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1Lorentz group and Lorentz transformation
1.1 Lorentz transformation

For temporary, we introduce some notation. Let

R1+3 = {(t, x1, . . . , x3) : t, xi ∈ R} .

We regard t as a time variable and (x1, . . . , x3) as a spatial variable. In the case of vector field,
we use boldface notation. For E : R1+3 → R3, we define

(∇×E)
i
=
∑
j,k

εijk
∂

∂xj
Ek,

∇ ·E =
∑
i

∂Ei

∂xi
,

the curl of E and the divergence of E. Here εijk is the Levi-Civita symbol defined by

εijk =


1 (i, j, k) is a even permutation of (1, 2, 3)

−1 (i, j, k) is a odd permutation of (1, 2, 3)

0 otherwise.

We take curl and divergence in spatial variable only. We denote ∇ the gradient defined by

∇f =

(
∂f

∂x1
,
∂f

∂x2
,
∂f

∂x3

)
and ∇2f the Laplacian defined by

∇2f =

3∑
i=1

∂2f

∂x2i
.

Consider the following Maxwell equation in the differential form:
∇ ·E = ρ

ε0

∇ ·B = 0

∇×E = −∂B
∂t

∇×B = µ0

(
J + ε0

∂E
∂t

)
Here E : R1+3 → R3, B : R1+3 → R3 denote the electric field, magnetic field, respectively. ρ
denotes the electric charge density and J denotes the current density. We denote ε0 the permittivity
of free space and µ0 the permeability of free space.

Exercise 1.1. If ρ = 0 and J = 0, prove that E and B satisfies the equation □F = 0, where

□ =

(
∂2

∂t2
− 1

c2
∇2

)
and c = 1√

µ0ε0
.

We call □ the wave operator or the d’Alembertian on R1+3.
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1. Lorentz group and Lorentz transformation

Remark. Let us recall how to solve the wave equation in R1+1:

∂2u

∂t2
− 1

c2
∂2u

∂x2
= 0.

Now we consider the following new set of variables ξ = x+ct, η = x−ct. Define v (ξ, η) = u (x, t).
Then the change of variables formula shows that

∂2v

∂ξ∂η
= 0.

Integrating this twice gives
v (ξ, η) = F (ξ) +G (η) ,

i.e.,
u (x, t) = F (x+ ct) +G (x− ct) .

For the case of higher dimension, see [1, 2].
In what follows, c denote the speed of light. Unfortunately, the Maxwell equation is not Galieli

invariance. We need some symmetry to study the Maxwell equation well. The Lorentz transform
gives a positive answer for this question. First, let us explain the Lorentz transform in physical way.

Consider two parallel mirrors and let L to be the distance between mirrors. Then light travels
once in ∆t = 2L

c .
Now we consider a train moving with a constant speed v in the x-direction. Then if we look the

light outside of the train in the coordinate (t, x, y, z) with (t, x, 0, 0) we have

2

√
L2 + v2

(
∆t
2

)2
∆t

= c,

Here ∆t denotes the time which light travels between mirrors. Solving this equation, we obtain

∆t =
2L√
c2 − v2

.

If we see the light in the train in the moving coordinate (t′, x′, y′, z′) with (t′, 0, 0, 0), we have

∆t′ =
2L

c
.

Since L is invariant, we obtain
c∆t′ =

√
c2 − v2 (∆t) ,

i.e.,

∆t =
∆t′√
1− η2

,

where η = v
c . We obtain the time-dillation. Write γ = 1√

1−η2
. Then

(t′, 0, 0, 0) ⇐⇒ (γt′, vγt′, 0, 0) = (t, x, y, z) .

This is the special case of Lorentz transformation.
Now let’s move to more general case. Consider a fixed frame S and moving frame S′ with

velocity v in the x-direction.
Consider an event A in (t′A, x

′
A, y

′
A, z

′
A) if we write it in S′ frame and in (tA, xA, yA, zA) if

we write it in S frame. Also consider an event B in (t′B , 0, 0, 0) if we write it in S′ frame and
(tB , xB , 0, 0) if we write it in S frame.
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1.1. Lorentz transformation

Now consider a light starting from A to the B. Then the light travels

t′B = t′A +

√
(x′A)

2
+ (y′A)

2
+ (z′A)

2

c

in S′ and

tB = tA +

√
(xA − vtB)

2
+ y2A + z2A

c
(1.1)

xB = vtB .

Then solve the equation (1.1) to get

tB =
c2tA − vxA +

√
(c2tA − vxA)

2 − (c2 − v2) (c2t2A − x2A − y2A − z2A)

c2 − v2

= γ2
{
tA − η

c
xA +

1

c

√
(xA − vtA)

2
+

1

γ2
(y2A + z2A)

}
.

Since tB = γt′B ,

γ

{
tA − η

c
xA +

1

c

√
(xA − vtA)

2
+

1

γ2
(y2A + z2A)

}
= t′A +

√
(x′A)

2
+ (y′A)

2
+ (z′A)

2

c
.

Since yA = y′A and zA = z′A

t′A +

√
(x′A)

2
+ (yA)

2
+ (zA)

2

c
= γ

[
tA − η

c
xA

]
+

1

c

√
(xA − vtA)

2
+ y2A + z2A.

The equation holds for all y, z. Hence we obtain
t′ = γ

(
t− η

cx
)

x′ = γ (x− vt)
y′ = y
z′ = z.

In the matrix form, we write 
t′

x′

y′

z′

 =


γ −η

c 0 0
−η

c γ 0 0
0 0 1 0
0 0 0 1



t
x
y
z

 .
We call this transform as the Lorentz transform.

Observe that γ2 − (γη)
2
= 1 since γ = 1√

1−η2
. Then there is ϕ such that coshϕ = γ and

sinhϕ = γη. So we can write [
ct
x

]
=

[
coshϕ sinhϕ
sinhϕ coshϕ

] [
ct′

x′

]
.

It seems similar to the rotation matrix in R2. In the next section, we analyze this kind of matrices
in detail.
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1. Lorentz group and Lorentz transformation

1.2 The Lorentz group

Let us compare two matrices

A =

[
coshϕ sinhϕ
sinhϕ coshϕ

]
,

B =

[
cos θ − sin θ
sin θ cos θ

]
.

In the case of B, BTB = I and [
x′

y′

]
= B

[
x
y

]
implies

(x′)
2
+ (y′)

2
= x2 + y2.

Indeed,

(x′)
2
+ (y′)

2
=
[
x′ y′

] [x′
y′

]
=
[
x y

]
BTB

[
x
y

]
= x2 + y2.

We can regard BTB = I as BT IB = I , i.e., B stablizes I .
By considering cosh2 ϕ− sinh2 ϕ = 1, we obtain the following relation holds:

AT

[
−1 0
0 1

]
A =

[
−1 0
0 1

]
.

Also by the similar reason as before, we obtain

− (ct)
2
+ x2 = − (c′t′)

2
+ (x′)

2

if [
ct
x

]
= A

[
ct′

x′

]
.

Write
B (θ) =

[
cos θ − sin θ
sin θ cos θ

]
.

Then entries by entries differentiation with respect to θ gives

B′ (θ) =

[
0 −1
1 0

]
B (θ) .

Inductively, we see
dn

dθn
B (θ) =

[
0 −1
1 0

]n
B (θ) .

Evaluating at θ = 0, we get
dn

dθn
B

∣∣∣∣
θ=0

=

[
0 −1
1 0

]n
.
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1.2. The Lorentz group

So we obtain the series expression of B (θ):

B (θ) =
∞∑

n=0

[
0 −1
1 0

]n
1

n!
θn

=

∞∑
n=0

1

n!

[
0 −θ
θ 0

]n
=: exp

([
0 −θ
θ 0

])
.

Note that dB
dθ =

[
0 −1
1 0

]
B (θ) and dBT

dθ =

[
0 1
−1 0

]
B (θ). Hence

d

dθ

(
BT IB

)
=

d

dθ

(
BT
)
B +BT dB

dθ
= O.

Similarly,
dA

dϕ
=

[
0 1
1 0

]
A

and inductively we have
dnA

dϕn
=

[
0 1
1 0

]n
A.

Also dA
dϕ =

[
0 1
1 0

]
A and dAT

dϕ = AT

[
0 1
1 0

]
. Hence

d

dϕ

(
AT

[
−1 0
0 1

]
A

)
= AT

([
0 1
1 0

] [
−1 0
0 1

]
+

[
−1 0
0 1

] [
0 1
1 0

])
A

= AT

([
0 1
−1 0

]
+

[
0 −1
1 0

])
A

= O.

Note that we have A (ϕ1)A (ϕ2) = A (ϕ1 + ϕ2) and B (θ1)B (θ2) = B (θ1 + θ2) by the
addition law of hyperbolic cosine, sine and cosine and sine, respectively.

Let us recall the definition of group.

Definition 1.2. A group (G, ·) is a set G with binary operation · : G×G→ G satisfying

1. g1 · (g2 · g3) = (g1 · g2) · g3 for all g1, g2, g3 ∈ G;

2. there is e ∈ G such that g · e = e · g = g for all g ∈ G;

3. for any g ∈ G, there exists g′ ∈ G such that g′ · g = e.

There are many examples of groups. (Z,+), (R,+), (R\ {0} ,×) are groups.
We define

O (n) =
{
A ∈ Mn×n (R) : ATA = In

}
.

With matrix multiplication, it is a group and we call O (n) as the orthogonal group of order n.
There is a subgroup

SO (n) = {A ∈ O (n) : det (A) = 1}

of O (n) and we call this the special orthogonal group of order n.
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1. Lorentz group and Lorentz transformation

We define O (p, q) the set of all (p+ q)× (p+ q) invertible matrices C satisfying

CT ηC = η

where η = diag

−1, . . . ,−1︸ ︷︷ ︸
p−times

, 1, . . . , 1︸ ︷︷ ︸
q−times

 . It is easy to check that O (p, q) is a group with matrix

multiplication. We call this group as indefinite-orthogonal group. Similarly, there is a subgroup

SO (p, q) = {A ∈ O (p, q) : det (A) = 1}

of O (p, q) and we call this the special indefinite-orthogonal group of order p and q.
In the special case SO (1, 3), we call this group as the Lorentz group. Usually, we write L as

an element of SO (1, 3). Under the relation
ct′

x′

y′

z′

 = L


ct
x
y
z

 ,
if we denote η = diag (−1, 1, 1, 1), then we have

= − (cdt′)
2
+ (dx′)

2
+ (dy′)

2
+ (dz′)

2

= − (cdt)
2
+ dx2 + dy2 + dz2

In this sense, we denote ds2 = − (cdt)
2
+ dx2+ dy2+ dz2 and we regard this as the proper length

in our setting.

