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Lorentz group and Lorentz transformation

1.1 Lorentz transformation
For temporary, we introduce some notation. Let
RT3 = {(t,l‘l,...,xg) 1tz € R}

We regard t as a time variable and (x1, ..., x3) as a spatial variable. In the case of vector field,
we use boldface notation. For E : RT3 — R3, we define

; i 0
(VxE) =) ¢k __FEk

the curl of E and the divergence of E. Here £'7* is the Levi-Civita symbol defined by

1 (i,4,k) is a even permutation of (1,2, 3)
g% =< 1 (i,4,k) is a odd permutation of (1,2,3)

0 otherwise.

We take curl and divergence in spatial variable only. We denote V the gradient defined by

v (2200

61'1 ’ 8$2 ’ (“)xg
and V2 f the Laplacian defined by
3
0% f
2f —
V=2

Consider the following Maxwell equation in the differential form:

V- E=2£

=00}
V-B=0
VxE=-9B

ot
VxB=ypu(J+eE)

Here E : R'*2 — R3, B : R'*3 — R? denote the electric field, magnetic field, respectively. p
denotes the electric charge density and J denotes the current density. We denote ¢ the permittivity
of free space and p the permeability of free space.

Exercise 1.1. If p = 0 and J = 0, prove that E and B satisfies the equation JF' = 0, where
9?1
O=(=5 -5V
(8152 CQV )

We call O the wave operator or the d’Alembertian on R13,

1
VHoEo

and ¢ =



1. LORENTZ GROUP AND LORENTZ TRANSFORMATION

Remark. Let us recall how to solve the wave equation in R'*1:

o 1o
otz 29x2

Now we consider the following new set of variables £ = x+ct,n = x—ct. Definev (£,n) = u (x, t).
Then the change of variables formula shows that

0%v

oEdm 0-

Integrating this twice gives
v(&n) =F(E+GM0),

ie.,
u(z,t)=F(r+ct)+ G (z —ct).
For the case of higher dimension, see [1, 2].
In what follows, ¢ denote the speed of light. Unfortunately, the Maxwell equation is not Galieli
invariance. We need some symmetry to study the Maxwell equation well. The Lorentz transform
gives a positive answer for this question. First, let us explain the Lorentz transform in physical way.

Consider two parallel mirrors and let L to be the distance between mirrors. Then light travels

once in At = %

Now we consider a train moving with a constant speed v in the z-direction. Then if we look the
light outside of the train in the coordinate (¢, z,y, z) with (¢, x,0,0) we have

At 2
2/ + 02 (%)
At
Here At denotes the time which light travels between mirrors. Solving this equation, we obtain
2L
/2 — 2

If we see the light in the train in the moving coordinate (¢', ', y’, z’) with (¢',0, 0, 0), we have

:C,

At =

2L
At = —.
c
Since L is invariant, we obtain
At =+/c? —v? (At),

i.e.,

At

At = —,
V1-—n?

where 7 = 2. We obtain the time-dillation. Write v = —=—. Then

Vv 1-n2
(tl707 07 0) @ (’yt/7vryt/707 O) = (t7 :L‘7 y7 Z) *

This is the special case of Lorentz transformation.

Now let’s move to more general case. Consider a fixed frame S and moving frame S’ with
velocity v in the z-direction.

Consider an event A in (t/y, 24, y’y, 24) if we write it in S’ frame and in (t4,24,y4, 24) if
we write it in S frame. Also consider an event B in (t5,0,0,0) if we write it in S’ frame and
(tg,zp,0,0) if we write it in S frame.



1.1. Lorentz transformation

Now consider a light starting from A to the B. Then the light travels

V@) + W) + ()

Cc

ty =t +

in S’ and

/¢@A—w3f+yi+zi
(&

(1.1)

tg =ta+

rp = ’UtB.

Then solve the equation (1.1) to get

Aty —vra+ \/(CQtA —wwa)® = (2 —v2) (3 —a? -y — 22)

2 — 2

1 1
v {tA - gSEA + C\/(JTA _UtA)2 + 32 (A +Z,24)}-

tp =

Since tp = 5,

2 2 ;N2
! T V@)? + @) + ()
y{ta-Laas Ly flaa v+ S a+ ) | - LTI DI

Since y4 = y/y and z4 = 24

V@)? + ) + (2a)?

C

1
ty + :'Y[tA_gCUA} +E\/(33A_UtA)2+y,24+Z,24~

The equation holds for all y, z. Hence we obtain

In the matrix form, we write

t/ vy =1 0 0| [t
x’ _ -1 v 0 0| |
y 0 0 1 0| |y
2! 0 0 0 1| |z

We call this transform as the Lorentz transform.
2 2 . _ 1 . . _
Observe that v (yn)” = 1 since v = i Then there is ¢ such that cosh ¢ = v and

ct|  |cosh¢ sinh¢| [ct/

x| |sinh¢ cosh¢| [2/]|"
It seems similar to the rotation matrix in R2. In the next section, we analyze this kind of matrices
in detail.

sinh ¢ = y7n. So we can write



1. LORENTZ GROUP AND LORENTZ TRANSFORMATION

1.2 The Lorentz group

Let us compare two matrices

__|cosh¢ sinh¢
" |sinh¢ cosh¢|’
B— {cos@ —smﬁ} '

sinf  cos6

In the case of B, BTB = I and

implies

Indeed,

BTB x}
o 5B
_ x2+y2.

We can regard BTB=TasBTIB=1,i.e., B stablizes I.
By considering cosh? ¢ — sinh? ¢ = 1, we obtain the following relation holds:

=1 0, (-1 0
A {0 1 A= 0 1|
Also by the similar reason as before, we obtain
—(et)? +a* = (1) + (@)’

if

Write
B(6) = {

Then entries by entries differentiation with respect to 6 gives

cos —sinf
sinf cosf |°

0 -1

Inductively, we see

Evaluating at § = 0, we get




1.2. The Lorentz group

So we obtain the series expression of B (6):

0 -1 T 0 1
Note that 28 = [1 0 ] B(0) and 8- = [_1 O} B (0). Hence
d or _d o7 rdB _
70 (B'IB) = 7 (B")B+B 70 =0.
Similarly,
dA 0 1
%l ol

and inductively we have

Note that we have A (¢1) A (¢2) = A(¢1 + ¢2) and B (01) B (62) = B (61 + 62) by the
addition law of hyperbolic cosine, sine and cosine and sine, respectively.
Let us recall the definition of group.

Definition 1.2. A group (G, -) is a set G with binary operation - : G x G — G satisfying

L g1-(92°93) = (91 g2) - g3 forall g1, g2, g3 € G;
2. thereise € Gsuchthatg-e=e-g=gforall g € G,
3. forany g € G, there exists ¢’ € G such that g’ - g = e.

There are many examples of groups. (Z, +), (R, +), (R\ {0}, x) are groups.
We define
O (n) = {A € Myuxn (R): ATA = In} .
With matrix multiplication, it is a group and we call O (n) as the orthogonal group of order n.
There is a subgroup
SO (n)={Ae€O(n):det(A) =1}

of O (n) and we call this the special orthogonal group of order n.



1. LORENTZ GROUP AND LORENTZ TRANSFORMATION

We define O (p, q) the set of all (p + ¢) X (p + ¢) invertible matrices C' satisfying
CTnC =1

where n = diag | —1,...,—1,1,...,1 | . Itis easy to check that O (p, ¢) is a group with matrix
———— ——
p—times q—times
multiplication. We call this group as indefinite-orthogonal group. Similarly, there is a subgroup

SO (p,q) ={A €O (p,q) : det (A) =1}

of O (p, q) and we call this the special indefinite-orthogonal group of order p and q.
In the special case SO (1, 3), we call this group as the Lorentz group. Usually, we write L as
an element of SO (1, 3). Under the relation

ct! ct
!
1’/ =L N 5
Yy Yy
z z

if we denote ) = diag (—1, 1,1, 1), then we have
= — (cdt')* + (da')” + (dy')* + (d=')’
= — (cdt)? + da® + dy? + d2?

In this sense, we denote ds? = — (cdt)2 + dx? + dy? + dz? and we regard this as the proper length
in our setting.

1.3 The Einstein convention

In order to describe the theory of general relativity, we need to introduce some notations and rules.
It might confuse in the first time.
From now on we write
oH = (mo,xl,xz,xg) , 1=0,1,2,3
and we call i as the space-time indices. Here we regard x° as ct. We call this coordinate as
Minkowskian 4-dimensional spacetime coordinate. We call

1.0 0 0
o 100
=10 010

0 00 1

as the Minkowski metric.

Now we study the Einstein conventions. There are four types of expressing matrices: M,,,,
K*, LK, N u”. Multiplication is allowed if there is a contraction between indices. As an example,
MK is allowed since

A A
M, K" = (ML) "

since v is a contraction. Also M L is allowed since

M L% = (ML), .



