1 (M’',Z). By geometric measure theory(see Federer-

Fleming [4] or Federer [3]), we can minimize the volume among all submanifolds in the same
integral homology class, i.e., there exists »"=! ¢ g,_1 such that

|3 = min {|3] : o € op—_1}
and

/91/\"'/\97171:1-
)
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3. Tue Positive MAss THEOREM AND THE RESOLUTION OF THE YAMABE PROBLEM

In general, >~ L is not smooth. In fact, we know that ™! is smooth away from a set of comension
8. If3 < n < 7, then "~ is smooth.

Consider the variation of ¥"~! in M’. Fix an orthonormal frame {e1, ..., e, } in M’ such that
{e1,...,en_1}is a frame tangent to X"~ ! and e,, is an unit normal vector field on X" ~1. We will
vary the surface " ! in the direction e,,. For any ¢ € C*° (2”_1), we can consturct a familiy of
hypersurfaces

Sp = exp (tpe,) B

A direct computation shows that

and

>0 if ¥"! is a minimizer, 3.9

where H is the mean curvature of "~ !, Note that
d2 n—1
a5
= / (\Vap|2 —Ric" (e, en) ©* — |A] cp2> dp,
nn—1
where A is the 2nd fundamental form.
Definition 3.11. A minimal hypersurface 3" ! is stable if (3.9) is satisfied forall p € C> (E”’l).
In particular, a minimizer is stable. We can rewrite (3.9) as follows:
RM =% Rl
a,b=1
n—1

S R 2R ()

i.j=1

n—1
Z (1’%5—;—71 — AuAj; + A?j) + 2Ric™’ (en,en)
ij=1

—R¥ _H24 |A]? + 2 Ric™’ (en,en).

Here we used the Gauss equation. Put this into (3.9)), we get

1 / n—
Lo (19 = 5 (R = R 142) ) > 0

1 _gn- 1 / 1
/ (wF + =R* 1¢2> dp > / (RM o?+ =14 ¢2> dp > 0.
- 2 s\ 2 2

forany 0 # ¢ € C (£"~1). Thus, the first eigenvalue of —Agn-1 + %REMI is positive.
Consider the conformal Laplacian of w1 e,

So

_4(n—2)

AZ + Rznfl.
n—3
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3.3. The resolution of Yamabe problem

Since % > 1, we have

4 — 1 n—1 2 — 2 1 n—1
A1 (_(TL)AEHI + RE ) =)\ (2 (—(n)) Ay + *RE )
n—2 n—3 2

1 _sn-
o o)
In particular, let u be the 1st eigenvalue of

4 - 2 n—
_MAE + RE ! .
n—3
Then 0 < u € C*® (X" 1) and § = w73 gn1 has positive scalar curvature.

So we can play the same game for X"~ to get an (n — 2)-submanifold ¥"~2 which has the
same conditions. Applying the argument repeatedly, we get a 2-dimensional manifold (22, g) with
Ry > 0and [5, 0' A0 =1.

Since R, > 0, the Gaussian curvature K is positive. Hence, by the Gauss-Bonnet theorem,
we have

2my (3%) = | K,y >0,
2
where x (M) denotes the Euler characteristic of a manifold M. Hence, ¥ is diffeomorphic to S2.
Since 61, 62 are closed 1-form in S? and H]1DR (82, ]R) = {0}, 0! and 6? are exact. So §' = df!
and 02 = df? for some f!, f2 € C> (82). Hence,

' NO% =0
SZ

by Stokes’ theorem, which is a contradiction. This proves the inequality of PMT, namely, if (M, g)
is asymptotically flat with R; > 0and 3 <n < 7.
For the equality part, we have the following theorem.

Theorem 3.12. If (M, g) has mapwm (g) = O, then it is Ricci-flat.

We can prove this theorem by using Ricci flow. We omit the proof. Accepting this theorem,
for dim M = 3, then the sectional curvature is zero, i.e., g is flat. Hence, (M, g) is isometric to
(R3, ). This completes the proof of the positive mass theorem.