1.3 The Einstein convention

In order to describe the theory of general relativity, we need to introduce some notations and rules.
It might confuse in the first time.

From now on we write

xµ =
(
x0, x1, x2, x3

)
, µ = 0, 1, 2, 3

and we call µ as the space-time indices. Here we regard x0 as ct. We call this coordinate as
Minkowskian 4-dimensional spacetime coordinate. We call

η =


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


as the Minkowski metric.

Now we study the Einstein conventions. There are four types of expressing matrices: Mµν ,
Kµν , Lµ

ν ,N ν
µ . Multiplication is allowed if there is a contraction between indices. As an example,

MK is allowed since
MµνK

νλ = (ML)
λ
µ

since ν is a contraction. Also ML is allowed since

MµνL
ν
λ = (ML)µλ .
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1.3. The Einstein convention

However MM and MN are not allowed since between M and M , there is no contraction. Also
MµνN

ν
µ has no contraction.

If Mµν , Kµν , Lµ
ν , N ν

µ , then their inverses are

M−1 =Mµν , K−1 = Kµν , L−1 = L µ
ν , N−1 = Nν

µ

and their transpose are (
MT

)
µν

(
KT
)µν (

LT
) ν

µ

(
NT
)µ

ν
.

From this
LT ηL = η ⇐⇒ ηµν = L λ

µ ηλρL
ρ
ν

We write
∂

∂xµ
= ∂µ.

Then note that
∂ (x′)

µ

∂xν
= Lµ

ν ,
∂xµ

∂ (x′)
ν =

(
L−1

) ν

µ
.

Then by chain rule,

∂′µ =
∂

∂ (x′)
µ =

∂xν

∂x′µ
∂µ =

(
L−1

) ν

µ
∂ν .

For the case ηµν ,
(
η−1

)µν ≡ ηµν by definition. Metric interchanges the placement of indicies.
As an example

vµηµν = vν , ηµνvν = vµ.

So dxν = ηµνdx
ν , ds2 = dxµdxνηµν ≡ dxµdxµ.

If we can write some equality which can be written by Einstein convention, we write

ηµν = ηλρL
λ
µ L

ρ
ν

instead of
ηµν = L λ

µ ηλρL
ρ
ν .

Note that

(M1M2)
λ
ν = (M1)

λ
ρ (M2)

ρ
ν = (M2)

ρ
ν (M1)

λ
ρ

(M2M1)
λ
ν = (M2)

λ
ρ (M1)

ρ
ν = (M1)

ρ
ν (M2)

λ
ρ .

So in general (M1M2) ̸= (M2M1).
Note that

δµν = ηµκLλ
νL

ρ
κηλρ

= (ηλρL
ρ
κη

κµ)Lλ
ν

= Lµ
λL

λ
ν .

Hence L µ
λ =

(
L−1

)µ
λ
.

In this convention,

∂′µ =
(
L−1

)ν
µ
∂ν = L ν

µ ∂ν

d (x′)
µ
= Lµ

νdx
ν .

9



1. Lorentz group and Lorentz transformation

We define
dτ2 = dt2 − d⃗x · d⃗x

and is called the proper time. In nature, dτ2 ≥ 0. So c2 ≥
∣∣dx
dt

∣∣2.
In some sense dxµ

dt = dxµ

dx0

c

is not inappropriate. From now on, we assume c ≡ 1. Note that

dxµ

dτ
=

dxµ

dt
√
1− v⃗ · v⃗

.

So
dx⃗

dτ
=

v⃗√
1− v⃗2

Note that
dt

dτ
=

1√
1− v2

≈ 1 +
1

2
v2.

Hence the momentum of
Pµ = m

dxµ

dτ
,

in particular,
P 0 = m+

1

2
mv2 + · · · .

We write the Maxwell equation in simple way. Let F = Fµν be a 2-form defined by

Ei = F0i, Bi =
1

2
εijkF

jk,

where i, j, k runs {1, 2, 3}.
Then

∂tF0i − εijk∂jBk

= ∂0F0i +
1

2
εijkε

iab∂jFab

= ∂0F0i +
1

2
(δai δ

b
j − δbi δ

a
j )∂

jFab

= ∂0F0i +
1

2
(∂jFij + ∂jFij)

= ∂0F0i + ∂jFij

= −∂0Fi0 + ∂jFij

= ηµν∂µFiν .

So ηµν∂λµFiν = ji. Also ∇ · E = ρ implies ∂jF i
0 = ρ. So ηµν∂µFν = ρ. We write

J = (ρ, j1, j2, j3), then we get

ηµν∂µFλν = Jλ.

From ∇ ·B = 0 and ∂tB +∇ · ×E = 0, we obtain

∂λFνλ + ∂νFλµ + ∂λFµν = 0.

Hence, we rewrite the Maxwell equation in the following way:{
ηµν∂µFλν = Jλ.

∂λFνλ + ∂νFλµ + ∂λFµν = 0.
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1.4. Baker-Campbell-Hausdorff formula

Recall

xµ 7→ (x′)
µ
= Lµ

νx
ν

∂µ 7→ ∂′µ =
(
L−1

)ν
µ
∂ν = L ν

µ ∂ν

under the Lorentz transformation. Hence

Fµν 7→ L λ
µ L

ρ
ν Fλρ

gives the Maxwell equation invariant under the Lorentz transformation.
Note that Jµ 7→ J ′µ = Lµ

νJ gives ∂λFλµ = Jµ to

∂′λF
′λµ = Jµ

to
L ρ
λ ∂ρ

(
Lλ

κL
µ
ρF

κσ (x)
)
= Lµ

νJ
ν .

On the LHS, this is equal to
δρκ∂ρF

κσLµ
σ = Lµ

σ∂ρF
ρσ.

So
Lµ

σ (∂ρF
ρσ − Jσ) = 0,

which reduces to the original Maxwell equation.

1.4 Baker-Campbell-Hausdorff formula

Recall

eA =

∞∑
n=0

An

n!
,

ln (1 + x) =

∞∑
n=0

− (−x)n

n!

ln
(
eA
)
= A.

We write
eAeB = eC .

If A and B commutes, then C = A+B. But this is not generally holds. However, we have the
following formula:

Theorem 1.3 (Baker-Campbell-Hausdorff formula).

ln
(
eAeB

)
= B +

∫ 1

0

dt

∞∑
n=1

1

n

(
1− etadAeadB

)n−1
A

= A+B + 1
2 [A,B] + 1

12 [A[A,B]] + 1
12 [B, [B,A]] + + 1

24 [A, [[A,B], B]] + · · · .
(1.2)

which holds for an arbitrary pair of operators, A and B.

Proof. Introduce a real parameter, t ∈ R and define

C(t) := ln
(
etAeB

)
, eC(t) = etAeB . (1.3)
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1. Lorentz group and Lorentz transformation

We have
C(0) = B , d

dte
C(t) = AeC(t) , A =

[
d
dte

C(t)
]
e−C(t) . (1.4)

Further for an arbitrary, M ,

eadC(t)M = eC(t)Me−C(t) = etAeBMe−Be−tA = etadAeadBM , (1.5)

and hence, like (1.3),
eadC(t) = etadAeadB . (1.6)

Further, we set with one more real parameter, s ∈ R,

F (s, t) :=

[
∂

∂t
esC(t)

]
e−sC(t) . (1.7)

It is straightforward to see
F (0, t) = 0 , F (1, t) = A , (1.8)

and
∂

∂s
F (s, t) = esC(t)

[
dC(t)

dt

]
e−sC(t) = esadC(t)

[
dC(t)

dt

]
. (1.9)

Hence,
dC(t)

dt
= e−sadC(t) ∂

∂s
F (s, t) , (1.10)

and

A =

∫ 1

0

ds
∂

∂s
F (s, t)

=

∫ 1

0

ds esadC(t)

[
dC(t)

dt

]
=

∫ 1

0

ds

∞∑
n=0

sn

n!
[adC(t)]

n

[
dC(t)

dt

]
=

∞∑
n=0

[adC(t)]
n

(n+ 1)!

[
dC(t)

dt

]
= G(adC(t))

[
dC(t)
dt

]
,

(1.11)

where we put a function,

G(x) =
ex − 1

x
=

∞∑
n=0

xn

(n+ 1)!
,

G(x)−1 =
x

ex − 1
= −

∞∑
k=0

xekx =
ln(ex)

ex − 1
= − ln[1− (1− ex)]

1− ex
=

∞∑
n=1

(1− ex)n−1

n
.

(1.12)
Therefore, we see, with (1.6),

dC(t)

dt
=

∞∑
n=1

1

n

(
1− eadC(t)

)n−1

A =

∞∑
n=1

1

n

(
1− etadAeadB

)n−1
A , (1.13)

and finally,

ln
(
eAeB

)
= B +

∫ 1

0

dt

∞∑
n=1

1

n

(
1− etadAeadB

)n−1
A . (1.14)

This completes the proof.
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1.4. Baker-Campbell-Hausdorff formula

In the quantum mechanical setting, since [x̂, p̂] = iℏ,

eax̂ebp̂ = eax̂+bp̂+ i
2ℏab

If L is a Lorentz transformation, then L = eM , where MT η + ηM = 0. We will show it.
Note that

(ηM1)
T
= −ηM1, (ηM2)

T
= −ηM2.

So

(ηM1M2)
T
=MT

2 (ηM1)
T

= −MT
2 ηM1

= ηM2M1

̸= −ηM1M2.

However, we have

[η (M1M2 −M2M1)]
T
= −η (M1M2 −M2M1)

= −η [M1,M2] .

In the case SO (2), we write exp
(
θ

[
0 1
−1 0

])
and SO (1, 1), we write exp

(
ϕ

[
0 1
1 0

])
. We

call
[
0 1
−1 0

]
is a generator1 of SO (2). Similarly,

[
0 1
1 0

]
is a generator of SO (1, 1).