1.3. The Einstein convention

However M M and M N are not allowed since between M and M, there is no contraction. Also
M, N, #” has no contraction.
IfM,,, K", L%, N M”, then their inverses are

Mt=M", K'=K

—1 N —1 v
w, L'=LJ}, N'=NY,

and their transpose are

(MT)W (KT)W (LT): (NT)/‘V.
From this

L™nL =n <= nu = L}m,LF,

We write 9
o Ou-

Then note that o () o Ot y

N T L G
Then by chain rule, v

%=a@y=§hm=@*ﬁ@~

For the case 7,,,,, (77*1)” " =y by definition. Metric interchanges the placement of indicies.
As an example
’Uun,uu = Uy, 77’“’% = vt

So dx, = nu.dz”, ds? = datdz¥ n,, = detdx,.
If we can write some equality which can be written by Einstein convention, we write
=L, L7,
Nuv xpLey L7y
instead of
A
Nuv = th 77/\pry-
Note that

(MiMs)), = (M), (M), = (Ms)", (My)’)

v

So in general (M7 Ms) # (MyMy).
Note that
8t =" Ly Ly,
= (mpLfn™) L),
A
N

B (7 —1)H
Hence L, = (L ) 5\
In this convention,

—1\¥ v
9, = (L), 0, = L,}o,
d(z") = L* dz".
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We define
dr? = dt* —dz - dx
. . 2
and is called the proper time. In nature, dr? > 0. So ¢ > |‘Z—f’ .
In some sense % = ‘g is not inappropriate. From now on, we assume ¢ = 1. Note that

c

dzt dxt
dr — dtv1—7-0
So
ar U
dr — V1- 2
Note that
ﬂ S S 14 =02
dr 1 —02 2
Hence the momentum of
i "
dr’
in particular,
P0:m+%mv2+~~ .

We write the Maxwell equation in simple way. Let F' = F),,, be a 2-form defined by

1 ,
E; = Fo;, Bi= ifiij]k,

where 4, j, k runs {1, 2, 3}.
Then
8tF01' — 5ijk8jBk
1 . .
= OoFo; + §5ijk5mbajFab
1 a sb b sa\9j
= 0o Fo; + 5((51 (Sj —9; 5])8 Fu
1 . .
= OoFo; + 5(3”7}3‘ + 07 Fyj)
= 0o Fy; + O Fy;
= —0gFy0 + BjFij
=00, Fy.

So Y O\uFy, = ji. Also V- E = pimplies 9;F§ = p. So "9, F, = p. We write
J = (p, j1, j2, J3), then we get

"0, Fyy, = Ji.
FromV - -B =0and 0;B + V - xE = 0, we obtain
ONF,\ + &’F/\N + 6)\Fm, =0.

Hence, we rewrite the Maxwell equation in the following way:

U“"auF,\u = J)\'
OOF,\ + 8,,F)\# + 8)\Fm, =0.

10



1.4. Baker-Campbell-Hausdorff formula

Recall
ot (o) = L x”
8y 0, =(L7")", 0, = L0,
under the Lorentz transformation. Hence
Fu — L}LSF),

gives the Maxwell equation invariant under the Lorentz transformation.
Note that J# + J'* = L* J gives Oy FM = JH to

ONF™M = JH
to
L0, (LA L¥F™ (x)) = L*,J".

On the LHS, this is equal to
0RO, "Lt = L' 0,F".

So
LY (0,F"7 —J%) =0,

which reduces to the original Maxwell equation.

1.4 Baker-Campbell-Hausdorff formula

Recall
o0
An
A _
e = Z n!’
n=0
(=)
In(1+ ) 7;7 -
In (eA) =A
We write
eAeB — O

If A and B commutes, then C = A + B. But this is not generally holds. However, we have the
following formula:

Theorem 1.3 (Baker-Campbell-Hausdorft formula).

In (e?e?) =B+ /01 dt i % (1- em‘me‘“*dB)n_1 A
=A+B+ %[21:,}3] + L[A[A, Bl + (B, [B, Al + + 4 [A,[[A, B, B]| + -+
which holds for an arbitrary pair of operators, A and B. (2
Proof. Introduce a real parameter, ¢ € R and define
C(t) :=In(eeB), M =etleB. (1.3)

11



1. LORENTZ GROUP AND LORENTZ TRANSFORMATION

We have
C(0)=B, $e® =40 A=[dW] 00, (1.4)
Further for an arbitrary, M,
eadC(t)M _ eC(t)Me—C(t) _ etAeBMe—Be—tA _ etadAeadB]\47 (15)
and hence, like (1.3),
e2d0(t) _ tadA adB (1.6)
Further, we set with one more real parameter, s € R,
F(s,t) = 9 g0 | o=t (1.7)
ot ' '
It is straightforward to see
F(0,t) =0, F(l,t)=A, (1.8)
and 0 dC dC
t t
aiF(syt) — esC(t) |: di ):| efsC(t) — esadC(t) |: ( ):| . (19)
Hence,
dO(t)  _saacw 9
— = —F(s,t 1.10
dt 85 ( ) )3 ( )
and
! 0
A = ds —F(s,t
/ s ()
0 dt
1 00
s" n [dC(%)
= d — [adC(t —_— 1.11
/Os;)n[a ()]{dt} (1.11)
B Z [adC'(¢ dC(t)
N = (n+ 1 dt
dC(t)
= G(adC(1)) [ W],
where we put a function,
-1 n
Gla) = s
z n=0 (n+ ) .
4 B ()  In[l—(1—e")] (1—e")
oy = oy = - et = g = PO - S B
(1.12)
Therefore, we see, with (1.6),
do(t — 1 e2dC(t — 1 adA_adB\n—1
7:Zg<* ) ZE — gtadAgadB)nTl 4 (1.13)
n=1 n=1
and finally,
= 1 n—
1 A_B / - tadA jadB A. 1.14
n (e e ) zz: - —e e ) ( )
This completes the proof. O

12



1.4. Baker-Campbell-Hausdorff formula

In the quantum mechanical setting, since [z, p| = ifi,

eazebp _ 6az+bp+§hab

If L is a Lorentz transformation, then L = e, where M1 + nM = 0. We will show it.
Note that

(nM)" = —nMy,  (nMs)" = —nMo.
So

(nMyMo)" = M] (nMy)"
= —MInM,
= nMy M,
# —nMi M.

However, we have

[ (M My — MyMy)]" = —n (M Mz — Mo M)
=N [MlvMQ}'

In the case SO (2), we write exp <0 {_01 (ﬂ ) and SO (1, 1), we write exp <gz5 {(1) (1)] > . We
0 1]. - 0 1|.
call [_1 O} is a generator! of SO (2). Similarly, L O} is a generator of SO (1,1).
Let My, a=1,...,n. We define

={0°M, :0° € Ra=1,...,n}

and [M,, My] = f5, M, for some fS,. We call g as a Lie algebra and M, ..., M, are said to be
generator of g.

Roughly speaking, we define the Lie group as the exponential of Lie algebra.

For L € SO (p,q), we write L = exp (§M). Note that LTnL = 7 and % lo=o= M and
L |p—o= I. Taking derivative, we get

MTn+nM =0,
ie., (M) = —pM.

If /Y = Land MTn+nM =0, then 5L = ML = LM. So

d% (L™nL) = L"M"nL + L"yML
=L" (M"n+nM)L

=0.

Hence LTnL = 1.

'In the mathematical terminology, this is a basis

13



1. LORENTZ GROUP AND LORENTZ TRANSFORMATION

Note that there are
Note that

@ matrices nM which is anti-symmetric. In the cased = 4,6 = 3+ 3.

0 —¢1 —p2 —¢3
¢ 0 03  —0s
¢2 —03 0O 01
¢z By —0; O

0 o1 @2 &3
N
¢2 —03 O 61
¢3 O —0; 0

Hence (61, 62, 03) represents a rotation and (¢1, ¢2, ¢3) represents boosts.

0 1 0 —2 . 1 0
1 2 3
Remark. o+ = L O:|,O’ = L O:|,0' = [ ]

0,0
Recall SU (2), the set of all 2 x 2 matrices which entries are complex and UTU = 1 and |det U| = 1.
Write u = M. Taking derivatives, we have MT + M = 0. So

‘69A1| _ 691111]\4.

Roughly speaking, SU (2) and SO (3) are same.

1.5 Covariant transformation

Recall the definition of wave function. We say a complex-valued function 1 as a wave function if

/|¢|2dgc =1

Write ¢ = || ?*. One may ask whether phase ¢ has physical meaning. Unfortunately, ¢ is
non-physical. To deal the theory of Quantum mechanics, complex-valued function is essential, not
a real-valued function.

For arbitrary function # on spacetime ,consider a transformation ¢ — 1’ = e, Consider the
Schrddinger equation

1
ihoph = — (—ihV)2 ¢ + V.
2m
Write

B = o 7+ VY

and consider

0

E— il

LT
7 — —ihV. (1.15)

Note that
P, =—ihd, = (—E,D)

dxH
Pr=mS— = (E,p).
dr

14



1.5. Covariant transformation

So the above transformation (1.15) makes sense.
We want to claim that the transformation ) — 1)’ does not change the law of physics. Note that

Ot — 0 = 0y, (Ye™) = (00 +1i0,0) ™.

Then from this transformation, we can check that ¢’ does not satisfies the Schrodinger’s equation
since J,, is not covariant. To overcome this difficulty, we introduce the “covariant derivative”

V,=0,—14,, q¢=1

We choose A so that
Vi — V;ﬂ// = (V,u¥) e,
Indeed,

Vi = (0 —idy) ¥/
= (au"/)/ - iAitW)
=0, (") — z'AiLeww
= (Out) +1i0,0 — iA),) €"1).

So if we write
A;L =A, —1i0,0,

V. behaves ‘covariant’ under the transformation

,ll) — ,l/]eiQ
A, s A, — 8,0,

We call this kind of transform as U (1) gauge transform. Note that the transform does not change
the physics since [t is invariant.