3.3 The resolution of Yamabe problem

So now we come back to the Yamabe problem. For Y (M, g) > 0, by changing the metric ¢
conformally, we can assume R, > O(see Proposition|[I.17). In particular, the conformal Laplacian

4(n—1)
Ly = *ﬁAgJFRg

is invertible. For any p € M, there exists a Green’s function 0 < G, € C*° (M \ {p}) to L, i.e.,
L,Gp, =06, inM\{p}. (3.10)
Here 0,, denotes the Dirac delta function at p, i.e.,

/ fL,GpdVy = f(p) forall f € C>(M).
M

We accept the following theorem frequently.
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Theorem 3.13. Suppose that 3 < n < 5 or M is locally conformally flat, in conformal normal
coordinates at p. We have the following asymptotic expansion:

Gp=r"""+A+al(z), (3.11)
where r = dist (p, x), where A is a real number and o = O (1) and o € C*P for some 3 > 0.

For the proof, see Lee and Parker and Scheon-Yau.

4
Theorem 3.14. Let (M, g) be a Riemannian manifold. Then for fixedp € M, <M \{p},9=Gp* g)
is asympotically flat with Ry = 0. Also, mapwm (§) = cn A, where A is the constant in (3.T1).

Proof. By Theorem [3.13] in a normal coordinate, we have
Gp=r"""+A+al(z),

where 7 is the distance from p to z, where A is a real number and = O () and o € C? for
some 3 > 0. Note that L,G,, = 0in M \ {p}. So R; = 0 from the Yamabe equation. Let U be
an open neighborhood at p, in which the conformal normal coordinates is defined. Without loss of
generality, we assume that U = {(z1,...,2,) : |t —p| =7 < p}. Set K = (M \ {p}) \U. Then
K is compact in M \ {p}. Note that (M \ {p}) \ K = U \ {p} is diffeomorphic to R" \ By, (0)
through the map

U\ {p} = R\ B, (0)
R e s

r2 r2

where r denotes the distance between x and p.
In U, from g;; (x) = 0;; + fi; and Taylor’s expansion, we have

Gij (2) = Gy ()77 g (x)
_ (T2—n + A+ a(m))ﬁ ((5@' + fij)
=r 4 (1+A" 2 +a(2) TniQ)ﬁ (9 + fij)

_ 4 ne
=r 4<1+n_2A+r 2>5ij+ﬂijv

where 8 = O (r"=5),98 = O (r"~°),and 928 = O (r"~7).

Since y; = “-PL,
. . 0 4,0
95 (W) =3 (7’2 T )
J 8$i 8xj
=1g;; (z)
and
1 1
==
lz—p|l 7
Therefore,

. 4 n _
Gij (y) = (1 +o—A4 s ) 8i; + 1yl B <y2>
n-— ]
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which verifies that (M \ {p}, §) is asymptotic flat (Exercise!)
Hence, the ADM mass of (M \ {p}, §) is well-defined and the straightforward calculation gives

mapwm (§) = cpA

for some dimensional constant c,,. By the positive mass theorem, A > 0 and A = 0 if and only if
(M \ {p}, g) is isometric to a Euclidean space. O

We are ready to prove the rest case of the Yamabe problem. This was proved by Schoen.

Theorem 3.15 (Schoen). Let (M, g) be a Riemannian manifold with Y (M,g) > 0 and 3 <
dim M < 5. If (M, g) is not conformally equivalent to (S™, gs»), then Y (M, g) <Y (S™, gsn ).
Hence, the Yamabe problem is solvable in this case.

Proof. Fix p € M and let U be the conformal neighborhood of p, wehre its conformal normal
coordinates is defined(see Theorem [2.19). Recall our bubble function

n—2
c 2
Ue () = | ——=
E() <52+.’I)|2>
and
_ )1 ifr<po
n(x)—n(r)—{o b

and 0 < n < 1and |Vn| < ¢/po for some py > 0.
By Theorem [3.13] we have
G=r"4+A+a(x),

where a € 27, a () = O (r), where r = |x — p|. Define the test function

ue () if |z] < po,
p(z) = {e0(Gp(z) —n(z)al(z) ifpo<|z[<2p0
e0Gy (2) ifx € M\ Bay, (p) -

Here ¢ > 0 and g9 < pg satisfying

n—2

_ € 2
o (b N +4) = (M) . (3.12)

Note that ¢ is Lipschitz continuous. Indeed, when r = 2p,
¢ (z) =e0Gp (z) sincen(z) =0 atr = 2p.