Let Ma, a = 1, . . . , n. We define

g = {θaMa : θa ∈ R, a = 1, . . . , n}

and [Ma,Mb] = f cabMc for some f cab. We call g as a Lie algebra and M1, . . . ,Mn are said to be
generator of g.

Roughly speaking, we define the Lie group as the exponential of Lie algebra.
For L ∈ SO (p, q), we write L = exp (θM). Note that LT ηL = η and dL

dθ |θ=0= M and
L |θ=0= I . Taking derivative, we get

MT η + ηM = 0,

i.e., (ηM)
T
= −ηM .

If eθM ≡ L and MT η + ηM = 0, then d
dθL =ML = LM . So

d

dθ

(
LT ηL

)
= LTMT ηL+ LT ηML

= LT
(
MT η + ηM

)
L

= 0.

Hence LT ηL = η.

1In the mathematical terminology, this is a basis

13



1. Lorentz group and Lorentz transformation

Note that there are d(d−1)
2 matrices ηM which is anti-symmetric. In the case d = 4, 6 = 3+3.

Note that

M = η−1


0 −ϕ1 −ϕ2 −ϕ3
ϕ1 0 θ3 −θ2
ϕ2 −θ3 0 θ1
ϕ3 θ2 −θ1 0



=


0 ϕ1 ϕ2 ϕ3
ϕ1 0 θ3 −θ2
ϕ2 −θ3 0 θ1
ϕ3 θ2 −θ1 0

 .
Hence (θ1, θ2, θ3) represents a rotation and (ϕ1, ϕ2, ϕ3) represents boosts.

Remark. σ1 =

[
0 1
1 0

]
, σ2 =

[
0 −i
i 0

]
, σ3 =

[
1 0
0 −1

]
iθaσ

a

Recall SU (2), the set of all 2×2matrices which entries are complex andU†U = 1 and |detU | = 1.
Write u = eθM . Taking derivatives, we have M† +M = 0. So∣∣eθM ∣∣ = eθImM .

Roughly speaking, SU (2) and SO (3) are same.

1.5 Covariant transformation

Recall the definition of wave function. We say a complex-valued function ψ as a wave function if∫
|ψ|2 dx = 1.

Write ψ = |ψ| eiφ. One may ask whether phase φ has physical meaning. Unfortunately, φ is
non-physical. To deal the theory of Quantum mechanics, complex-valued function is essential, not
a real-valued function.

For arbitrary function θ on spacetime ,consider a transformation ψ → ψ′ = ψeiθ. Consider the
Schrödinger equation

iℏ∂tψ =
1

2m
(−iℏ∇)

2
ψ + V ψ.

Write
Eψ =

1

2m
p⃗2ψ + V ψ

and consider

E → iℏ
∂

∂t
p⃗→ −iℏ∇. (1.15)

Note that

Pµ = −iℏ∂µ = (−E, p⃗)

Pµ = m
dxµ

dτ
= (E, p⃗) .

14



1.5. Covariant transformation

So the above transformation (1.15) makes sense.
We want to claim that the transformation ψ 7→ ψ′ does not change the law of physics. Note that

∂µψ → ∂µψ
′ = ∂µ

(
ψeiθ

)
= (∂µψ + i∂µθ) e

iθ.

Then from this transformation, we can check that ψ′ does not satisfies the Schrödinger’s equation
since ∂µ is not covariant. To overcome this difficulty, we introduce the “covariant derivative”

∇µ = ∂µ − iqAµ, q ≡ 1.

We choose A so that
∇µψ → ∇′

µψ
′ = (∇µψ) e

iθ.

Indeed,

∇′
µψ

′ =
(
∂µ − iA′

µ

)
ψ′

=
(
∂µψ

′ − iA′
µψ

′)
= ∂µ

(
eiθψ

)
− iA′

µe
iθψ

=
(
∂µψ + i∂µθ − iA′

µ

)
eiθψ.

So if we write
A′

µ = Aµ − i∂µθ,

∇µ behaves ‘covariant’ under the transformation

ψ 7→ ψeiθ

Aµ 7→ Aµ − ∂µθ.

We call this kind of transform as U (1) gauge transform. Note that the transform does not change
the physics since |ψ| is invariant.

There are two kind of ‘symmetry’. One is local symmetry, that is, there exists a parameter
θ depending on spacetime point. This is however is non-physical symmetry. The other is global
symmetry, i.e., this is a parameter is constant. We call this symmetry as physical symmetry.

Although the gauge symmetry is not physical symmetry, the concept gauge symmetry is a
principle concept in 20th-21st physics.

So far we didn’t defined the terminology ‘symmetry’ in rigorous way. From now on, we define
‘symmetry’ and give the fundamental theorem due to Noether.

We say a transform is symmetry of the Lagrangian L if its action is invariant under the transfor-
mation. If the transform is infinitesimal, we say this symmetry as Noether symmetry.

Note that

δL =
∂L

∂q
δq +

∂L

∂q̇
δq̇ =

d

dt
K.

We state the Noether theorem informally.

Theorem 1.4. Let L be a Lagrangian. If there is a Noether symmetry, then there exists a conserved
charge

Q =
∂L

∂q̇a
δqa −K.

15



1. Lorentz group and Lorentz transformation

Note that

dQ

dt
=

d

dt

[
∂L

∂q̇a
δqa −K

]
=

d

dt

[
∂L

∂q̇a

]
δqa +

∂L

∂q̇a
[δq̇a]− dK

dt

=

[
d

dt

(
∂L

∂q̇a

)
− ∂L

∂q̇a

]
δqa +

[
δL− d

dt
K

]
.

Example 1.5. Consider q (t) 7→ q (t+ a), time translation. Then

q (t+ a) ≃ q (t) + aq̇ (t) .

So
δL = q̇

∂L

∂q
+ q̈

∂L

∂q̇
, q̇ =

∂L

∂t
.

Hence K = L and so
Q =

∂L

∂qa
q̇a − L = H,

the Hamiltonian. So by the Noether’s theorem, the Hamiltonian is conserved. So we call this kind
of symmetry as time symmetry.

Example 1.6. Let L = m
2 ẋ

2, x 7→ x+ c, spartial symmetry.
Q = mẋ. Then the momentum is conserved by the Noether’s theorem.

Example 1.7. L = m
2

(
ẋ2 + ẏ2

)
, consider rotation.

Note that

δ

[
x
y

]
=

[
y
−x

]
δ

[
ẋ
ẏ

]
=

[
ẏ
−ẋ

]
Then

δL = m (ẋδẋ+ ẏδẏ) = 0.

So

Q =
∂L

∂ẋ
δẋ+

∂L

∂ẏ
δẏ

= mẋy −mẏx = pxy − pyx.

So by the Noether’s theorem, the angular momentum is conserved.

Observe the symmetry is global. There is no local dependence. Also, Noether charge satsifies

{Q,H} ≡ 0,

and
{Q, q} = δq, {Q,P} = δp, {Q,H} = 0.

Back to the original problem, to recover the covariance, we need

iℏDtψ =
1

2m

(
−iℏD⃗

)2
ψ,

16



1.5. Covariant transformation

i.e.,

iℏ (∂tψ − iA0ψ) = − ℏ2

2m

(
∇⃗ − iA⃗

)2
ψ.

So
iℏ∂tψ = − ℏ2

2m

(
∇⃗ − iA⃗

)2
ψ − ℏA0ψ,

where
Aµ =

(
ϕ, A⃗

)
and ϕ is a columb potential and A⃗ is magentic potential. We call this potential as electromagnetic
potential.

In Schrödinger’s equation, local symmetry, i.e., Gauge symmetry required. The solution
ψ (t, x, y, z) itself does not have physical meaning. However, |ψ|2 has a physical meaning, the
probability density. So we can transform ψ to eiθ(t,x,y,z)ψ (t, x, y, z) ≡ ψ′ (t, x, y, z), where
θ (t, x, y, z) is arbitrary function on spacetime. The θ depends on a point. So we can regard it as it
has a local symmetry. However, the classical Schrödinger equation does not transform in covariant
sense. So we replace ∂µ to Dµ = ∂µ − iAµ, where Aµ is vector potential (in the mathematical
way, gauge connection).satisfying

ψ 7→ ψ′ = eiθψ

Aµ 7→ A′
µ = Aµ + ∂µθ

(gauge) transformation rule.
Is their any physical interpretation of Aµ? No since the gauge transformation is non-physical

symmetry, i.e.,
ηµνAµAν ̸= ηµνA′

µA
′
ν .

However, we can make a physical quantity from A,

Fµν := ∂µAν − ∂νAµ,

field strength of A. It is gauge invariance since

F ′
µν = ∂µA

′
ν − ∂νA

′
µ

= ∂µ (Aν + ∂νθ)− ∂ν (Aµ + ∂µθ)

= ∂µAν − ∂νAµ + ∂µ∂νθ − ∂ν∂µθ

= Fµν .

It is physical quantity. Note that Fµν = −Fνµ. Actually, it is a electromagnetic field. Why we have
a light? Some people says it is due to gauge symmetry.

Note that eiθ ∈ U (1). We call this kind of symetry as U (1)-gauge symmetry.
Remark. We can generalize this concept to various groups. In the case of SU (3), it corresponds to
the strong force. In the case of SU (2), it corresponds to weak force. In the case of diffeomorphism,
it corresponds to general relativity.

SU (3)×SU (2)×U (1): Gauge symmetry of the standard model in particle physics, which is
quite accurate model in physics in theoratical way and experimental way. It is accepted as a theory
in nowadays, not just a model.
Remark. They are two kind of feature in quantum mechanics.

Schrödinger picture: |E (t) >, p̂, x̂, i.e., time variance on state, but operator does not change in
time.
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1. Lorentz group and Lorentz transformation

Heisenberg picture: | E >, p̂ (t) , x̂ (t), i.e., operator change in time but the state does not
depend on time.

⟨
Ψ | Â | E

⟩
=
⟨
E (t) | Â | E (t)

⟩
=
⟨
Ψ | eiℏĤ(t)Âe−iℏĤ(t) | Ψ

⟩
=
⟨
Ψ | Â (t) | Ψ

⟩
Hence in the sense of Heisenberg picture, we have gauge symmetry also.