There are two kind of ‘symmetry’. One is local symmetry, that is, there exists a parameter
f depending on spacetime point. This is however is non-physical symmetry. The other is global
symmetry, i.e., this is a parameter is constant. We call this symmetry as physical symmetry.

Although the gauge symmetry is not physical symmetry, the concept gauge symmetry is a
principle concept in 20th-21st physics.

So far we didn’t defined the terminology ‘symmetry’ in rigorous way. From now on, we define
‘symmetry’ and give the fundamental theorem due to Noether.

We say a transform is symmetry of the Lagrangian L if its action is invariant under the transfor-
mation. If the transform is infinitesimal, we say this symmetry as Noether symmetry.

Note that

oL oL .. d

5L = Yo+ Plss= &
921 9% &

We state the Noether theorem informally.

Theorem 1.4. Let L be a Lagrangian. If there is a Noether symmetry, then there exists a conserved
charge

)
= 5

Q 5" — K.

15



1. LORENTZ GROUP AND LORENTZ TRANSFORMATION

Note that
dQ d[oL _,
@ [aq'a‘S K]
d oL oL dK
S 5q° §go) — &%
t{aqa} + g 041~

d
d (8L\ L] ., d
- [dt <6qa) - aqa] o+ [M_ dtK} '

Example 1.5. Consider ¢ (t) — ¢ (¢ + a), time translation. Then

q(t+a)=q(t)+aq(t).

50 oL oL oL
5L — o 2L L 5ok . oL
T9¢ T 1T &
Hence K = L and so oL
Q= ¢ —L=H,
dq®

the Hamiltonian. So by the Noether’s theorem, the Hamiltonian is conserved. So we call this kind
of symmetry as time symmetry.

Example 1.6. Let £ = %:'UQ, T — T + c, spartial symmetry.

@ = ma. Then the momentum is conserved by the Noether’s theorem.

Example 1.7. £ = 2 (&2 + ¢?), consider rotation.

Note that
a7 =1"
Y —x
s1E =Y
Y —
Then
0L =m (&0 + goy) = 0.
So
oL .. OL _.
Q= géz + 8—y,5y

= MIY — MYT = PyY — PyT.
So by the Noether’s theorem, the angular momentum is conserved.

Observe the symmetry is global. There is no local dependence. Also, Noether charge satsifies
{Q,H} =0,

and

{Q,q}y =dq, {Q,P}y=6p, {Q,H}=0.

Back to the original problem, to recover the covariance, we need
1 N2
ihDyp = — (—ihD) ¥,
2m

16



1.5. Covariant transformation

i.e.,
2 2
imaw—w%wz—é%(ﬁ—LQ 0.
So ) ,
ihop = —;— (ﬁ - M) b — hAg,
m
where

b= (o)

and ¢ is a columb potential and Ais magentic potential. We call this potential as electromagnetic
potential.

In Schrodinger’s equation, local symmetry, i.e., Gauge symmetry required. The solution
¥ (t,x,y, z) itself does not have physical meaning. However, |1/J|2 has a physical meaning, the
probability density. So we can transform ¢ to =¥ (t 2.y, 2) = ' (t, 2,9, z), where
0 (t,z,y, z) is arbitrary function on spacetime. The 6 depends on a point. So we can regard it as it
has a local symmetry. However, the classical Schrodinger equation does not transform in covariant
sense. So we replace 0, to D, = 0, — iA,,, where A, is vector potential (in the mathematical
way, gauge connection).satisfying

wHw/:eie
Ay s Al = A, + 0,0

(gauge) transformation rule.
Is their any physical interpretation of A,? No since the gauge transformation is non-physical
symmetry, i.e.,
M ALA, F gt ALA.

However, we can make a physical quantity from A,

Fl, = 0,4, — 0,A

v4dp

field strength of A. It is gauge invariance since

Fp, = 044, — 0,4,
=0, (A, + 0,0) — 3, (A, + 0,0)
= 04 A, — 0, Ay, + 00,0 — 0,0,0
= F.

Itis physical quantity. Note that F,, = —F,,. Actually, it is a electromagnetic field. Why we have
a light? Some people says it is due to gauge symmetry.
Note that e? € U (1). We call this kind of symetry as U (1)-gauge symmetry.

Remark. We can generalize this concept to various groups. In the case of SU (3), it corresponds to
the strong force. In the case of SU (2), it corresponds to weak force. In the case of diffeomorphism,
it corresponds to general relativity.

SU (3) x SU (2) x U (1): Gauge symmetry of the standard model in particle physics, which is
quite accurate model in physics in theoratical way and experimental way. It is accepted as a theory
in nowadays, not just a model.

Remark. They are two kind of feature in quantum mechanics.
Schrodinger picture: |E (t) >, p, &, i.e., time variance on state, but operator does not change in
time.

17



1. LORENTZ GROUP AND LORENTZ TRANSFORMATION

Heisenberg picture: | E >, p(t),& (t), i.e., operator change in time but the state does not
depend on time.

<\I/|A|E>:<E(t)|fl\E(t)>
_ <\I/ | GihH () jo—ihH(b) | \I,>
- <x1/ A1) | xp>

Hence in the sense of Heisenberg picture, we have gauge symmetry also.

The gauge symmetry is a principle in physics in nowadays although it is not physical.
Note that U (1) is abelian, however, SU (2), SU (3), diffeomorphism are not abelian. Actually,

Flu = 0,A, — 0,A, + [A, A

in general.
We will figure out why this is natural. Consider a Gauge group G (ex. SU (3), SU (2), U (1),
etc)? and transform

V(tz,y,z) > =gp, g€G
with D, := 0,9 + A,1p. Note that A, is in general matrix. We require
DIIJ’(/}/ = 8H¢I + A;’(/}/ = gDM¢
Then by computation
D;ﬂ/)/ =9 + A;ﬂ/J’
= Ougy) + g0t + Al gt
=g[0.0+ (97" Ag+ 9 '0u9) V] .

So we require
AN = gilA;Lg + 8718;19.

So
A;L =9 (Au - 9718#9) g "
Hence the transform must satisfy
Ai—g (Au — g_laug) g L.
Under this transformation, it is easy to check by computation
FMV = aﬂAu - aVA,u + [AHvAV] = F,tlw = gFle_l'

So
F;ww — gF;wgilgw = QF/ww-

2In mathematical language, it is Lie group,

g(0%) = exp |:Z 0°T,|, {Ta.}:Liealgebra,

We say it has a Gauge symmetry if 0% (¢, x, y, z): arbitrary / local parameter.
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1.5. Covariant transformation

Note that D¢ + gD,3. So D, D,y — D), D,, = gD, D,%. Note that

D,uDuw = ap (Duw) + AuDuw
= au (8uw + Auw) + Au (au¢ + Au¢)
= 0,0,V + 0, A + A0 + A0 + AL ALY,

So
Dy, D¢ = (0,4, — 0, A, +ALA, — A ALY = F.

A

Proposition 1.8. If A, B are in Lie algebra, then ¢ Be~4 is in Lie algebra.

Proof. We claim that
4B = eABe 4

)
where

eadAB:e[A"]B:B+[A,B]+%[A,[A,BH+~~~+i|[A[A,~~~ JAB]) -
n.

Here 1 1
Since the Lie algebra is closed under commutator, we are done. Hence it suffices to show the claim.

Note that d
a (etABeftA) _ [A7 etABeftA]

dt
and p
tadA ) _ tadA
S (enAp) = [4, ¢4 ]
Hence by the uniqueness of initial value problem, we are done. O

For g € G, write
g(0) =e""e.

Note that
9(01) g (62) = eiTu 2T — " (10T
g (f (01,02)).
Here f¢ satisfies f@ (6,0) = f(0,0) = 6. Since g (—0) = e~ %"« = g ()",
fe0,-0)=f*(-0,0)=0.

Then
0,97 = 0,9 (6)9(~6)
=0,9(0)g (—¢)|¢:0
= 0,l9(0)9 (~0)l,g
= 0oug (f (07 7¢ )|¢:0

0
= Ouf" (6,~6) 5729

)

$=0
. B
= 01" 0=y 5 <f>]fo

= Ouf* (0, —9)|4—p Ta € Lic algebra.
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1. LORENTZ GROUP AND LORENTZ TRANSFORMATION

So
d

o=’
From this, A, — A;L € G. So by previous proposition, F),, € G. Hence we can write

Ay => AT,

(9) |0:0: Th-

Remark. Note that
F‘/l,l/ = 8/LA1/ - 8VA/L

is Gauge invariant. However,
F,, =0,A, —0,A,+[A,,A)]

is Gauge covariant. Although it is in some sense is good, it is not observable by experiment.
However,
Tt (Fu),  Tr(Fju ™)

are Gauge invariant.
Yang-Mills first gives Gauge symmetry argument in the theory of standard model of particle
physics.

In the case of free particle, we write a Schrodinger equation
1 A\ 2
ih (8 —iAo) Y = — (—m (v - iA)) v,
2m

under Gauge transform consideration. We rewrite

2

O = _2% (V - M)Q b — Aot

Here Ay is a coulomb potential. This is so-called the magnetic Schrodinger equation.
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General Relativity

2.1 The geodesic equation

In this chapter, we introduce the general relativity which is the Einstein’s theory of gravity. In the
previous chapter,

do* = da*dz"n,,
Ny = diag (— + ++).

Recall that freely falling frame is locally inertial frame since it has a tidal force effect. In this
setting, gravity disappears. Hence the special relativity works in this setting.