When r = pg, by (3.12) and the asymptotic expansion of G,
c =
g0 (Gp (z) —a(x)) =co (g " +A4) = (62+P3)
We claim that this ¢ is the desired one. Note that
9ij :51-]-—1—0(7“2), detg = 1+O(7’N) and R, :O(r2).

We estimate

4(n—1
/ (H V0> + R9502> v,
M -2

n
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4(n—1 4(n—-1
- / <( 5 )19, + Rg<p2) av, +/ (( 5 19,0 + RggoQ) dv,
B n M\B,,

— n —
PO

=I+1I

If pg < 7 < 2pg, we have
|vg‘»0|2 = 53 Vg (Gp — 7704)|2
=& (IV4Gl* + 9, (na) * = 2(9,G, V, (0) )
So
11

4(n—1
= / <(n) |v990|2 + Rg¢2> vy
M\B,, n—2

4(77,*1) 2
= a2<|VG| +RG2>dV
/]W\B,,O n—2 g~'p 9~"p g

4(n—1
v [ (Va0 294Gy, () + Ry (1% - 200G)) a,
2p0 \Pro

=1IT+1V.
By using |V, (na)| < cand |V,G| < cr!™", we have
[IV] < cpoed.

To estimate 111, we use integration by parts to get

4(n—1) 0G
111:52/ G,L,GpdV, + ————~ G,—2dS,
0<M\B,, pHgTphVyg n—2 0B,, payg g
4(n—1
:_éﬁu G%ng,

P
n 2 6BPO 81/9
where v, denotes the outward unit normal vector. So

4(n—1) , oG
nm<s—_- G,—2dS 2 3.13
~ n_29 €o oB,, P 81/g g + POEY ( )

For the first part, as we done before using the conformal normal coordinate, we have
4(n—-1 _
IS/B (72)|Vgua|2dx+cpg ned.

n —
PO

By taking ntegrating by parts, we have

. 4(n—1) Ou,
_/aBp ot (3.14)

4(n—1 n
—/ guEAug + cpg 6(2).
B

Recall that

4(n—1 nia
72 —3 )Aug = Aul 2.
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Combining (3:13) and (3:14), we have

fM 4(:721) ‘VQ‘P|2 +R9<P2 dvy
E(@) = ( n_2 )

(fue2av,) ™

< A I, + cpoct

4(n—1) oue o, G,
Ty /aBpO (“far Gy, ) 4o

Note that s
Ou, € 2 r
or =-(n-2) <€2+r2> <€2+r2>
and so by (3:12),
Wy (o) (o (3.15)
“or e3 + p? €2+ p3 '
_ 2( 2—n 2 Po
——(n—2) (0 + A) <52+pg>
1
=—(n-2)e (2" +4)" —
Po
=—(n—-2)¢( +24p5" + 0 (5 "))

Similarly, on 0B,,,

e2Gp

—2
a =5 (0" + A+ 0(po)) (—”n_l+0(1)> (3.16)

Po
= —(n—2)2 (o3 "+ Apy "+ O (02T)).

So by 3.13) and (.16),

Oug 9, 0G)p
Uy 0y,
=—(n-2e3(Aps "+ 0 (5 ™))
since n > 3. Thus,
aus GG
( % > as,

PO
~(n~ )60 (A" + 0 (p™")) wnrpp ™!
—(n—2)edwn_1 (A+ Cpoel) .

Thus,
2
E(¢) < Allelas, + Cpocd — (n — 2)wn134 + cpoc?.

Since (M, go) is not conformally equivalent to (S™, gs= ), (M \ {p}, §) is not isometric to (R™, ¢).
Hence by the positive mass theorem, A > 0. Thus,

Y (M,g) < E(p) <A =Y (S" gsn).
This completes the proof. O
Similarly, following the above proof, one can prove that if n > 6 and (M, g) is locally

conformally flat, then the Yamabe problem is solvable.
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Yamabe flow

In this chapter, we introduce the flow approach to the Yamabe problem. In the late 1980’s, Richard
Hamilton introduced the Yamabe flow to study the Yamabe problem.