The gauge symmetry is a principle in physics in nowadays although it is not physical.
Note that U (1) is abelian, however, SU (2), SU (3), diffeomorphism are not abelian. Actually,

Fµν := ∂µAν − ∂νAµ + [Aµ, Aν ]

in general.
We will figure out why this is natural. Consider a Gauge group G (ex. SU (3), SU (2), U (1),

etc)2 and transform
ψ (t, x, y, z) 7→ ψ′ = gψ, g ∈ G

with Dµψ := ∂µψ +Aµψ. Note that Aµ is in general matrix. We require

D′
µψ

′ = ∂µψ
′ +A′

µψ
′ = gDµψ.

Then by computation

D′
µψ

′ = ∂µψ
′ +A′

µψ
′

= ∂µgψ + g∂µψ +A′
µgψ

= g
[
∂µψ +

(
g−1A′

µg + g−1∂µg
)
ψ
]
.

So we require
Aµ = g−1A′

µg + ∂−1∂µg.

So
A′

µ = g
(
Aµ − g−1∂µg

)
g−1.

Hence the transform must satisfy

Aµ 7→ g
(
Aµ − g−1∂µg

)
g−1.

Under this transformation, it is easy to check by computation

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ] 7→ F ′
µν = gFµνg

−1.

So
Fµνψ 7→ gFµνg

−1gψ = gFµνψ.

2In mathematical language, it is Lie group,

g (θa) = exp

[∑
a

θaTa

]
, {Ta} : Lie algebra,

We say it has a Gauge symmetry if θa (t, x, y, z): arbitrary / local parameter.
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1.5. Covariant transformation

Note that Dµψ 7→ gDµψ. So DµDνψ 7→ D′
µD

′
ν = gDµDνψ. Note that

DµDνψ = ∂µ (Dνψ) +AµDνψ

= ∂µ (∂νψ +Aνψ) +Aµ (∂νψ +Aνψ)

= ∂µ∂νψ + ∂µAνψ +Aν∂µψ +Aµ∂νψ +AµAνψ.

So
[Dµ, Dν ]ψ = (∂µAν − ∂νAµ +AµAν −AνAµ)ψ = Fµνψ.

Proposition 1.8. If A,B are in Lie algebra, then eABe−A is in Lie algebra.

Proof. We claim that
eadAB = eABe−A,

where

eadAB = e[A,·]B = B + [A,B] +
1

2
[A, [A,B]] + · · ·+ 1

n!
[A [A, · · · , [A,B]]] + · · · .

Here
1

n!
(adA)

n
B =

1

n!
[A [A, · · · , [A,B]]] .

Since the Lie algebra is closed under commutator, we are done. Hence it suffices to show the claim.
Note that

d

dt

(
etABe−tA

)
=
[
A, etABe−tA

]
and

d

dt

(
etadAB

)
=
[
A, etadAB

]
.

Hence by the uniqueness of initial value problem, we are done.

For g ∈ G, write
g (θ) = eθ

aTa .

Note that

g (θ1) g (θ2) = eθ
a
1Taeθ

b
2Tb = ef

a(θ1,θ2)Ta

= g (f (θ1, θ2)) .

Here fa satisfies fa (θ, 0) = fa (0, θ) = θa. Since g (−θ) = e−θaTa = g (θ)
−1,

fa (θ,−θ) = fa (−θ, θ) = 0.

Then

∂µgg
−1 = ∂µg (θ) g (−θ)

= ∂µg (θ) g (−ϕ)|ϕ=θ

= ∂µ [g (θ) g (−ϕ)]|ϕ=θ

= ∂µg (f (θ,−ϕ))|ϕ=θ

= ∂µf
a (θ,−ϕ) ∂

∂fa
g (f)

∣∣∣∣
ϕ=θ

= ∂µf
a (θ,−ϕ)|ϕ=θ

∂

∂fa
g (f)

∣∣∣∣
f=0

= ∂µf
a (θ,−ϕ)|ϕ=θ Ta ∈ Lie algebra.
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1. Lorentz group and Lorentz transformation

So
d

dθa
g (θ) |θ=0= Ta.

From this, Aµ 7→ A′
µ ∈ G. So by previous proposition, Fµν ∈ G. Hence we can write

Aµ =
∑
a

Aa
µTa.

Remark. Note that
Fµν = ∂µAν − ∂νAµ

is Gauge invariant. However,

Fµν = ∂µAν − ∂νAµ + [Aµ, Aν ]

is Gauge covariant. Although it is in some sense is good, it is not observable by experiment.
However,

Tr (Fµν) , Tr (FµνF
µν)

are Gauge invariant.
Yang-Mills first gives Gauge symmetry argument in the theory of standard model of particle

physics.
In the case of free particle, we write a Schrödinger equation

iℏ (∂t − iA0)ψ =
1

2m

(
−iℏ

(
∇− iA⃗

))2
ψ,

under Gauge transform consideration. We rewrite

iℏ∂tψ = − ℏ2

2m

(
∇− iA⃗

)2
ψ −A0ψ.

Here A0 is a coulomb potential. This is so-called the magnetic Schrödinger equation.
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2General Relativity
2.1 The geodesic equation

In this chapter, we introduce the general relativity which is the Einstein’s theory of gravity. In the
previous chapter,

dθ2 = dxµdxνηµν

ηµν = diag (−+++) .

Recall that freely falling frame is locally inertial frame since it has a tidal force effect. In this
setting, gravity disappears. Hence the special relativity works in this setting.

Let xµ denote a general coordinate system and consider yµ a coordinates of the locally inertial
frame at xµ = Xµ. Then there is a local coordinate transform xµ (y), yµ (x), e.g., xµ (y ≡ 0) =
Xµ. Then in the near y = 0,

ds2 = ηµνdy
µdyν .

By considering the transformation, we have

ds2 = ηµν
∂yµ

∂xλ

∣∣∣∣
x=X

dxλ
∂yν

∂xρ

∣∣∣∣
x=X

dxρ

=

(
ηµν

∂yµ

∂xλ

∣∣∣∣
x=X

∂yν

∂xρ

∣∣∣∣
x=X

)
dxλdxρ

= gµν (X) dxµdxν .

Here

gµν (x) = ηab
∂ya

∂xλ
∂yb

∂xρ

∣∣∣∣
y=0

.

Hence to describe the physics, we need to consider the above metric. Hence

ds2 = gµν (x) dx
µdxν .

Note that gµν is metric and this is the only geometric quantity. This describes the gravitational
effect in physics. Our aim is to study the PDE which gives a solution gµν , so called the Einstein
field equation.

If we consider a R2 which is in the standard coordinate system and polar coordinate system,
then one metric is constant but the other has variable. If one can transform the metric into Lorentz
metric, then the surface is flat. However, it is not. We will figure out in detail.

Under coordinate transformations, yµ → xµ(y), the velocity of a particle, ẏµ = dyµ

dτ , transforms
as

ẏµ =⇒ ẋµ =
∂xµ

∂yν
ẏν ,

where τ denotes the proper time.
A chain rule gives

ẍµ =
∂xµ

∂yν
ÿν +

d

dτ

(
∂xµ

∂yν

)
ẏν .

Changing the role of x and y, we have

ÿµ =
∂yµ

∂xσ
ẍσ +

∂2yµ

∂xσ∂xν
ẋν ẋσ.

21



2. General Relativity

Now multiplying ∂xλ

∂yµ to the both sides, we get

∂xλ

∂yµ
ÿµ

=
∂xλ

∂yµ
∂yµ

∂xσ
ẍσ +

∂xλ

∂yµ
∂2yµ

∂xσ∂xν
ẋν ẋσ.

= δλσ ẍ
σ +

∂xλ

∂yµ
∂2yµ

∂xσ∂xν
ẋν ẋσ

= ẍλ +
∂xλ

∂yµ
∂2yµ

∂xσ∂xν
ẋν ẋσ.

Hence we see that under this coordinate transformation, the acceleration becomes

∂xµ

∂yν
ÿν = ẍµ +

∂xµ

∂yσ
∂2yσ

∂xα∂xβ
ẋαẋβ .

From the invariance of the proper length,

ds2 = gµν(x)dx
µdxν = g̃µν(y)dy

µdyν ,

the metric transforms as
gµν = g̃ρσ

∂yρ

∂xµ
∂yσ

∂xν
.

We may derive straightforwardly

∂λgµν = ∂̃αg̃ρσ∂λy
α∂µy

ρ∂νy
σ + g̃ρσ∂λ∂µy

ρ∂νy
σ + g̃ρσ∂µy

ρ∂λ∂νy
σ ,

where we put ∂̃α = ∂
∂yα .

Exercise 2.1. Using the above result, derive

∂µgλν + ∂νgµλ − ∂λgµν

=
(
∂̃αg̃γβ + ∂̃β g̃αγ − ∂̃γ g̃αβ

)
∂λy

γ∂µy
α∂νy

β + 2g̃ρσ∂µ∂νy
ρ ∂λy

σ .

For convenience, we define the Christoffel symbol

Γλ
µν =

1

2
gλρ (∂µgρν + ∂νgµρ − ∂ρgµν) ,

Then we get the following transformation rule for Christoffel symbol.

Γλ
µν =

∂yα

∂xµ
∂yβ

∂xν
∂xλ

∂yγ
Γ̃γ
αβ +

∂xλ

∂yσ
∂2yσ

∂xµ∂xν
. (2.1)

Exercise 2.2. Prove the identity (2.1).

Combining the above results, we can show the ‘covariance’:

∂xµ

∂yν

(
ÿν + Γ̃ν

ρσ ẏ
ρẏσ
)
= ẍµ + Γµ

ρσẋ
ρẋσ .

In local frame, when it is in free fall, the object moves in linear motion. So ÿa = 0. From the
above equation, we have

ẍλ + Γλ
µν ẋ

µẋν = 0. (2.2)
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2.1. The geodesic equation

We call this equation as Geodesic equation . We derive the geodesic equation in geometrically.
Recall

dτ2 = −gµνdxµdxν .

We consider the relativisitic point particle action:

S =

∫ xf

xi

dτ =

∫
dσ
√
−gµν (x) ẋµẋν .

Here
ẋµ =

d

dσ
xµ.

Then

S =

∫
dσ

√
−gµν

dxµ

dσ

dxν

dσ
.

Note that the above action is invariant xµ (σ) 7→ xµ (σ′). So it has a local symmetry. Hence we
can choose σ ≡ τ to

√
−gµν ẋµẋν = 1.