Let 2 denote a general coordinate system and consider y* a coordinates of the locally inertial
frame at # = X*. Then there is a local coordinate transform z* (y), y* (x), e.g., z# (y = 0) =
X*. Then in the near y = 0,

ds?® = N dyt dy” .

By considering the transformation, we have

oy*

_ x 9y”
= Bex P

X oxr
_ oyl oy
=\ g ooy OxP
= g (X) dztda”.

dxf
=X

) da>dz?

ds?

=X

Here
( ) 8ya ayb
v\T)="MNab 5 x5
I lab 52 e

y=0

Hence to describe the physics, we need to consider the above metric. Hence
ds® = g, () datdx”.

Note that g,,,, is metric and this is the only geometric quantity. This describes the gravitational
effect in physics. Our aim is to study the PDE which gives a solution g,,,,, so called the Einstein
field equation.

If we consider a R? which is in the standard coordinate system and polar coordinate system,
then one metric is constant but the other has variable. If one can transform the metric into Lorentz
metric, then the surface is flat. However, it is not. We will figure out in detail.

Under coordinate transformations, y* — z*(y), the velocity of a particle, y* = %, transforms
as

g o= et = U

where 7 denotes the proper time.

A chain rule gives
P Ozt ,,V+i oxh\ .,
N 6y”y dr \ oy g

Changing the role of = and y, we have

., Py ..,

o
=27 — 3
0x° 0x°0xY
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2. GENERAL RELATIVITY

Now multiplying % to the both sides, we get

8y/‘y
az* oyt . Ox* 9%yt ..
= — 4+ — 1
oyt dx° Oyt dx dxv
ot 9Pyt
_ 6)\ wo oxr” oY ..o
ot oyH ooz’ ©
a0t Py
—— 1"z
oyt x? Oxv

Hence we see that under this coordinate transformation, the acceleration becomes

ozt

2
g = DT O e
oy”

Ay rdxP v

From the invariance of the proper length,
ds? = g (x)dztdz” = G, (y)dy"dy”

the metric transforms as
oyP oy°

gW:gpa@x“ oz’

We may derive straightforwardly
a)xg;w = Nozgpaa)\yaaﬂypauya + §pa(9,\5uy”3uya + épaauy"a,\auy” )
where we put Do = 8?71.

Exercise 2.1. Using the above result, derive
3“9,\” + 3yg,,,/\ - akg/w
= (5ag’yﬁ + 5,@.&&7 - ~'y§a5) 8>\y’yauyaauyﬁ + 2gpoauaz/yp a)\ya .

For convenience, we define the Christoffel symbol

1
sz = 59)\’) (Ougpv + O0vgup — OpGuv)

Then we get the following transformation rule for Christoffel symbol.

M = Oy 0y’ 0x Ot OPy”
w9k Qv Oy P Oy xHdxv

2.1)

Exercise 2.2. Prove the identity (2.1).

Combining the above results, we can show the ‘covariance’:

ox* (

p

In local frame, when it is in free fall, the object moves in linear motion. So §* = 0. From the
above equation, we have
i+ 1), ata" = 0. (2.2)

22



2.1. The geodesic equation

We call this equation as Geodesic equation . We derive the geodesic equation in geometrically.
Recall
dr® = —guvdxtdz”.

We consider the relativisitic point particle action:

s
Sz/ drz/dm/—gw () rav.

Here
PR
Then
dzxt dzv
S=[do _
/ I do do
Note that the above action is invariant z* (o) — z* (¢’). So it has a local symmetry. Hence we

can choose 0 = 7 0 \/—g,, Tt EY = 1.

Therefore, by the least action principle, we deduce the Euler-Lagrange equation. From this, we
will derive the geodesic equation.
Taking variation, we have

0=08 = / A6/ =gl i’

/dTl (5( g @M@ ))
2 ,/_gAp¢A¢p
B / demkaAgW:b“:b” + g 0THEY + g, THoTY

A(_ TSN

_g/\p;gk;'gp dr

_ G
V=gt P

1
= /dT — 5(51‘ (6)\9;“/1‘“ )+ oxt [l‘ a)\guum + g }

1
= /deIU |:go>\5b.)\ + <8,ugua - 2aaguu) C.C#C.CV:|

= / drda g,y [i* + T, a"d"] .
Hence we obtain the geodesic equation
i+, dtd” =0,

which we already derived in (2.2).
On the other hand,

s = [ arv/ =i
The equation describes linear motion on a manifold. Since g is metric, it has geometrical
meaning. Hence Christoffel symbol. Here note that the equation has no mass part.
Write z# = (xo = ct, xl). Then % = %t. For large c and slowing moving paricle, we have

o ~0
p cdt dz* ~
v (dT’dT (c,0).

0z ™
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2. GENERAL RELATIVITY

From this assumption, we get

aﬂ = (0781)
and so
F;\Wdc”dc” =~ 1"6\002
1
= QCQQM (G090 + Gogop — Fpgoo)
1 )
= 75629/\1 i900-
Hence 1
it~ =g digoo-

2
If we have a weak gravity, it goes almostly flat. Hence in the weak gravity limit, we have

Guv = Nuv + h;uw

So
gp,lf ~ nuu _ nuz\h)\pnpz/

up to second-order approximation.
From this, we see

i 562 (nl” - n#phpgnm) 9; (Moo + hoo)

1 ]
~ 56277)\181‘}100.

In spartial part,

o1
A 5628ih00.

Recall the theory of Newton:

i
mr = _aiUnewtony
So
b ~ 2 Uncwton
00 ~ 775 .
C m

In particular, when we have a spherical symmetry, the potential is given by

mMG
Unewton (T) = - .
T
So we get
2MG
hoo = —
cAr
Hence
2MG/c?
goo = —1+ 2

Therefore the theory of gravity by newton is a special case of Einstein’s. Actually, the approximation
is equal. This was proved by Schwarzschild.

All physical object must obey the geodesic equation. Light also obey the equation. From this,
Einstein predicts the light should band. Eddington examine the Einstein’s prediction by observing
total solar eclipse.
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2.2. Tensor and covariant derivatives

If z is a solution of geodesic equation, then

L[5 gy ()]

= (E13" + B"EY) g + B8O\ g

= 288" g + 353 Orgpuw

= —29"" (0upo + O Grp — OpGnp) 707" g + 3" 52 Oxgprr
= —i"i72” (OxGpo + OoGrp — OpGrp — Oxfop)

=0.

From this, 21" g,,, is constant with respect to 7. There are three cases. >, =, <. We say 2+
is space-like if the quantity is strictly positive. Similarly, £* is null, time-like if the quantity is = 0,
strictly negative, respectively.

We can normalize so that

#*i¥g,, = +1 ifitis space-like
i’ g, = —1 ifitis time-like.
In space-like, ds? = g, dz"dz". In time-like, —c?d7? = g, dxdz”. In the case of null, we do
not call 7 as a proper-time rather than affine parameter.
For ordinary massive particle, it is time-like. For massless particle, or photon, it is null. In the

space-like, there is no such particle since the particle must exceed the speed of light. But we call it
just Tachyon.

Write ma* = p*. In the time-like, we have

PP’ g = —m2ct

From now on, we will derive an equation for g,,,, the Einstein field equation.

2.2 Tensor and covariant derivatives
Consider the diffeomorphism

" 2 ()

't — ot (2.

Then
oz’
da" —sda™ = dav 2L
ox?
ox”
au Hway

Note that ds? must be invariant under diffeomorphism. From this assumption, we have

a /;1,8 v
Guvdatda” = g, "

P g0
W Pt D dz’dz’.

So 92 O
P OrP
Juv = giw () = 9t oz Jor ().
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2. GENERAL RELATIVITY

Definition 2.3. We define (p, ¢)-Tensor(p,q = 0,1,2,...) T if it satisfies

75 n 101 lo
e Oz Ox'#» Oz 0xz'%a TP
vive v ($) ? o100 ((E)
a4 OxPr OxPr Jz¥1 oxVa g

under diffeomorphism. We call this invariance as the covariant transformation rule.

Remark. All the physics laws must be expressed / expressible by tensors. This ensures that physics
law is invariant under coordinate transformations.

Example 2.4. dz", 0, , g, are tensor. But x* is not a tensor in general.

Example 2.5. Scalar is (0, 0)-tensor: ¢ (z) — ¢’ (') = ¢ (x).
Vector is (1, 0)-tensor: v* (x) — v'* (2') = %v” (x) .

Contravariant vector is(0, 1)-tensor: wy, () — wy, (z') = 5w, ()

Metric is (0, 2)-tensor: g, (z) = g,,, (z') = Oz Ozf ().