4.1 Basic properties of the Yamabe flow

Definition 4.1. Let (M, go) be a compact Riemannian manifold. The Yamabe flow is the evolution
equation of Riemannian metric g = g (¢) defined by

a%g:f(Rgfﬁg)g fort >0
g li=0= g0,

where R, denotes the scalar curvature of g and Eg is the average of R, i.e.,
B _ f a BgdVy
=1
Jar @Yy

Remark. We skip writing space variable x and time variable ¢. The motivation of the Yamabe flow
is to deform the metric ¢ = ¢ (¢) until it has a constant scalar curvature, as a result, solving the
Yamabe problem.

Here we present some properties of Yamabe flow.
Proposition 4.2.
(i) The Yamabe flow is steady if and only if the scalar curvature of g is constant.
(ii) The Yamabe flow preserves the conformal structure, i.e., g € [go].

Proof. (i) The Yamabe flow is steady, i.e., g (t) = go for all ¢ > 0 if and only if % g (t) = 0 for all

t > 0. By the definition of Yamabe flow, it is equivalent to Rg(t) = Rg(t) forall ¢ > 0.
(ii) Suppose ¢ is a solution of Yamabe flow for ¢ € [0,T") for some T' > 0. For ¢t € [0,T), we

claim that . .
g(t)=e" Jo (Rgm*Rg(r))dTg07

which is a well-defined Riemannian metric.

0 — ot = -
59 (1) = = (Bo) = By € Jo (Rycr) =Racr))dr g,

= = (Bot) = Rorr) 9 (1) 0
By Proposition [4.2] (ii), we can write
g9 =um2go @.1)

for some positive function u = u (¢t) € C'* (M). Substituting this into the Yamabe flow, we have

4
w2 go |t=0 = 9o

if and only if
(4.2)
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This is the evolution equation for the conformal factor u = u (t). Note that this is a scalar equation.
Note that the Ricci flow is a system of PDE. So the solving Yamabe flow is easier than Ricci flow.
By (@.I)), we have the Yamabe equation

4(n—1) n+2
— 5 Dottt Rygu = Ryun=
and so A )
uhs <§?_2)Agou + Rg0u> =R,. 4.3)

Substituting this into the first equation in (#.2)), we get

du  n-2 { iz (4(71_)

u n—2 1
n—2

ot 4

JAPRTES Rgou> — Rg} U,

ie.,

ot 4 n—2

which is a parabolic equation of u. Hence, it has a short-time existence and uniqueness. This is an
basic and important proposition because it tells that we can start the flow.

) (u (t)%) _n+2 <4(n1)Agou(t) Rgou(tHRg(t)u(t)yz)’

Proposition 4.3. Given any Riemannian metric gq, there exists T > 0 such that there exists a
unique solution g = g (t) of Yamabe flow for t € [0, T') with the initial condition g |1—o= go.

Another property is the following:

Proposition 4.4. Along the Yamabe flow, the volume of M is preserved, i.e.,

/ dV, :/ dVy, forallt > 0.
M M

The proof is left as an exercise to the reader

Recall the previous approach of Yamabe problem. We want to find a minimizer of the Yamabe
functional, which is a solution of Yamabe problem. The following proprosition tells that Yamabe
flow decreases the Yamabe energy.

Proposition 4.5. Along the Yamabe flow, we have

d

%Ego (’LL) <0.

Proof. Recall the definition of the Yamabe energy.

4(n— 2
B fM ( (71_21) IVgoul™ + Rgo“2) dVg,

EgO (u) ) n—2
(f]W unr—2 dvgo)

By Proposition [4.4] it suffices to differentiate the numerator of the Yamabe energy. Then using
integration by part and (4.2)), we have

d 4(n—1) 2 2
%/M <2|Vgou| + Rg,u” | dVy,

n —

4(n—1) ou Ou
= Q/M (n —5 <Vg0u,Vgoat> + Rgouat) dVy,
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4.1. Basic properties of the Yamabe flow