Therefore, by the least action principle, we deduce the Euler-Lagrange equation. From this, we
will derive the geodesic equation.

Taking variation, we have

0 = δS =

∫
dτδ
√

−gµν ẋµẋν

=

∫
dτ

1

2

(
δ (−gµν ẋµẋν)√

−gλρẋλẋρ

)

= −
∫
dτ
δxλ∂λgµν ẋ

µẋν + gµνδẋ
µẋν + gµν ẋ

µδẋν

2
√
−gλρẋλẋρ

=

∫
dτ
δxλ (−∂λgµν ẋµẋν)

2
√
−gλρẋλẋρ

+ δxµ
d

dτ

[
gµν ẋ

ν√
−gλρẋλẋρ

]

=

∫
dτ − 1

2
δxλ (∂λgµν ẋ

µẋν) + δxµ
[
ẋλ∂λgµν ẋ

ν + gµν ẍ
ν
]

=

∫
dτδxσ

[
gσλẍ

λ +

(
∂µgνσ − 1

2
∂σgµν

)
ẋµẋν

]
=

∫
dτdxρgρλ

[
ẍλ + Γλ

µν ẋ
µẋν

]
.

Hence we obtain the geodesic equation

ẍλ + Γλ
µν ẋ

µẋν = 0,

which we already derived in (2.2).
On the other hand,

S =

∫
dτ
√
−ηabẏaẏb.

The equation describes linear motion on a manifold. Since g is metric, it has geometrical
meaning. Hence Christoffel symbol. Here note that the equation has no mass part.

Write xµ =
(
x0 = ct, xi

)
. Then ∂

∂x0 = ∂
c∂t . For large c and slowing moving paricle, we have

∂
∂x0 ≈ 0

ẋµ =

(
cdt

dτ
,
dxi

dτ

)
≈ (c, 0) .
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2. General Relativity

From this assumption, we get
∂µ = (0, ∂i)

and so

Γλ
µν ẋ

µẋν ≈ Γλ
00c

2

=
1

2
c2gλρ (∂0gρ0 + ∂0g0ρ − ∂ρg00)

= −1

2
c2gλi∂ig00.

Hence
ẍλ ≈ 1

2
c2gλi∂ig00.

If we have a weak gravity, it goes almostly flat. Hence in the weak gravity limit, we have

gµν ≈ ηµν + hµν .

So
gµν ≈ ηµν − ηµλhλρη

ρν

up to second-order approximation.
From this, we see

ẍλ ≈ 1

2
c2
(
ηµi − ηµρhρση

σi
)
∂i (η00 + h00)

≈ 1

2
c2ηλi∂ih00.

In spartial part,
ẍi ≈ 1

2
c2∂ih00.

Recall the theory of Newton:
mẍi ≡ −∂iUnewton,

So

h00 ≈ − 2

c2
Unewton

m
.

In particular, when we have a spherical symmetry, the potential is given by

Unewton (r) = −mMG

r
.

So we get

h00 ≈ 2MG

c2r
.

Hence
g00 ≈ −1 +

2MG/c2

r2
.

Therefore the theory of gravity by newton is a special case of Einstein’s. Actually, the approximation
is equal. This was proved by Schwarzschild.

All physical object must obey the geodesic equation. Light also obey the equation. From this,
Einstein predicts the light should band. Eddington examine the Einstein’s prediction by observing
total solar eclipse.
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2.2. Tensor and covariant derivatives

If x is a solution of geodesic equation, then

d

dτ
[ẋµẋνgµν (x)]

= (ẍµẋν + ẋµẍν) gµν + ẋµẋν ẋλ∂λgµν

= 2ẍµẋνgµν + ẋµẋν ẋλ∂λgµν

= −2gµρ (∂κgρσ + ∂σgκρ − ∂ρgκρ) ẋ
κẋσẋνgµν + ẋµẋν ẋλ∂λgµν

= −ẋκẋσẋρ (∂κgρσ + ∂σgκρ − ∂ρgκρ − ∂κgσρ)

= 0.

From this, ẋµẋνgµν is constant with respect to τ . There are three cases. >, =, <. We say ẋµ
is space-like if the quantity is strictly positive. Similarly, ẋµ is null, time-like if the quantity is = 0,
strictly negative, respectively.

We can normalize so that

ẋµẋνgµν = +1 if it is space-like
ẋµẋνgµν = −1 if it is time-like.

In space-like, ds2 = gµνdx
µdxν . In time-like, −c2dτ2 = gµνdx

µdxν . In the case of null, we do
not call τ as a proper-time rather than affine parameter.

For ordinary massive particle, it is time-like. For massless particle, or photon, it is null. In the
space-like, there is no such particle since the particle must exceed the speed of light. But we call it
just Tachyon.

Write mẋµ = pµ. In the time-like, we have

pµpνgµν = −m2c2.

From now on, we will derive an equation for gρν , the Einstein field equation.

2.2 Tensor and covariant derivatives

Consider the diffeomorphism

xµ 7→ x′µ (x)

x′µ → xµ (x′) .

Then

dxµ 7→dx′µ = dxν
∂x′µ

∂xν

∂µ 7→ ∂xν

∂x′µ
∂ν .

Note that ds2 must be invariant under diffeomorphism. From this assumption, we have

gµνdx
µdxν = g′µν

∂x′µ

∂xρ
∂x′ν

∂xσ
dxρdxσ.

So
gµν 7→ g′µν (x

′) =
∂xρ

∂x′µ
∂xρ

∂x′ν
gσρ (x) .
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2. General Relativity

Definition 2.3. We define (p, q)-Tensor(p, q = 0, 1, 2, . . . ) T if it satisfies

T
µ1µ2···µp

ν1ν2···νq (x) 7→
∂x′µ1

∂xρ1
· · · ∂x

′µp

∂xρp

∂x′σ1

∂xν1
· · · ∂x

′σq

∂xνq
T

ρ1···ρp
σ1···σq (x)

under diffeomorphism. We call this invariance as the covariant transformation rule.

Remark. All the physics laws must be expressed / expressible by tensors. This ensures that physics
law is invariant under coordinate transformations.

Example 2.4. dxµ, ∂µ , gµν are tensor. But xµ is not a tensor in general.

Example 2.5. Scalar is (0, 0)-tensor: ϕ (x) 7→ ϕ′ (x′) = ϕ (x).
Vector is (1, 0)-tensor: vµ (x) 7→ v′µ (x′) = ∂x′µ

∂xν v
ν (x)

Contravariant vector is(0, 1)-tensor: wµ (x) 7→ w′
µ (x

′) = ∂xν

∂x′µwν (x)

Metric is (0, 2)-tensor: gµν (x) 7→ g′µν (x
′) = ∂xλ

∂x′µ
∂xρ

∂x′ν gλρ (x).

Physics law requires differentiation. Let us observe something.
If ϕ is scalar, i.e., (0, 0)-tensor, then

∂µϕ (x) 7→ ∂′µϕ
′ (x′) =

∂xν

∂x′µ
∂νϕ (x) .

So the dervative of scalar is (0, 1)-tensor.
If v is vector, i.e., (1, 0)-tensor, then

∂µv
ν (x) 7→ ∂′µv

′ν (x′) =
∂xλ

∂x′µ
∂λ

[
∂x′ν

∂xρ
vρ (x)

]
=
∂xλ

∂x′µ
∂x′ν

∂xρ
∂λv

ρ (x) +
∂xλ

∂x′µ
∂2x′ν

∂xλ∂xρ
vρ (x) .

Note that
∂xλ

∂x′µ
∂x′ν

∂xρ
∂λv

ρ (x)

is (1, 1)-tensor but
∂xλ

∂x′µ
∂2x′ν

∂xλ∂xρ
vρ (x)

is not.
Similarly, if Aν is a contravariant vector, then

∂µAν (x) 7→ ∂′µA
′
ν (x

′) =
∂xλ

∂x′µ
∂λ

[
∂xρ

∂x′ν
Aρ (x)

]
=
∂xλ

∂x′µ
∂xλ

∂x′ν
∂λAρ +

∂2xρ

∂x′µ∂x′ν
Aρ (x) .

So first part is tensor but the second one is not. In all, the usual derivative of (p, q)-tensor is not
tensor except (p, q) = (0, 0).

To eliminate anomalous term, we define ∇σ by

∇σT
µ1···µp

ν1···νq (x) = ∂σT
µ1···µp

ν1···νq (x)

+

p∑
i=1

Γµi
σ ρT

µ1···µi−1ρµi+1···µp −
q∑

j=1

T
µ1···µp

ν1···νj−1ρνj+1···νqΓ
ρ
σ νj

.
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2.2. Tensor and covariant derivatives

Note that this derivative ∇σ satisfies the Leibniz rule:

∇σ (V
µWµ) = (∇σV

µ)Wµ + V µ (∇σWµ) .

Also
∇σδ

ν
µ = 0.

Indeed,

∇σV
µ = ∂σV

µ + Γµ
σ ρV

ρ

∇σWµ = ∂σWµ −WρΓ
ρ
σ µ

implies

(∇σV
µ)Wµ + V µ (∇σWµ)

= ∂σ (V
µWµ)

= ∇σ (V
µWµ) .

Also

∇σδ
µ
ν = ∂σδ

µ
ν + Γµ

σ ρδ
ρ
ν − δµρΓ

ρ
σ ν

= 0 + Γµ
σ ν − Γµ

σ ν = 0.

∇σ should send tensor to tensor under diffeomorphism. To find the condition, we calculate

∇σT
µ1···µp

ν1···νq (x) = ∇′
σ (T

′)
µ1···µp

ν1···νq

=
∂x′µ1

∂xλ1
· · · ∂x

′µp

∂xλρ

∂xτ

∂x′σ
∂xσ1

∂x′vq

×

∂τTλ1···λρ

κ1···κq
+
∑
i

Γλi
τρT

···ρ···
κ1···κq

−
∑
j

T
λ1···λp

···ρ···Γ
ρ
τ κj


=
∂x′µ1

∂xλ1
· · · ∂x

′µp

∂xλρ

∂xτ

∂x′σ
∂xσ1

∂x′vq

[
∂τT

λ1···λρ

κ1···κq

]
+

∂

∂x′σ

[
∂x′µ1

∂xλ1
· · · ∂x

′µp

∂xλρ

∂xτ

∂x′σ
∂xσ1

∂x′vq

]
T

λ1···λp

κ1···κq

+
∑
i

(Γ′)
µi

σ ρ (T
′)
···ρ···

ν1···νq
−
∑
j

(T ′)
µ1···µp

···ρ··· (Γ
′)
ρ
σ νj

.