= 2a7n 9av I2p
Physics law requires differentiation. Let us observe something.
If ¢ is scalar, i.e., (0, 0)-tensor, then
0t (@) = 00! (2) = 22 5,6 (a)
¢ (x e (@) = 52000 (@)

So the dervative of scalar is (0, 1)-tensor.
If v is vector, i.e., (1, 0)-tensor, then

oz [ax”’

v’ (z) = 90" (') = priC S e v (gc)}

Oz 9a™ , oz 0%z’ ,
= Bar ozr N (@) + Dzt D 0P (z)

Note that
oz oz’

ox'* Oxr O (@)

is (1, 1)-tensor but
axA 6217”’

or or »
Dzt D 0P ()

is not.
Similarly, if A, is a contravariant vector, then

oz dxP
8#AV (IZL') = a:LA:/ (IL'/) = w@)\ |:a:L‘IVAp (I’):|

oz* oz 0%xP
= o o N T G e (0

So first part is tensor but the second one is not. In all, the usual derivative of (p, ¢)-tensor is not

tensor except (p, q) = (0, 0).
To eliminate anomalous term, we define V, by

M1 fp _ M1 pp
VT vy (1) = 0T by ()
P q
2 : Wi L i —1PHi1 hp M1 fp 14
+ FULpT T V1”'Vj—1PVj+1"'Van v
Jj=1

i=1
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2.2. Tensor and covariant derivatives

Note that this derivative V, satisfies the Leibniz rule:

Vo (VEW,) = (Vo VYW, + VE (VW)

Also
Vaéz =0.
Indeed,
VVF =09, VF + F;‘pV”
VoW, =0,W, — WPFQ’M
implies
(VoVEIYW, + VH (VW)
=0s (V#Wu)
=V, (VFW,).
Also

Voot = 9,01 + % 56 — §hT%,
=04TI*, —T#, =0.

V, should send tensor to tensor under diffeomorphism. To find the condition, we calculate

VUTﬂl“'l‘pylmuq (l’) — v/a (T/)H1-..prlmyq
_ Ox' Ox'*e Ox™ Ox°t
T 9xM Ox*e Ox'9 Ox'Va

ArAp Ai rreeepee A1 Ap o
AL AT S vo SR N AG T L

ox'™ Ox'tr 9x™ Ozt A
T K1 Kgq

- O™ Ox*e Oz'7 Ox'Va
0 Ox't Ox'tr dx™ Ozt Ao Ay
Azr'7 | daxM dzre Ox'7 Q' R1tRg

+Z (") Hz (1) _ Z (T (F/)guj'

Write

da' P
X T x—I—AI;y

(F/)iu (iE/) = WW pa( )

Then

Oz Ox'Ht oz
N R ) 2

Ot Ol ; 0%z Ox'P Lo
- Z Hax»\ (axki )] ox'P o Aﬁp} T o Z [533“83:”/3 oxv Ai”j ™ et

0= VAT,
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2. GENERAL RELATIVITY

Now

9%z Oz'P

p = _~ 7 T
A = Oz ozx'm Oz
AV = 0 (&T’“) oxP
A grd \ 9xB ) dx'e
_ _i ox'* dxP dx'* §2aP
0z’ \ OzP Ox'r OxB Oz’ dz'r
92zl a'm

= 91 0x' OxP

since 227 027 — gt and M ' = —M~6MM ' (from MM~ =I,§ (MM~") =0.)

Hence we obtain the desired covariant derivative V,, = 0, + I';, , where

da'rr dx -
T, () =T (@) = TR 5,... ()
, ox'm 9P 97 _, 0%xP Oz’
Xy (@) 213, (@) = x> oz v P (z) Ar' oz’ dzr

Ox® Jx'M OxM
= e P (z)
oz dxfr QxR

VaTH, () VAT (a)

So
VATHY, = 0aTH 7, L+ ZFI/\“pT“.pmul--- - ZTMW'“P'“FQV;"

One can check the derivative behaves covariantly.

Example 2.6. Recall the Maxwell equation. We write

M =+
8)\F;w + a,uFu)\ + auF)\,u =0. (23)
In fact, we should write
VAFM =+ (2.4)

V)\F#y + V#Fy)\ + VVFA;U' = 0.

to be invariant under coordinate transform. Note that (2.3) is a special case of (2.4). In fact, if
ry u = O(flat spacetime), then (2.4) becomes (2.3).

So we want to find the condition on flatness. In free falling, the metric g,,,, acting on a particle
satisfies

9uv ‘origin — Um
a)\gul/ ‘origin =0.

So by considering the Taylor expansion, we have

1
G () = Ny + §x>‘ajp6,\699,w (x)+---

If 0xguv |origin= 0 is of physics law, this should be Vg, () = 0. We call this as the metric
is covariantly constant (metric compatiblity condition). So the one of the axiom of the Einstein
theory is

28



2.2. Tensor and covariant derivatives

* Metric is covariantly constant, i.e., Vg, (z) = 0.

From this,
0= VAg;w = akgpy - gpvriu - g/L/)F§V~

Note that

oz'* 9zP oxY _, (2) + 0%xP  Ox'* _ Ox'm oxP ox7 _, (2) — 0?zP  Ox'*
9z 9z 0z P\ T 9ungx dze Bz 9z 9z~ BV T 9o 9ze
ox'" 9zP 97 _, ox'* 0xP 0xY
= 9z 9o opiv - P () — Dz 9z Hpr - B (z)
ox'm (9x% 0z 0P 027 _,
= 9z \ 02 0xv 9z 0x™ ) ()

ox'm 9P oY o
= 929 9z dxlv (Fﬁw (z) — v (x)) :

I3 I3
F)\V - FVA =

Hence I'Y, — ' is a tensor. We call this tensor as a Torsion tensor.
In the theory of Einstein’s gravitiy, we assume FIAW =TI ,.» 1.e., Torsionless connection. From

this assumption,

0= V)\gul/ = 8kguu - ngFiu - guprgy
0=Vugn = 0ugrv — gpurz,\ - g)\prW
0= vug)\u = az/g)\u - gpurﬁA - gApFIIj,u'

From the above, we obtain
0=02guw + 0ugrv — Ougoru — 2ngF§H.

Hence )
gquiu = 9 (OrGpv + Ougav — Ougap) -

Taking inverse g”¥, we have

1 v
Fl))\# = igp (aAg;u/ + 8ug>\u - aug/\u) :

Itis easy to see that I} | =TV ,.
In summary, from Vg,,, = 0 and F;\W = 1";}“, we obtain

1
A A A A
{/LV} = Fuu = Fuu = 59 r (augpl/ + 8ugp,p - 6pglw)

.and we call this the Christoffel symbol. Here note that we obtained the above formula from the
geodesic equation (2.2). We call V »g,,, = 0 as an equivalence principle, which is a generalization
of free falling or no gravitiy.

Remark. Note that in (x,y, z) coordinate,
ds® = 5l-jd:ridxj.
In (7,0, ¢) coordinate, we have
ds® = dr? + r2d6? + r?sin? 0dp>.
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2. GENERAL RELATIVITY

Note that
VIV = g""'V V¢
= 9"V, (0,9)
= g" (0,0,6 — T}, 000)
= 9" 0,0, — 9T}, 000
= 0"0u0 — "' T, 000..
Note

v v 1
g” FI\W = g“ 59/\,) (8ugpu + augﬁu - 8pg;w)

1
= 59)\/) (guyaugpl/ + gMVanBM - gHVangV)

1
=g g" Ougp — 59A”g“”8pg,w

1
_ _ Mgp)\ _ 5 (a)\guu) g/u/.
00 1

In (r,0,¢) coordinate, g, = 1, gog = 1% gp, = r’sin’f. So g = 1, g% = %,
g¥? So

= e
Oug"" = 0rg"" + 0pg”" + 0pg*" = 0,
99"’ = 099" =0
Dpg = 0,9°% = 0.

Now

9" NGy = G ONGrr + 97 Oxgoo + 9PC NGy

1 2 1 2 .2
- 7“28)‘ (7“ )+7T2Sin298/\ (r sin 9).

So
v 4 v ar 4
g:u‘ 67'gHV = ; jglu‘ 6 gHV = ;
v v a6 2 2
9" 09 g = 2cot 0 = g""0% g, = T—Zcot 0.
gﬂyatpguu = 0.
Hence
9% 107 1 o2 20 1 d
" =\t +t =5 - — cot—
VIVLe (37"2 + r2 062 N r251n298<p2> o+ r87‘¢+ r2 89¢
19> [ ,00 1 0 /. ,0 1 8%
T r2or? (r 87“) - r2sin6 90 (Smeaa‘b> + r2sin2 0 0%

For the case of vector,

VEV VY (040, — g"'T),00) V.
In fact,
VIV, VY = g VY,V
Al CANSER S AACESVA AL

= " [0 (9V7 + T, V7) 4T, (V7 + T, V") =T, (V" + T4 V")) .
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2.3. Existence of Metric compatibility

2.3 Existence of Metric compatibility

In this section, we show the existence of metric g,,,, satisfying
Vaguw = 0.
Recall the geodesic equation of motion
i+ 1), Y = 0. (2.5)

If z# (7) is a solution to the geodesic motion, so is z# (k7) for k € R, i.e., if 2’ (1) = a* (k1),
then
PN+ 1, () @i = 0.

Indeed,
d , .
d—z (1) = ka* (k1)
-
d2
) (1) = k2 (kT)
-
gives

Pr T, ()i = K [+ T, 887 = 0.
Now we consider initial-value problem. If x is an analytic solution of (2.5), then
72
at (1) = xf + Tt — ?F,‘jp (zo) vM0” + -+,

where zy denotes the initial position and v denotes the initial velocity.
Note that for & € R,

From this observation, we get
T
zt (T,UA) =z (T, Tv’\> ,
T

where 7 is an arbitrary fixed time.
If f is an analytic solution of (2.5), then we can choose a coordinate transform z* +— y# (x)

with z# = zfj and y* = 0 satisfying
A
o= (7)),
T 7

The idea is to choose a coordinate in terms of velocity vector in the unit time. This identity defines
a coordinate transformation from z* to y*.
Note that the geodesic equation transforms like a tensor under coordinate transforms. Indeed,

x/M =y 856/” + VP 6237/“
oxv oxvoxP
and
T/® (a:’) VP = Oz I® iPi° + ﬂ@%iaiﬁ
i Oz~ P 0x'POx'e Oz OxP
/ 2 ../,

_ ax#rﬁ PPio — ﬂxﬂiﬁ_

Ozr = P 0x*0zh
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2. GENERAL RELATIVITY

So

:-i./)\ + ]_—\;L)\V ($/) x'/“;t”/
856/)\
- Oz~

This shows x* is a solution of (2.5). Note that

(&" +T%, (z)i’27) .

xt (T, v)‘) = f# (7’,’0/\)

From this, y* (’7’, v>‘) = to*. This describes a geodesic motion in y-coordinate system, i.e., this
satisfies

g+ Ty, (y) 9"y = 0.
and this implies

Iy, (tv) =v"” = 0.