B 4(n—1) ou
= 2/M (—HAgou + R90u> advg0
n42 n—2 —

= 2/ Ryu»—2 {— 1 (Rg —Rg) u} dVy,

M

n—2 —
2 / R.q (Rg - Rg) qu-

M

Add ”T’Qﬁg ( / v Bg — ﬁg) dVj, in the above, although it is zero by the definition of R,. Then it is
equal to

n—2

— \2
. /M (R, — B,)*dV, < 0.
So

4.4)
This completes the proof of Proposition[4.5]

O
Suppose that the solution g of Yamabe flow exists on [0, 00) x M. Then for any 7' > 0, we can
integrate (.4) from 0 to 7" to get
*nT_2 foT fM (Ry - RQ)Q dVydt
Egy (u(T)) = Egq (u(0)) = :

n—2
(far Vo)
This implies that

n—2
2

/OT /fv (By = Ry) dVydt = (Egy (1) = Egy (u(T))) (/M dVgo) -

< (B, ()Y 0tg0)) ([ v )

90
<C.
Hence the upper bound does not depend on 7. Letting T" — oo, we have

_9 [ —
& / / (R, —R,)* dV,dt < C
2 0 M

for some uniform constant C' depending only on gg. So

.. — |2
htrglorgf /M (Rg — Rg) dVy =0.

Proposition 4.6. If g = uﬁgo, then

(i) <ng1avgf2>g = u_ﬁ <vgof17vgof2>g0~

(i) Dgf = w3 (g, f +2(Vo f, Vo), )

Proof. (i) In a local coordinate, we have

L Of O
=qg¥ —
vgf 89@ 8xj
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4. YAMABE FLOW

=qu n-2 -
9o 8:51 ax]-

4
—u T2V, f.

So

(Vof1,Vofa)y = (4 TV 10" ™7V, f2)
= u"T2 (Vg f1. Voo o),

. A
Sll’l(:e'.<.7 .>g — u'n,— <.)..>go’
(ii) In a local coordinate, recall that

1 0 i Of
N f=—ooo=o—" |+ ig ZJ )
of Vdet g Ox; ( det g9 ﬁxj)

Since g = u "2 gy, g = u" w2 (90)". Also, we have det g = w2 det go. So
1 0 2n 4 i Of
Bof = e (VAR (00) L)
9T /et (go)unzz O oz,
1 0 ( Jactgou? (g0)7 2L
= T /— 2n 5. det gou” (go) T
\/det (go)u% 31‘@ 81‘]
u? 2u i Ou Of
= 7A _— - Z4
et e
_n+2
=u -2 (nAgof +2 <vgof’ vgou>g0) .
This completes the proof. 0

Proposition 4.7. Along the Yamabe flow, the scalar curvature satisfies the evolution equation:

o _
g8 = (n=1) DRy + Ry (Ry —Ry) .

Proof. Differentiate (.3)) with respect to ¢. Then

0, sl 4(n—1) ou ou
o't = (‘712:Awm*‘%aJ
n+2 7%7181& 4(n—-1)
n_2" 8t< Tn—g Saut B
2 [ 4A(n—1) n—2 - n—2 =
— e {HA% ( 1 (RgRg)u>+Rgo < 1 (RgRg)u)]
n+2 _nt2_ n—2 - 4(n—1)
S (U R T u) (g A R
n—2 _nt2 [ 4(n—1) n—2 n-2 R,
= (g Ago(— 1 (Rg—Rg)u>+Rgo( 1 (Ry — 9)“))
2 _n 4(n—1
_'_711‘ um i (Ry — Ry) (_ S,Ln_Q)Agou+Rgou)
n—2 _n+2 [ 4(n—1) -
= — 1 n—2 < n—2 ((Rngg)Agou+UAgoR9
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4.1. Basic properties of the Yamabe flow

+2(Vg, By, Vgt ) + Ry (By — Fy) u)

n+2 e =~ 4(n—1)
+ 4 (R R ) < ﬁAgou + Rgo'lt)
n+2 n-—2 — | _n+2 4(n—1)
= ( 1 1 ) (Ry — Rg)u™ =2 <_n_2Agou+R5IUu>

n42

(0= 1)u" T3 (b, Ry +2 (Vo Ry, Vo), )
= (RQ_E )R —l—(n—l)u = (UAgoR +2<Vg0Rg7ngu>go)'
By Proposition[d.6] we are done. O

Remark. We can also compute the evolution equation of the Ricci curvature, etc,. since we know

4
g = u=2 go and we know how Ric, and Ricg, are related. Now differentiate Ric, with respect to
t and use the evolution equation for %7;

Recall, we have proved that

a n—2 [y (Rg — Ry)"dVy

where g = g (t) = u (t) = go is the solution of Yamabe flow. We can also use Propositionto
prove this.