Write

(Γ′)
µ
λν (x

′) =
∂x′µ

∂xκ
∂xρ

∂x′ν
Γκ
ρσ (x) + ∆µ

λν .

Then

0 = ∇′
λT

′µ1···
ν1··· −

∂xα

∂x′λ
∂x′µ1

∂xβ1
· · · ∂x

γ1

∂x′ν1
· · ·∇αT

β1···
γ1···

=
∑
i

[[
∂

∂x′λ

(
∂x′µi

∂xλi

)]
∂xβi

∂x′ρ
· · ·+∆µi

λ ρ

]
T ′···ρ

ν1
+
∑
j

[
∂2xγj

∂x′λ∂x′νj

∂x′ρ

∂xγj
−∆ρ

λ νj

]
T ′µ1···

···ρ···..
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2. General Relativity

Now

∆ρ
λν ≡ ∂2xγ

∂x′λ∂x′µ
∂x′ρ

∂xγ

∆µ
λρ ≡ − ∂

∂x′λ

(
∂x′µ

∂xβ

)
∂xβ

∂x′ρ

≡ − ∂

∂x′

(
∂x′µ

∂xβ
∂xβ

∂x′ρ

)
+
∂x′µ

∂xβ
∂2xβ

∂x′λ∂x′ρ

=
∂2xβ

∂x′λ∂x′ρ
∂x′µ

∂xβ

since ∂x′µ

∂xβ
∂xβ

∂x′ρ = δµρ and δM−1 = −M−1δMM−1(from MM−1 = I , δ
(
MM−1

)
= 0.)

Hence we obtain the desired covariant derivative ∇µ = ∂µ + Γµ , where

Tµ1···
ν1··· (x) 7→T ′µ1···

ν1··· (x
′) =

∂x′µ1

∂xα1
· · · ∂x

β1

∂x′ν1
· · ·Tα1···

β1··· (x)

Γµ
λ ν (x) 7→Γ′µ

λν (x
′) =

∂x′µ

∂xα
∂xβ

∂x′λ
∂xγ

∂x′ν
Γα
βγ (x) +

∂2xρ

∂x′λ∂x′ν
∂x′µ

∂xρ

∇λT
µ1···

ν1··· (x) 7→∇′
λT

′µ1···
ν1··· (x

′) =
∂xα

∂x′λ
∂x′µ1

∂xβ1
· · · ∂x

γ1

∂x′ν1
∇αT

β1···
γ1··· (x) .

So
∇λT

µ1···
ν1

:= ∂λT
µ1···

ν1··· +
∑
i

Γµi

λ ρT
···ρ···

ν1··· −
∑
j

Tµ1···
···ρ···Γ

ρ
λνj
.

One can check the derivative behaves covariantly.

Example 2.6. Recall the Maxwell equation. We write

∂λF
λµ = Jµ

∂λFµν + ∂µFνλ + ∂νFλµ = 0. (2.3)

In fact, we should write

∇λF
λµ = Jµ (2.4)

∇λFµν +∇µFνλ +∇νFλµ = 0.

to be invariant under coordinate transform. Note that (2.3) is a special case of (2.4). In fact, if
Γν
λµ ≡ 0(flat spacetime), then (2.4) becomes (2.3).

So we want to find the condition on flatness. In free falling, the metric gµν acting on a particle
satisfies

gµν |origin → ηµν

∂λgµν |origin = 0.

So by considering the Taylor expansion, we have

gµν (x) = ηµν +
1

2
xλxρ∂λ∂ρgµν (x) + · · ·

If ∂λgµν |origin= 0 is of physics law, this should be ∇λgµν (x) = 0. We call this as the metric
is covariantly constant (metric compatiblity condition). So the one of the axiom of the Einstein
theory is
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2.2. Tensor and covariant derivatives

• Metric is covariantly constant, i.e., ∇λgµν (x) = 0.

From this,
0 = ∇λgµν = ∂λgµν − gρνΓ

ρ
λµ − gµρΓ

ρ
λν .

Note that

Γµ
λν − Γµ

νλ 7→ ∂x′µ

∂xα
∂xβ

∂x′λ
∂xγ

∂x′ν
Γα
βγ (x) +

∂2xρ

∂x′λ∂x′ν
∂x′µ

∂xρ
− ∂x′µ

∂xα
∂xβ

∂x′ν
∂xγ

∂x′λ
Γα
βγ (x)−

∂2xρ

∂x′ν∂x′λ
∂x′µ

∂xρ

=
∂x′µ

∂xα
∂xβ

∂x′λ
∂xγ

∂x′ν
Γα
βγ (x)−

∂x′µ

∂xα
∂xβ

∂x′ν
∂xγ

∂x′λ
Γα
βγ (x)

=
∂x′µ

∂xα

(
∂xβ

∂x′λ
∂xγ

∂x′ν
− ∂xβ

∂x′ν
∂xγ

∂x′λ

)
Γα
βγ (x)

=
∂x′µ

∂xα
∂xβ

∂x′λ
∂xγ

∂x′ν
(
Γα
βγ (x)− Γα

γβ (x)
)
.

Hence Γµ
λν − Γµ

νλ is a tensor. We call this tensor as a Torsion tensor.
In the theory of Einstein’s gravitiy, we assume Γλ

µν = Γλ
νµ, i.e., Torsionless connection. From

this assumption,

0 = ∇λgµν = ∂λgµν − gρνΓ
ρ
λµ − gµρΓ

ρ
λν

0 = ∇µgλν = ∂µgλν − gρνΓ
ρ
µλ − gλρΓ

ρ
µν

0 = ∇νgλµ = ∂νgλµ − gρµΓ
ρ
νλ − gλρΓ

ρ
νµ.

From the above, we obtain

0 = ∂λgµν + ∂µgλν − ∂µgλµ − 2gρνΓ
ρ
λµ.

Hence
gρνΓ

ρ
λµ =

1

2
(∂λgµν + ∂µgλν − ∂µgλµ) .

Taking inverse gρν , we have

Γρ
λµ =

1

2
gρν (∂λgµν + ∂µgλν − ∂µgλµ) .

It is easy to see that Γρ
λµ = Γρ

µλ.
In summary, from ∇λgµν = 0 and Γλ

µν = Γλ
νµ, we obtain

{
λ
µν

}
= Γλ

µν = Γλ
νµ =

1

2
gλρ (∂µgρν + ∂νgµρ − ∂ρgµν)

.and we call this the Christoffel symbol. Here note that we obtained the above formula from the
geodesic equation (2.2). We call ∇λgµν = 0 as an equivalence principle, which is a generalization
of free falling or no gravitiy.

Remark. Note that in (x, y, z) coordinate,

ds2 = δijdx
idxj .

In (r, θ, φ) coordinate, we have

ds2 = dr2 + r2dθ2 + r2 sin2 θdφ2.
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Note that

∇µ∇µϕ = gµν∇µ∇νϕ

= gµν∇µ (∂νϕ)

= gµν
(
∂µ∂νϕ− Γλ

µν∂λϕ
)

= gµν∂µ∂νϕ− gµνΓλ
µν∂λϕ

= ∂µ∂µϕ− gµνΓλ
µν∂λϕ..

Note

gµνΓλ
µν = gµν

1

2
gλρ (∂µgρν + ∂νgβµ − ∂ρgµν)

=
1

2
gλρ (gµν∂µgρν + gµν∂νgβµ − gµν∂ρgµν)

= gλρgµν∂µgρν − 1

2
gλρgµν∂ρgµν

= −∂µgµλ − 1

2

(
∂λgµν

)
gµν .

In (r, θ, φ) coordinate, grr = 1, gθθ = r2, gφφ = r2 sin2 θ. So grr = 1, gθθ = 1
r2 ,

gφφ = 1
r2 sin2 θ

. So

∂µg
µr = ∂rg

rr + ∂θg
θr + ∂φg

φr = 0,

∂µg
µθ = ∂θg

θθ = 0

∂µg
µφ = ∂φg

φφ = 0.

Now

gµν∂λgµν = grr∂λgrr + gθθ∂λgθθ + gφφ∂λgφφ

=
1

r2
∂λ
(
r2
)
+

1

r2 sin2 θ
∂λ
(
r2 sin2 θ

)
.

So

gµν∂rgµν =
4

r
⇒ gµν∂rgµν =

4

r

gµν∂θgµν = 2 cot θ ⇒ gµν∂θgµν =
2

r2
cot2 θ.

gµν∂φgµν = 0.

Hence

∇µ∇µϕ =

(
∂2

∂r2
+

1

r2
∂2

∂θ2
+

1

r2 sin2 θ

∂2

∂φ2

)
ϕ+

2

r

∂

∂r
ϕ+

1

r2
cot θ

∂

∂θ
ϕ

=
1

r2
∂2

∂r2

(
r2
∂ϕ

∂r

)
+

1

r2 sin θ

∂

∂θ

(
sin θ

∂

∂θ
ϕ

)
+

1

r2 sin2 θ

∂2ϕ

∂φ2
.

For the case of vector,

∇µ∇µV
ν ̸=

(
∂µ∂µ − gµρΓλ

µρ∂λ
)
V ν .

In fact,

∇µ∇µV
ν = gµλ∇λ∇µV

ν

= gµν
(
∂λ∇µV

ν + Γν
λρ∇µV

ρ − Γρ
λµ∇ρV

ν
)

= gµλ
[
∂λ
(
∂µV

ν + Γν
µρV

ρ
)
+ Γν

λρ

(
∂µV

ρ + Γρ
µκV

κ
)
− Γρ

λµ

(
∂ρV

ν + Γν
ρκV

κ
)]
.
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2.3. Existence of Metric compatibility

2.3 Existence of Metric compatibility

In this section, we show the existence of metric gµν satisfying

∇λgµν = 0.

Recall the geodesic equation of motion

ẍλ + Γλ
µν ẋ

µẋν = 0. (2.5)

If xµ (τ) is a solution to the geodesic motion, so is xµ (kτ) for k ∈ R, i.e., if x′µ (τ) ≡ xµ (kτ),
then

ẍ′λ + Γλ
µν (x

′) ẋ′µẋ′ν = 0.