Especially at 7 = 0, for the y-coordinate system

A — v _
I, (y=0)v"v” =0

for arbitrary v*. So 1"21, (y =0) = 0. Hence %gw (y) = 0. Thus, y* is identified as the
y=0

locally inertial frame. We call this coordinate as a Riemann normal coordinate.
Usually, we write

D%zH

Dr?

and we call this as a covariant acceleration

o p Lo
=it 4+ 1), a"

2.4 The Einstein field equation, Tensor density

In this section, we study the Einstein field equation:

1
R, — §9WR =81GT ..
Here G is a Newton constant, R, and R will be defined later. 7},,, is an energy-momentum tensor.
On the left hand side, this concerns geometry. On the right hand side, this concerns matter, source
of gravity or curved spacetime.
As an example, if we consider a point particle, one of example of energy-momentum tensor is
dz* dz”

THY o
de (7 dr

(1)
There is an energy-momentum tensor conservation

9T =0,
VT =0,

There is some ambiguity on the equation since

Vi (Agh) =0,
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2.4. The Einstein field equation, Tensor density

where A is a constant. So later Einstein add some terms on Einstein equation
1
Aguu + Ruu - §guuR = 87TGT;LV~

Here A is a cosmology constant. Einstein thought that universe is static. However, due to Hubble,
it is not. Einstein later mentioned that “adding that term is the one of my big mistakes!”
One might consider

1
R, — §gWR =81GT — Aguw.

Later we will explain the meaning of Aterm.
From now on, we consider A = 0.
Consider a transformation

oz OxP
Guv () = in (z) = YoM WQA;) ().

, , oz |? ox' |72
g =detgu =gl =9 =det(g) = |55 9= |5, 9
So )
| 9=
g ax/ g'

We call this as scalar density with weight w = 2. Based on this observation, one may define the
tensor density with weight w

dz’
dx

—w / /
Qa'tr Qa'tr QaPr QP iy,
OxM Oxre Ozt Oxlva =¥ TV

TL e, () = T, (2)) =

We require

TL{Jlelljp“q/ v)\Tcg‘léjpl/ —w
Va —t | = T, Y (V=)
( (V=9) ) (V=9) V=9)

By computation,

w Tglm}tﬁp~~-u w —w
VATS i, = (V=9) V,\( : q) - (vV=9)"Va(V=g) "TLS N,

(V=9)"
= NI Wy + D TN oy = D TR, TS
i J
(V) [ (V) - W (V) T

Also by computation,

Later we show
§1ln (det M) =Tr (M~'6M).

To show this, recall

‘Ml =det M = Ealazma”Mlal T Mnana
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2. GENERAL RELATIVITY

where %1% denotes the Levi-Civita symbol. Now taking variation to get
n
4 |M‘ = gharin Z OMiq, Mia, - - Miflai—lMiJrlaHl My,
i=1

n
a1y E k
=™ 5Mik’6aiM1a1 e Mi—lai,lMi+1a7;+1 .o Mnan
i=1

n
1\ Kkl
=m0 N 6 Mg - (M) Myg, My, -+ Mi—1a,_,Mijia,,, + Mua,
i=1
n
_1\ Kkl
= oMy (MY e Mg, - Mi—1a, y Mia, Mit1a,,, - May
i=1

= M| oMy, (M) 6
=1

= |M|Tr (M~ '6M).

So from this we get
g = 99" Nngup-

Now define
Vg :=0xg — (9" Orgvu) 9
=0\g — 2T' 9.
Hence
Vav=g i= dav/=g — %, V/=g = 0.
Similarly,

<
>
—
ﬁ
<
~
€
I
=

Observe that

O (—9)
2v/—yg
72F’)fug

:7:1_\“‘ —q.
2=y VY

From this observation, we define

M1 fhp _ B fhp i e e _ p MR P My
VATL 0y = ONTL 0+ D TIPS T, TL e, — Wl T
i J

Now if
/| W / /
TE e () e T () = dx da'tr — Qa'Mr xPr DaPe b
©oo Tt Y1t dx Oz Oxra Ox'r dx/va Y TV
then
v, . ox' | 9xF oz’ oz’ v T
Afw vy ox oz’ Oxr Oxv "W

Thus the covariant derivative behaves like tensor under the coordinate transform.
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2.4. The Einstein field equation, Tensor density

Example 2.7. The Levi-Civita symbol is Tensor density weight 1 since

ox' |t
ox

Ox'H1 Ox'H4

ghitia o _
ox1 Oxva

From this, we have
Vel Ha = §yghrha 4 Z FK;€#1MP“'“4 _ F’/{pa‘“'“““
= Oyehr ik,

Example 2.8. Vector density with weight one, w =1 J#

0| o
ox'| dxv

JH(z) = JH(2)) = JY (z).

Then

Vot =0, J0 T8, J7 — T
= 9, J".

So the covariant divergence is the classical divergence.

For x# (), g, a charge,

JH(x Z / drqazt (1) 6 (x — x4 (7))
We call this as a current vector density with weight w = 1. Then
O = 300 [Z / drqea" (1) 6 (x — x4 (7'))]
= za: / drqaa* (1) @5 (x — x4 (7))

Since t (1) ~ 7.
Let f be a scalar function, i.e., f () — f (') = f (z). Then

/d‘*a:f(x)a(x— y) dy H/d‘*:c’f N (@ —y) = f(x)
/d4 dxx f(a:)é'(:c/fy’)
:/d4xf(ac)6(a:—y)
=f().
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2. GENERAL RELATIVITY

So J* is a vector density weight w = 1. So for the unweighted version, we have
10 (2 —24(q)
Jh_o = /quaa:gi.
o2 Vo
Now we define

% ) = m j:uj:l/é(x_wa (T))
S

Then
V. TH (x) = 0,T"" + FZprV + szT“”.

Note that
9 =3 [[drmait ()5 (0 [“”J_%S,(” 6 (0~ 20 (7)) 0 (—g)*

Observe that

— xq (T . 4 T — x4 (T
/dm;«g (r) () 20 @ ZZa (7)) :/dT(—xV (r)) 222 7 ()

—g ()

From this observation, we continue the calculation. Then

T — 24 (T . . =17,
0.1 =Y [ drm, [x (r) 2@ 2a (1) N( Dy it (7 a2 (7) 8 (2 — 20 () (ﬂ)
From
0=V, (=9) 2 =0u(—g) * +T%,(=g) %,
we get
0,1 =% / drm, 2E— 2 (7)) \/%(T)) [ () — &% (1) &t (1) T%,] .
Hence

pav Vo
Th, +Fup:17a:17a]

NEr a wp wp

= / drm, HE =2 (7)) \_/%(T)) [ (r) + T, (2a (7)) 4] .

In contrast to the current vector case,

VI ()= / drm, 220 ) fr oy o () 2 (r) T8 4 T

vV, =0

up to geodesic motion. This shows energy-momentum is conserved if there is no exterior force.
In the case of static case, 2# (1) = (4£,0,0,0) = (1,0,0,0). So 7% +# 0 otherwise T = 0.

In this case,
700 — Z/dmaw,
a

V=9 (x)

Note that the source of gravity is mass. From this, the right-hand side of Einstein equation can be
regareded as a generalization of Newton’s mechanics since

V2® = 4nGp
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2.4. The Einstein field equation, Tensor density

Let us explain the left hand side of the Einstein field equation. If we have a connection, we
consider its curvature. To find a curvature, it suffices to calculate [V 1 V. ]. For scalar function,

V.V =V, 0,0
= 0,0,¢ — ngapqs.
So [V, V,]¢=0.
Let us consider

VWV VA =V, (V, V) =T7,V, VA + 17, V, V7
=0, (O, V*+T,VP) =17, (0,V* +T),V7) + T}, (0,V? +1%,V)
= 0,0,V =T V,V}+T) 0, VP +T) ,0,V? + [0, +T) I, V.
Similarly,
V.V U = 0, (V,UN) = T%,V,Ux +10,V,U,
=0, (0,Ux —T\Uy) = T4,V,Ux =T, (3,U, = T7,Us)

= 0,0,Ux = T4, ,Ux = T5,0,Us — T5,0,Us = Uy [0,

o TP
-1,
Hence
A A A A A o
V.,V ]V = [8HFVU — 8VFWT + I‘W)Fﬁg — FVPFIP,U] Ve,
o I o A
Vi, Vo] Uy = =U, [8uru>\ - aVFuﬂ + Fuprzk - FMFZ)\} )
From this we define
’g\,ul/ = aP«FV - BVF# + FZprg)\ - Fl,ijZ)\ == 'g\up,
and we call this as a Riemann curvature.
It is better to memorize
Rxx;w = 8MFV - afru + [Fu’ FV]
Vu, Vo] =010,+1,,0,+T,] =0T, —0,T,+[T,T.].
From the above calculation law,
K1'Kp _ Ki Ki-pkKp K1 Kp
Vi VAT o, = 2 BT =T e B
4 J