Another proof of Proposition Recall,

R,dV,
B (u(t)) = Ju ol
(far dVy)
where g (t) = g (t) = u (t)"2 = go- By Proposmon | we have
—/ R,dV, = / ngq+/ ngqu 4.5)
M ' MOt

- / [(n = 1) AyRy + Ry (Ry — Ry)] dVy
M
+/M Ry (‘% (Rg _Ey)> vy

0 n —
ngg =3 (Rg - Rg) avy.

since

By Stokes’ theorem, we get

n —
:(1—5)/ R, (R, — Ry) dV,
M
n—2 — n—2__ _
== 9 /Rg(Rg_Rg>qu+ 2 Rg/ (Rg_Rg)dVg
M M

n—2 — |2
-~ /M(RQ_RQ) dVy < 0.

This completes the proof. O
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4. YAMABE FLOW

Corollary 4.8. t — Eg(t) is a nonincreasing function.
Proof. From (@.5) and Proposition .4} we have
n— B \2
iﬁ _d<fMRngg>__ 22fM(R9_Rg) dVg<0 0
g = = <0.
dt Jor Vs Jor Vs

Note that the function is bounded below. To see this, it follows from the definition of Yamabe
energy

& = fM t)dV fM g(t dV g(t)

T fM Wy (fM dVy t)) (fM dVy t))7
E(u(t)) L Y (Mg)

Vi)™ ([ Vi)

By Corolloary limy oo ﬁg(t) exists. Recall that we have proved

lim inf (Rg(t) - Rg(t)) dVg(ry = 0.

t—o0 M

If g (t) = goo as t — o0, then by Fatou’s lemma, we have

= Rg = lim Rg(t)

t—o00

R

Joo

which is constant. Here we again note that this method does not give an information on minimizer.
We don’t know whether it is a minimizer of the Yamabe energy.

4.2 The Yamabe flow when Y (M, gy) < 0

We focus on Y (M, gg) < 0. We are going to prove the long-time existence and the convergence
of the Yamabe flow. One might expect this result since we can prove the original Yamabe problem
easily in this case. By changing the metric conformally, we can assume that Ry, < 0.

Proposition 4.9. If R, < 0, then R, < max Ry, along the Yamabe flow.
Proof. We try to use the maximum principle. For ¢ > 0, we consider
F. (z,t) = Ryy) — ¢,
which is a smooth function on M x [0, 7). Choose ¢ to be small enough such that
max Ry, +¢ <0. 4.6)

We claim that
F, <max Rgy,.

Suppose not. Then there exists (zo, to) € M x [0,T) such that
F, (zo,to) > max Ry, . 4.7)
Then tg > 0 since if to = 0, then

F (20,0) = Ry, (z0) —e < max Ry, —e < max Ry,
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4.2. The Yamabe flow when Y (M, g) < 0

which leads a contradiction.
Assume t, to be the smallest to which satisfies (@.7), i.e., for any ¢ < ¢,

F. (z,t) < max R,. (4.8)
By continuity, letting ¢ — t;—, we have
F. (z,t) <max Ry, forallz € M. 4.9)

Combining (4.7) and (4.9), we see that F; (z,tp) = max R, . By definition of F, we have

Ry (t) (x0) = max Ry, + €. (4.10)
By the same reason, we also have
Fy (20,t0) = max Fe (z,t0) - (4.11)

At (29, o), we have

0
0< EFE (w0, o)

by @38) and @.9). By the definition of £, @.10), and @.T1)), we have

) 0 R
;1= (@0:t0) = 5 Ry = (0= 1) Lo Ry(uo) + Rytao) (Rytro) = Rytao)
<0+ (mﬁx Ry, + 5) (ml\%x Rg, +e - Eg(to))

<0

since (.6) and

max Ry, + & — Ry(to) > max Ry, + ¢ — Ry, >0

holds. Here we used the nondecreasing property of Eg, which leads a contradiction. This proves
the claim. Letting € — 0, we get [, < max R, .This completes the proof. O

Similarly, we have

Proposition 4.10. If R, < 0, then
mlvi[n Ry <R,

along the Yamabe flow.