Indeed,

d

dτ
x′µ (τ) = kẋµ (kτ)

d2

dτ2
x′µ (τ) = k2ẍµ (kτ)

gives
ẍ′λ + Γλ

µν (x
′) ẋ′µẋ′ν = k2

[
ẍλ + Γλ

µν ẋ
µẋν

]
= 0.

Now we consider initial-value problem. If x is an analytic solution of (2.5), then

xµ (τ) = xµ0 + τvµ − τ2

2
Γµ
νρ (x0) v

µvρ + · · · ,

where x0 denotes the initial position and v denotes the initial velocity.
Note that for k ∈ R,

xµ
(
k · 0, vλ

)
= 0,

d

dτ
xµ
(
kτ, vλ

)∣∣∣∣
τ=0

= kvλ.

From this observation, we get
xµ
(
τ, vλ

)
= xµ

(
τ̂ ,
τ

τ̂
vλ
)
,

where τ̂ is an arbitrary fixed time.
If f is an analytic solution of (2.5), then we can choose a coordinate transform xµ 7→ yµ (x)

with xµ = xµ0 and yµ = 0 satisfying

xµ = fµ
(
τ̂ ,
yλ

τ̂

)
.

The idea is to choose a coordinate in terms of velocity vector in the unit time. This identity defines
a coordinate transformation from xµ to yµ.

Note that the geodesic equation transforms like a tensor under coordinate transforms. Indeed,

ẍ′µ = ẍν
∂x′µ

∂xν
+ ẋν ẋρ

∂2x′µ

∂xν∂xρ

and

Γ′µ
νρ (x

′) ẋ′ν ẋ′ρ =
∂x′µ

∂xκ
Γκ
ρσẋ

ρẋσ +
∂2xκ

∂x′ρ∂x′σ
∂x′ρ

∂xα
∂xσ

∂xβ
ẋαẋβ

=
∂x′µ

∂xκ
Γκ
ρσẋ

ρẋσ − ∂2x′µ

∂xα∂xβ
ẋαẋβ .
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2. General Relativity

So

ẍ′λ + Γ′λ
µν (x

′) ẋ′µẋ′ν

=
∂x′λ

∂xκ
(
ẍκ + Γκ

ρσ (x) ẋ
ρẋσ
)
.

This shows xµ is a solution of (2.5). Note that

xµ
(
τ, vλ

)
= fµ

(
τ, vλ

)
= fµ

(
τ̂ ,
τvλ

τ̂

)
.

From this, yµ
(
τ, vλ

)
= τvµ. This describes a geodesic motion in y-coordinate system, i.e., this

satisfies
ÿµ + Γµ

νρ (y) ẏ
ν ẏρ = 0.

and this implies
Γµ
νρ (τv) = vvvρ = 0.

Especially at τ = 0, for the y-coordinate system

Γλ
µν (y = 0) vµvν = 0

for arbitrary vµ. So Γλ
µν (y = 0) = 0. Hence ∂

∂yλ gµν (y)
∣∣∣
y=0

= 0. Thus, yµ is identified as the
locally inertial frame. We call this coordinate as a Riemann normal coordinate.

Usually, we write
D2xµ

Dτ2
:= ẍµ + Γµ

νρẋ
ν ẋρ

and we call this as a covariant acceleration

2.4 The Einstein field equation, Tensor density

In this section, we study the Einstein field equation:

Rµν − 1

2
gµνR = 8πGTµν .

HereG is a Newton constant,Rµν andR will be defined later. Tµν is an energy-momentum tensor.
On the left hand side, this concerns geometry. On the right hand side, this concerns matter, source
of gravity or curved spacetime.

As an example, if we consider a point particle, one of example of energy-momentum tensor is

Tµν ∼ m
dxµ

dτ
(τ)

dxν

dτ
(τ) .

There is an energy-momentum tensor conservation

∂µT
µν = 0,

∇µT
µν = 0.

There is some ambiguity on the equation since

∇µ (Λg
µν) = 0,
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2.4. The Einstein field equation, Tensor density

where Λ is a constant. So later Einstein add some terms on Einstein equation

Λgµν +Rµν − 1

2
gµνR = 8πGTµν .

Here Λ is a cosmology constant. Einstein thought that universe is static. However, due to Hubble,
it is not. Einstein later mentioned that “adding that term is the one of my big mistakes!”

One might consider
Rµν − 1

2
gµνR = 8πGTµν − Λgµν .

Later we will explain the meaning of Λterm.
From now on, we consider Λ = 0.
Consider a transformation

gµν (x) 7→ g′µν (x) =
∂xλ

∂x′µ
∂xρ

∂x′ν
gλρ (x) .

g = det gµν = ∥g∥µν → g′ = det
(
g′µν
)
=

∣∣∣∣ ∂x∂x′
∣∣∣∣2 g =

∣∣∣∣∂x′∂x

∣∣∣∣−2

g.

So

g 7→
∣∣∣∣ ∂x∂x′

∣∣∣∣2 g.
We call this as scalar density with weight ω = 2. Based on this observation, one may define the
tensor density with weight ω

T
µ1···µp
ω ν1···νq (x) 7→ T

′µ1···µp
ν1···νq (x

′) =

∣∣∣∣dx′dx

∣∣∣∣−ω
∂x′µ1

∂xλ1
· · · ∂x

′µp

∂xλq

∂xρ1

∂x′ν1
· · · ∂x

ρq

∂x′νq
T

µ1···µp
ω ν1···νq .

We require

∇λ

(
T

µ1···µp
ω ν1···νq

(
√
−g)ω

)
=

∇λT
µ1···µp
ω ν1···νq

(
√
−g)ω

+ T
µ1···µp
ω ν1···νq∇λ

(√
−g
)−ω

.

By computation,

∇λT
µ1···µp
ω ν1···νq =

(√
−g
)ω ∇λ

(
T

µ1···µp
ω ν1···νq

(
√
−g)ω

)
−
(√

−g
)ω ∇λ

(√
−g
)−ω

T
µ1···µp
ω ν1···νq

= ∂λT
µ1···µp
ω ν1···νq +

∑
i

Γµi

λρT
···ρ···
ω ν1···νq

−
∑
j

Γρ
λνj
T

µ1···µp
ω ···ρ···

+
(√

−g
)ω [

∂λ
(√

−g
)−ω −∇λ

(√
−g
)−ω

]
T

µ1···µp
ω ν1···νq .

Also by computation,

∇λ

(√
−g
)ω

= ω
(√

−g
)ω−1 ∇λ

√
−g

∇λ

(√
−g
)ω

=
ω

2
(−g)

ω
2 −1 ∇λ (−g) .

Later we show
δ ln (detM) = Tr

(
M−1δM

)
.

To show this, recall

|M | = detM = εa1a2···anM1a1
· · ·Mnan

,
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where εa1···an denotes the Levi-Civita symbol. Now taking variation to get

δ |M | = εa1a2···an

n∑
i=1

δMiai
M1a1

· · ·Mi−1ai−1
Mi+1ai+1

· · ·Mnan

= εa1···an

n∑
i=1

δMikδ
k
ai
M1a1

· · ·Mi−1ai−1
Mi+1ai+1

· · ·Mnan

= εa1···an

n∑
i=1

δMik · · ·
(
M−1

)kl
MlaiMa1 · · ·Mi−1ai−1Mi+1ai+1 · · ·Mnan

=

n∑
i=1

δMik

(
M−1

)kl
εa1···anM1a1 · · ·Mi−1ai−1MlaiMi+1ai+1 · · ·MNaN

= |M |
n∑

i=1

δMik

(
M−1

)kl
δil

= |M |Tr
(
M−1δM

)
.

So from this we get
∂λg = g gµν∂λgνµ.

Now define

∇λg : = ∂λg − (gµν∂λgνµ) g

= ∂λg − 2Γµ
λµg.

Hence
∇λ

√
−g := ∂λ

√
−g − Γµ

λµ

√
−g ≡ 0.

Similarly,
∇λ

(√
−g
)ω ≡ 0.

Observe that

∂λ
(√

−g
)
=
∂λ (−g)
2
√
−g

=
−2Γµ

λµg

2
√
−g

= Γµ
λµ

√
−g.

From this observation, we define

∇λT
µ1···µp
ω ν1···νq = ∂λT

µ1···µp
ω ν1···νq +

∑
i

Γµi

λρT
···ρ···
ω ν1···νq

−
∑
j

Γρ
λνj
T

µ1···µp
ω ···ρ···−ωΓρ

λρT
µ1···µρ
ω ν1···νq .

Now if

T
µ1···µp
ω ν1···νq (x) 7→ T

′µ1···µp
ν1···νq (x

′) =

∣∣∣∣dx′dx

∣∣∣∣−ω
∂x′µ1

∂xλ1
· · · ∂x

′µp

∂xλq

∂xρ1

∂x′ν1
· · · ∂x

ρq

∂x′νq
T

µ1···µp
ω ν1···νq ,

then

∇λT
µ1···µp
ω ν1···νq →

∣∣∣∣∂x′∂x

∣∣∣∣−ω
∂xκ

∂x′λ
∂x′µ

∂xρ
· · · ∂x

σ

∂x′ν
∇κT

ρ···
ω σ···.

Thus the covariant derivative behaves like tensor under the coordinate transform.
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2.4. The Einstein field equation, Tensor density

Example 2.7. The Levi-Civita symbol is Tensor density weight 1 since

εµ1···µ4 =

∣∣∣∣∂x′∂x

∣∣∣∣−1
∂x′µ1

∂xν1
· · · ∂x

′µ4

∂xν4
.

From this, we have

∇λε
µ1···µ4 = ∂λε

µ1···µ4 +
∑
i

Γµi

λρε
µ1···ρ···µ4 − Γρ

λρε
µ1···µ4

= ∂λε
µ1···µ4 .

Example 2.8. Vector density with weight one, ω = 1 Jµ

Jµ (x) 7→ J ′µ (x′) =

∣∣∣∣ ∂x∂x′
∣∣∣∣ ∂x′µ∂xν

Jν (x) .

Then

∇µJ
µ = ∂µJ

µ + Γµ
µνJ

ν − Γρ
µρJ

µ

= ∂µJ
µ.