Note
RK}\#V = g'{PRfj\;u/

= up (010 = 00 +T0, 0, — T2, 17
= 8u (ngF’;A) =0 (QWFZV) - augfwrﬁA + &,g,gpFZ)\ + gNPFZUTSA B gﬁ/’rgdrzk

= 8# (gmprﬁ)\) -0y (gHPFZV) - (g’WFZP + gP‘TFZN) FIPIA

0.1

[ ZoAuliTON

=+ (.‘]mrgp + gporg»c) FZ,\ + gnprfw oA~ 9kp
= 0 (grpl'hy) — Ob (gﬁprfw) + v (Ff»\l"g,{ - Fg)\FZn) .
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2. GENERAL RELATIVITY

Here we used
0="Vugrp = Ougrp = oo — T} pgro
8;Lgnp = gparzfg =+ gHO'FZp'
Now note that

1
5 (al/gnk + 8)\gf'il/ - 6Hgl/>\) .

nrp:
Irpl ua 2

So
R = 5 [0,0,003 + 003000 — uDeir — 0u0u95 — 0o+ D]
+9po (F,Z)\Pgn - FLIZAPZ/{)
= 2 OuDAgus + 0uegir — 0,0hr — 0,0r0) + 0 (TOATG — TLATT,).

From the above identities, we can derive some properties of Riemann tensor.

A pA

* Ry = =R
* RI{)\ v = *Rn)\u .
W "
° Rn)\p,u = _R)\kc,uu-

* Rn)\uu = RMVW)\'
° RK}\;UJ + Rnuu)\ + RKV}\;L = 0.

Actually, by considering equilibrium principle, we can prove this theorem more easily.
Consider

Az dzP dx7 9z
RN)\MV (.Z‘) = R;)\uy (.Z'/) = 92" D' Ozt OV aByé (l‘) .

Recall the Jacobi’s identity
VAV, VUl + Vi Vo, Vall + [V [V, V] = 0.
Note that
VAV, VUIVE = Vi [V, VU VE = [V, V[ VYT

= Vi (R},,V7) = R%,, VAV + VoV RS,
= VAR, V7 +RE VAVT — RY, VAV +V, VRS,

opy opy ouv
_ K o K Do
= VRG,, V7 +VVRY .

By considering metric, we have
VAV Vull Ve = =VoVART,,, + Vo VRS .-

Hence by considering cyclicity on indices and Jacobi identity, we have
0= (VaRj

ouv

+V V" ( S + B+ R75,) -

+ VRS, + VVR';/\M) | Vad

By the last property of Riemann tensor and arbitrariness of V', we finally get

V)\R,u,l/pa + VHRV)\pU + VVR)\;LpU =0.

38



2.5. Riemann curvature and spacetime

2.5 Riemann curvature and spacetime

Theorem 2.9 (Poincare’s Lemma). Let A be a I-form on a simply connected domain. Then there
exists a function ¢ such that A,, = 0,,¢ if and only if F,,,, = 0, where F},, = 0,A, — 0, A,

Proof. One direction is obvious. Define
a? (s) = s(zt — af) + xfy =: ¥
where 0 < s < 1. with z# (0) = ), " (1) = 2*.Then

d .
gx“ (s) =2t —af.

Define .
dz#
liiJ = —A .
(0)= | dri- A (o)

Then

0 <I>:i lds(fox)‘)A (z(s))
OxH ozt J, 0/ A

1
= / dsA, (zs) + (2 — )
0
1

Ox¥ , | 0Ay (xy)
OxH (s) OoxY
BA,\ (.’L‘S)

:/O dSAM (‘TS)‘F(.TA_I'())\)W

! A A aAﬂ
= dSAu (Ig) + s (fﬂ - 130) ELV (Is) =+ O (I‘i)
0 s

! dx) 0A
_ /O sy () + 552 508 )

1
d
_ /O ds Ay (2,) + 54y (2,)
1

d
= [ s (s )
=4, (x).

This completes the proof of Poincaré’s lemma. O

Theorem 2.10. R w = 0 if and only if spacetime is flat, i.e, there exists a coordinate system
Ougvp = 0.

Hence the Riemann curvature determines whether the spacetime is flat.

Proof. (<): Obvious.

(=): Define I'(s) a 4 x 4 matrix amd T'(s)!, = — (2* — 23) Ty, (z,), where z# =
s (z# — xfy) + xf;. Now define w (s) a matrix
d

£w(8):F(s)w(s)7 w(s=0)=1.

Note that such w () exists since
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2. GENERAL RELATIVITY

Taking iteration, then we get

w(s):1+2/0 dsl/o d.92~~/0"7 dsuL (s1) T (s).

n=1

We denote this as Pexp [ [ dsT' (s)], where 0 < s, < 5,01 < -+- < 51 < s
The above w satisfies

W (8¢, Sm) W (Sm, i) = w(s¢,8i)

for 0 < s; < 55, < 5.
Now

oyw = Z Z/ dsy / dso - / . dspI' (1) - 0T (55) T (sp) . (2.6)
n=1;=1"0 0 0
Note that

9,T (3)/1\/ =0, [— (P — zf) F;\V (xs) + xé]

0
=Ty (2) =5 (@ =) 5 2T, ().

Since R’;\W = 0, we have

Ol (8) = =Ty (zs) — s (z” — zg) {;aipr# (zs) =[O, Ty

S

d
= = (6T () = [T () 5T ()]

Plugin this relation to (2.6). Then we have

oo n 1 S1 Sn—1
aﬂw: ZZA dSl/O (,152""/O dSnF(Sl)"'F(Sj—l)

n=1j=1

X [—;i (Ty (ws,)) — sTp (zs,) T (zs,) + T (zs,) sTy (ws,) | X T (zj41) - T (2s,)

! /d AN, ! !
:_/0 ds' = [w (s,5") Ty () w (s, 0)

=T, (z)w.
So
I‘f;p = 8#w’t\,w;1"
= —w’(\yauw;h’
Fﬁp = F;J\u
gields dyw,'7 = d,w,'?. Hence by Poincaré’s lemma, there exists f such that w ' = 8, f°.
0

F)\ 7 _31')‘ 62]00
ke Qfo Qxndxr’

Finally, consider z* — f* (x) coordinate transform. Then we have F;\W =0,ie.,0hguw =0. O
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2.5. Riemann curvature and spacetime

Remark. (i) We call w as a Wilson line.

0
Y= T(s)w
0
(“)siw = —wl(s;) .

(i) For0 < s, < sp,—1 < --- < 51 < 1, by Fubini’s theorem, we have

1 51 Sn—1
/ dsl/ d52--~/ dspF (81, ..,8n)
0 0 0
1 1 1 1
:/ dsl/ dsn,l/ dsn,2-~-/ ds1F (s1,...,8n).
0 Sn Sn—1 So

Substitute 0 — s; and 1 — s, we can prove identities in (i).

Now we study some contraction on Riemann curvature. By antisymmetricity of Riemann
curvature, we have

G Ryxw =0
9" Riapw = 0.
Also
9" Rz = =9 Rxwp = =9 Ry = 9" Rxrvpi-
We define
Ry = g™ R
Note that

Ry, = gRHR)\Hy/L = g””RWuA = R,x.

So the Ricci curvature is symmetric.
By considering some contraction, we have

R = gMVRp)\ = guygﬁ/\Rnu)\ua

and we call this as Scalar curvature.
In summary,

RP«V = RTLK,U = RV}‘«
R=g"R,, =R =R\

From the Bianci’s identity
vaH)\yJ/ + V[LRK)\Vp + vuRn)\p,u, =0,

we have

0= g"* (Vo Rurw + ViR + Vi Rorpu)
==V, (9" Rixpw) + V*Rirvp + Vi (6" Rirpn)
= —V,Ru — VR + Vo Ry
Hence we obtain

VR = VR — VLR,

41



2. GENERAL RELATIVITY

Contract Au. Then
~V*R., =V Ry, — V,R.

Hence 1
V¥R, = ivl,R

So
1
0 - VM (RNV - QQHVR) .
From this, we may define

1
Guy = RNV - igMVR

and call the Einstein curvature or tensor. Note that G,,, has conservation law VG, = 0.
Now we have to connect G,,, and T},,,. We will show that

G/w = 787TGN71/LV7

where GG is the Newton constant. Note that

1 1
M = —_— - = PR —
G4 =R— ;DR (1 2D> R.

So )
(1 — 2D) R = —SWGT’Z.
Hence
B 167rGTﬁ
- D-2"
So

1
R”V = —SWGT#V + §gwR

1 A
= 871G T'/,,y + 4D — 2g/LuT>\ .

Assume gravity is weak and the situation is static(large c limit). Write
Guv = Nuv + hp,u'
Its inverse is
g;,w ~ ,rlul/ _ nﬂl/nl/ph)\p.
So

a)\g;w = 8/\ h‘HV

2MG
gttzgoo%—l-i-T

Then

Roo = Riyo
= O\I'5o — 0ol + Fﬁp]‘—‘go - P(/}prf\o
= a>\F())\0 + F:\\pl—‘go - Ff}prio
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2.6. Some solutions of Einstein’s equation

since 801“9\0 = 0. Note that
1 1
Fﬁu = 59)\1)81/9)\/) ~ 577/\pauh)\p

1
Féy =~ 59)\[) ((’),,hop — apho,/)

1 1
IS —igkpaphoo ~ —577'\p8ph00-

1+ % we have

From these rule, we get Rop ~ —V?2hg. From gop ~ —

Roo =~ 2V ®pewion = —2 (p4nG)

p 0 0 0
. . . 0 0 0O

where p is the mass density. Since T' ~ 00 0 olWe have
0 0 0O

Too — Ty = ——
00 = 59043 = 5P

2.6 Some solutions of Einstein’s equation

Recall the Einstein equation

1
R, — gguuR =8rGNT .

The left hand side describes the spacetime geometry and the right-hand side describes matters.