Proof. For € > 0, define
F (l’,t) = Rg(t) ($) + E(t + 1)7

which is smooth on M x [0, 7). Then we claim that
F, > mj\}[n Ry, .
Suppose not. Then there exists (zg, tp) such that
F. (x0,t0) < m]\/iln Ry, .
Then following the argument in the proof of Proposition[d.9] we can show that t, > 0. Then choose

the smallest ¢; so that
FE (xo,to) = ml\/i[nRgo
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4. YAMABE FLOW

which implies that
Ryt (x0) = mj\14n Ry, —e.

Then at (g, to), we have

P P
0 2 aFS (x07t()) =+ &Rg(to)
= e+ (n = 1) Dgae) Rytto) + Ryito) (Ro(to) = Ryire)) -

Since R, attains minimum at (o, o), we have Ay ) Ryt,)(20) > 0. From Proposition we
have R, < max Ry, < 0, and so Ry(tp) < 0 and hence

Ry(10)(Ro(to) = Ry(to)) = 0.
This leads a contradiction. O
Combining these two propositions, we have
mj\}n Ry < Ry < max Ry, (4.12)
along the Yamabe flow.
Proposition 4.11. IfY (M, go) < O, then the Yamabe flow exists for all t > 0.

Proof. We know that the Yamabe flow is equivalent to solving the evolution equation of the

conformal factor:
0 n—2

5% () = === (R = Ry() u (1)
By (@.12),
0 n—2 _
5100 =~ (Bywy = By u(0)
n—2 .
< (H}SX Ry — min Rgo) u(t).

So
—2
u(t) < exp ("4 (nﬁngo - Irjlvi[nRg())) T

for all ¢ € [0, T and for any T' > 0. This implies that u (¢) € C° (M x [0,T]). Since u (t) is a
solution of the parabolic equation,  (¢t) € C> (M x [0,T]). O

Proposition 4.12. We have

n+2
nt2 nt2 iny R I
supu ()2 < max {supu(O) n=2 (mmMGO> } =: cg.

M M maxyy Rgo

Proof. For e > 0, define
n+2
Fo(z,t) =u(z,t)n? —e(1+1).

We claim that F (x,t) < ¢o. Suppose not. Then there exists (zg, to) € M X [0, 00) such that

FE (I'Q,to) ZCO. (413)
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4.2. The Yamabe flow when Y (M, g) < 0

Note that ¢, > 0 since

nt2
F.(z,0)=u(0)"2 —¢
< supwu(0) = < ¢p.
M

Choose the smallest to such that @.13) is satisfied, i.e.,

F. (x,t) < c¢o forallt < t. (4.14)
So combining (@13) and (@.14), we have
F (zo,tp) = ml\%XF(x,to). (4.15)

By @.13) and the definition of F, we have

n+2
" inR 5
(20, t0) "2 > ¢ + (mmg°> . (4.16)
max Ry,
At (z9,to), by @I3) and (@.14), we have
a a n+2
0< &FE (z0,t0) = P (t)"—= —e.

Using the evolution equation of the conformal factor and the Yamabe equation, we have

+2 n+2 18’&

n —
t n—2 _ t
n_2u(3307 0) ot (2o, to)

2 nt2 —
u(0,t0) "2 (Ry(ty) — Ry(to))

n+2 (4(n—
4

=—c+

1 - nt2
n_9 )Ago“ — Rgyu+ Rg(t)u"z)

IA

2 n
—&+ % (max Rgou% — max Rgo> < 0.

So we are done. O
Similarly, we can prove the following proposition.

Proposition 4.13. We have

n+

2
infu(t)2>¢
M

for some constant cy.

Based on these propositions, we have ¢; < u (t) < ¢ for all ¢ € [0,00) and also u(t) €
C*>(]0,00)] x M).
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