2.6.1 Weak curvature limit

If g, ~ N + hyo, then gh” ~ v — n’”n””h,\p. From this, Einstein solved the problem on
mercury.

2.6.2 Exact solution: Schwarzschild solution

Here we derive the most general, asymptotically flat, spherically symmetric, static, regular solution
to the D = 4 Einstein Field Equations. We require the metric and Energy-Momentum tensor to be
spherically symmetric,

Egag,“, = 0 s [{a T/W = 0 s (2.7)

with three Killing vectors, £, a = 1, 2, 3, corresponding to the usual angular momentum differential
operators,

& = sinpdy + cot ¥ cos w0, , & = —cos 0y + cot ¥ sin pd,, , &=-0,. (2.3)

They satisfy the so(3) commutation relation,
[€a: 6] =) €abele- (2.9)

It follows from (2.7) that

Gop = gov =0, G = sin® Vgyy , Ty, =Tpy =0, T,p =sin® 9Ty . (2.10)
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2. GENERAL RELATIVITY

Furthermore, without loss of generality, we can put g, = 0, ggy = r2, and set the metric to be
diagonal, utilizing diffeomorphisms (see e.g. [9]),

ds®> = —B(r)dt* + A(r)dr® + r?dQ?, (2.11)
where we put as shorthand notation,
dQ? ;= dv? 4+ sin? 9 dy? . (2.12)
The nonvanishing Christoffel symbols are then exhaustively,
| E T = 2/ ro_ i/
’Ytr_’YTt_QBv ’Ytt_2A7 ’YT‘T_QA7
r _ T o _ 9 _ 1
%919——2» WW —sin 192 %«19—%97»—;,
%w:—sinﬁcosﬁ, ’yf@:’ygr:;7 71“5@:7519:‘3“19’

and subsequently the Ricci curvature, I2,,,,, becomes diagonal, with components

B” A’ B’ 1 B
Rtt == 4A ( + ) + e

24 A B r A
R — B”_‘_i £’+£f +1£
" 2B 4B\ A B r A (2.13)
r (A B 1
oo 1+2A(A B>_A

Rtp@ == Sin v R{m .

Since both the Ricci curvature and the metric are diagonal, the Einstein Field Equations imply that
the Energy-Momentum tensor must also be diagonal, thus fixing 73, = 0,

T, =diag( Ty, Trr, Too, Ty, =sin’0Tyy). (2.14)
Now the conservation of the Energy-Momentum tensor, 57, 7%, boils down to a single equation:

d
dr
The Einstein Field Equations reduce to

/
D, —1t) =o. 2.15)

r 2 r_ Y
(T7) + — (T = T"9) + 53

B" B (A B 1 B
R”:2A_4A(A+ B>+ o= RGBT T, 21
1 ! / li
R, =— 21; + % < ﬁ > li = —4nGA (T" - T", +2T";) , (2.16)
A B 1
=y (- 5) - G-y,

which are linearly equivalent to

1 A’ 1
4 [r(l—)} :r——i-l——:—Sﬂ'GTQTtt,

dr A A? A
d A B
5 ln(AB) = Z + § = _STGAT(Ttt - TTT) y (217)
B" B (A B\ 1[4 B Y
B 23<A+B> 7~<A3) = 16mGAT,
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2.6. Some solutions of Einstein’s equation

The first equation can be integrated to give

1 T
ir (1 — A) = —G/ dr’ 4T (1), (2.18)
0
where we have assumed ‘regularity’ at the origin,
. 1
}13[(1)7“(1—14) =0. (2.19)

This fixes the function A(r),

1
Alr) = | _ 2GM@) (2.20)
T
for which we have defined .
M(r) = — / dr'4mr’2 T (r") . (2.21)
0
The regularity condition (2.19) is then equivalent to
lim M(r) =0. (2.22)
r—0

Furthermore, the positive energy (density) condition implies 7% > 0, such that, owing to the
convention of the mostly plus signature of the metric (2.11), M (r) is generically positive. Similarly,
assuming the ‘flat’ boundary condition at infinity,

rli>nolo A(r)B(r) =1, (2.23)
the second equation in (2.17) can be integrated to fix B(r),
B(r) = {1 - QGJY(T)] exp |:87TG /°° dr'r AP {T (") = T7, (") } |, (2.24)
such that the metric takes the final form:
46 — o220 (1 _ QGZY(T)) a4 s @ 42402 . (2.25)
Here M (r) is given by (2.21) and A(r) is defined by
A(r) := 4nG / " ar {Trrl(rl) ;GZQ(,?/)}TI : (2.26)
r G

Finally, we show that, up to the first and the second relations in (2.17) and their solutions, (2.20),
(2.24), the third relation is equivalent to the conservation of the Energy-Momentum tensor (2.15).
For this, we solve for 77, and 7", — T*, from the first and the second relations in (2.17),

1 B’ 1 1
T = — ==
8rG (ABT + Ar? 1"2)

1 A B
T, T = — [ =+ —=
' 8rGAr (A * B>
and substitute these two expressions into the left-hand side of the conservation relation (2.15), to
obtain

(2.27)

d 2 B’
_ (Trr) 4+ Z (T’!‘T _ Tﬁg) 4+ = (TTT‘ _ Ttt)
dr r 2B
1 B// B/ A/ B/ 1 A/ BI " (228)
= SrGar [ B 23<A+B> r(AB) - 16nGAT 4 :
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2. GENERAL RELATIVITY

This result clearly establishes the equivalence between the Energy-Momentum conservation equa-
tion (2.15) and the third relation in (2.17).

Remark. Some comments are in order.

— When the matter is localized up to a finite radius 7., such that outside this radius, r > r., we
have T, (r) = 0 and A(r) = 0, we recover the Schwarzschild solution, in which the mass
agrees with the ADM mass [10] and from (2.21) is further given by the volume integral,

Te [ele]
M= - / drdnr? T (r) = — / dr4nr? Tt (r). (2.29)
0 0

However, this differs from the Noether charge (??) of the time translational Killing vector,

M # —Q[d] = — /O " dr dmr e A0 T (r), (2.30)

since from (2.19) the integral measure is nontrivial,
V=g =e¢2r2sing £ r?sing. (2.31)
This discrepancy and its remedy by an extra surface integral are rather well known.

— If there is a spherical void in which T}, = 0 for ry < r < 72, both M (r) and A(r) become
constant inside the void as M (r) = M (r1) and A(r) = A(ry). After a constant rescaling
of the time, thew = e~ 2("2)t, the local geometry inside the void coincides precisely with
the Schwarzschild solution. We note that the mass is determined through the integral over
0 < r < r1 only and is independent of the matter distribution outside, > r5. While this
is certainly true in Newtonian gravity (namely the iron sphere theorem), if we solved the
vacuum Einstein Field Equations with vanishing Energy-Momentum tensor inside the void,
we would merely recover the Schwarzschild geometry in accordance with Birkhoff’s theorem.
Nevertheless it would be hard to conclude that the constant mass parameter is unaffected by
the outer region.

— Theradial derivative of B(r) amounts to the gravitational acceleration for a circular geodesic [11],

dv\? Ldgu(r) GM(r) i oAl
Again, inside a void or the outer vacuum region, we may absorb the constant factor of ¢ ~24(")
into the rescaled time, and thus recover the Keplerian acceleration,
dw\?> GM
T : 2.33
' (dt) r2 (2.33)

2.6.3 Spherical symmetric with Circular motion

If 7 is constant, and 6 = 7, ¢ (t), then the orbital velocity is

v=r= B2
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2.6. Some solutions of Einstein’s equation

2.6.4 Gravitational time dilation

If dr = df = d¢ = 0, then
Ar=4/1- LEINPYN
T

If r1 < 7o, then

At e - MG 11
Atl MG 1-— MG + To 1

T2 T2

Hence we obtain the gravitational time dilation. The stronger grativty we have, the slower time
flows. This effect is observed in experiment.

2.6.5 Kerr solution

In rotating, Kerr obtained another black-hole solution.

2.6.6 Cosmology

The theory of cosmology is to apply the Einstein equation to universe.
Fact (Cosmological principle). Space is isotropy and homogeneity.
Then the metric of universe is approximated to
ds® = —dt* + a® (t) (dz* + dy* + dz?)

and

oo oD
oo O
oz © O
" O oo

Put it into the Einstein’s equation to get some equation. We say a (t) is a scaler factor and % the
Hubble ‘constant’

It was observed @ # 0 and @ > 0. a # 0 implies universe expansion. It is conjecture that
a > 0 in more theoratical way. It seems there is no bouncing force. Some people introduced some
cosmological constant

1
R,uu - gpuu = T,uu + Ag,ulw

But this model is unsatisfactory since we must assume A is very small. This is called the Dark
Energy Problem.
There is another problem: Dark Matter Problem. The result is not satisfactory even in nowadays.
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