So the covariant divergence is the classical divergence.

For xµa (τ), qa a charge,

Jµ (x) =
∑
a

∫
dτqaẋ

µ
a (τ) δ (x− xa (τ))

We call this as a current vector density with weight ω = 1. Then

∂µJ
µ =

∂

∂xµ

[∑
a

∫
dτqaẋ

µ (τ) δ (x− xa (τ))

]

=
∑
a

∫
dτqaẋ

µ (τ)
∂

∂xµ
δ (x− xa (τ))

=
∑
a

∫
dτqaẋ

µ (τ)

[
− ∂

∂xµa
δ (x− xa (τ))

]
=
∑
a

∫
dτqa

d

dτ
δ (x− xa (τ))

=
∑
a

qa δ (x− xa (τ))|∞τ=−∞ = 0.

Since t (τ) ∼ τ .
Let f be a scalar function, i.e., f (x) 7→ f (x′) = f (x). Then∫

d4xf (x) δ (x− y) dy = f (y) 7→
∫
d4x′f ′ (x′) δ′ (x′ − y′) = f (x)

=

∫
d4x

∣∣∣∣dx′dx

∣∣∣∣ f (x) δ′ (x′ − y′)

=

∫
d4xf (x) δ (x− y)

= f (y) .
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2. General Relativity

So Jµ is a vector density weight ω = 1. So for the unweighted version, we have

Jµ
ω=0 =

∑
a

∫
dτqaẋ

µ
a

δ (x− xa (q))√
−g

.

Now we define
Tµν (x) =

∑
a

∫
dτmaẋ

µẋν
δ (x− xa (τ))√

−g (x)
.

Then
∇µT

µν (x) = ∂µT
µν + Γµ

µρT
ρν + Γν

µρT
µρ.

Note that

∂µT
µν =

∑
a

∫
dτmaẋ

µ
a (τ) ẋ

ν
a (τ)

[
∂µδ (x− xa (τ))√

−g
+ δ (x− xa (τ)) ∂µ (−g)−

1
2

]
.

Observe that∫
dτẋµa (τ) ẋ

ν
a (τ)

∂µδ (x− xa (τ))√
−g (x)

=

∫
dτ (−ẋνa (τ))

d
dτ δ (x− xa (τ))√

−g (x)

=

∫
dτẍνa (τ)

δ (x− xa (τ))√
−g (x)

.

From this observation, we continue the calculation. Then

∂µT
µν =

∑
a

∫
dτma

[
ẍνa (τ)

δ (x− xa (τ))√
−g

+ ẋµa (τ) ẋ
ν
a (τ) δ (x− xa (τ))×

(
−Γρ

µρ

)
√
−g

]
.

From
0 = ∇µ (−g)−

1
2 = ∂µ (−g)−

1
2 + Γρ

µρ (−g)
− 1

2 ,

we get

∂µT
µν =

∑
a

∫
dτma

δ (x− xa (τ))√
−g

[
ẍνa (τ)− ẋνa (τ) ẋ

µ
a (τ) Γ

ρ
µρ

]
.

Hence

∇µT
µν (x) =

∑
a

∫
dτma

δ (x− xa (τ))√
−g

[
ẍνa (τ)− ẋνa (y) ẋ

µ
a (τ) Γ

ρ
µρ + Γµ

µρẋ
ρ
aẋ

ν
a + Γν

µρẋ
µ
a ẋ

ν
a

]
=
∑
a

∫
dτma

δ (x− xa (τ))√
−g

[
ẍνa (τ) + Γν

µρ (xa (τ)) ẋ
µ
a ẋ

ν
a

]
.

In contrast to the current vector case,
∇µT

µν ≡ 0

up to geodesic motion. This shows energy-momentum is conserved if there is no exterior force.
In the case of static case, ẋµ (τ) =

(
dt
dτ , 0, 0, 0

)
= (1, 0, 0, 0). So T 00 ̸= 0 otherwise Tµν = 0.

In this case,

T 00 =
∑
a

∫
dτma

δ (x− xa (τ))√
−g (x)

.

Note that the source of gravity is mass. From this, the right-hand side of Einstein equation can be
regareded as a generalization of Newton’s mechanics since

∇2Φ = 4πGρ
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2.4. The Einstein field equation, Tensor density

Let us explain the left hand side of the Einstein field equation. If we have a connection, we
consider its curvature. To find a curvature, it suffices to calculate [∇µ,∇ν ]. For scalar function,

∇µ∇νϕ = ∇µ∂νϕ

= ∂µ∂νϕ− Γρ
µν∂ρϕ.

So [∇µ,∇ν ]ϕ = 0.
Let us consider

∇µ∇νV
λ = ∇µ

(
∇νV

λ
)
− Γρ

µν∇ρV
λ + Γρ

µν∇νV
ρ

= ∂µ
(
∂νV

λ + Γλ
νρV

ρ
)
− Γρ

µν

(
∂ρV

λ + Γλ
ρσV

σ
)
+ Γλ

µρ (∂νV
ρ + Γρ

νσV
σ)

= ∂µ∂νV
λ − Γλ

νρ∇ρV
λ + Γλ

ν ρ∂µV
ρ + Γλ

µ ρ∂νV
ρ +

[
∂µΓ

λ
ν σ + Γλ

µ ρΓ
ρ
ν σ

]
V σ.

Similarly,

∇µ∇νUλ = ∂µ (∇νUλ)− Γρ
µν∇ρUλ + Γρ

µν∇νUρ

= ∂µ (∂νUλ − Γσ
νλUσ)− Γρ

µν∇ρUλ − Γρ
µλ

(
∂νUρ − Γσ

νρUσ

)
= ∂µ∂νUλ − Γρ

µν∇ρUλ − Γσ
µν∂µUσ − Γσ

µν∂νUσ − Uσ

[
∂µΓ

σ
µν − Γσ

ν ρΓ
ρ
µλ

]
.

Hence

[∇µ,∇ν ]V
λ =

[
∂µΓ

λ
ν σ − ∂νΓ

λ
µσ + Γλ

µ ρΓ
ρ
ν σ − Γλ

ν ρΓ
ρ
ν σ

]
V σ,

[∇µ,∇ν ]Uλ = −Uσ

[
∂µΓ

σ
ν λ − ∂νΓ

σ
µ ρ + Γσ

µ ρΓ
ρ
ν λ − Γλ

ν ρΓ
ρ
µλ

]
,

From this we define

Rκ
λµν = ∂µΓν − ∂νΓµ + Γκ

µ ρΓ
ρ
ν λ − Γκ

ν ρΓ
ρ
µλ = −Rκ

λνµ

and we call this as a Riemann curvature.
It is better to memorize{

R×
×µν = ∂µΓν − ∂νΓµ + [Γµ,Γν ]

[∇µ,∇ν ] = [∂µ + Γµ, ∂ν + Γν ] = ∂µΓν − ∂νΓµ + [Γµ,Γν ] .

From the above calculation law,

[∇µ,∇ν ]T
κ1·κp

λ1···λq
=
∑
i

Rκi
ρµνT

κ1···ρ···κp −
∑
j

T
κ1···κp

λ1···ρ···λq
Rρ

λjµν
.

Note

Rκλµν = gκρR
ρ
λµν

= gκρ

[
∂µΓ

ρ
ν λ − ∂νΓ

ρ
µλ + Γρ

µσΓ
σ
ν λ − Γρ

ν σΓ
σ
µλ

]
= ∂µ (gκρΓ

ρ
νλ)− ∂ν

(
gκρΓ

ρ
µν

)
− ∂µgκρΓ

ρ
νλ + ∂νgκρΓ

ρ
µλ + gκρΓ

ρ
µσT

σ
νλ − gκρΓ

ρ
νσΓ

σ
µλ

= ∂µ (gκρΓ
ρ
νλ)− ∂ν

(
gκρΓ

ρ
µν

)
−
(
gκσΓ

σ
µρ + gρσΓ

σ
µκ

)
Γρ
νλ

+
(
gκσΓ

σ
νρ + gρσΓ

σ
νκ

)
Γρ
µλ + gκρΓ

ρ
µσΓ

σ
νλ − gκρT

ρ
νσΓ

σ
µλ

= ∂µ (gκρΓ
ρ
νλ)− ∂ν

(
gκρΓ

ρ
µν

)
+ gµν

(
Γρ
µλΓ

σ
νκ − Γρ

νλΓ
σ
µκ

)
.
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Here we used

0 = ∇µgκρ = ∂µgκρ − Γσ
µκgσρ − Γσ

µρgκσ

∂µgκρ = gρσΓ
σ
µκ + gκσΓ

σ
µρ.

Now note that
gκρΓ

ρ
νλ =

1

2
(∂νgκλ + ∂λgκν − ∂κgνλ) .

So

Rκλµν =
1

2
[∂µ∂νgκλ + ∂µ∂λgκν − ∂µ∂κgνλ − ∂ν∂µgκλ − ∂ν∂λgκµ + ∂ν∂κgµλ]

+gρσ

(
Γρ
µλΓ

σ
νκ − Γρ

νλΓ
σ
µκ

)
=

1

2
(∂µ∂λgκν + ∂ν∂κgµλ − ∂µ∂κgνλ − ∂ν∂λgκµ) + gρσ

(
Γρ
µλΓ

σ
νκ − Γρ

νλΓ
σ
µκ

)
.

From the above identities, we can derive some properties of Riemann tensor.

• Rλ
ρµν = −Rλ

ρνµ.

• Rκλµν = −Rκλνµ.

• Rκλµν = −Rλκµν .

• Rκλµν = Rµνκλ.

• Rκλµν +Rκµνλ +Rκνλµ = 0.

Actually, by considering equilibrium principle, we can prove this theorem more easily.
Consider

Rκλµν (x) 7→ R′
κλµν (x

′) =
∂xα

∂x′κ
∂xβ

∂x′λ
∂xγ

∂x′µ
∂xδ

∂x′ν
Rαβγδ (x) .

Recall the Jacobi’s identity

[∇λ [∇µ,∇ν ]] + [∇µ [∇ν ,∇λ]] + [∇ν [∇λ,∇µ]] = 0.

Note that

[∇λ [∇µ,∇ν ]]V
κ = ∇λ [∇µ,∇ν ]V

κ − [∇µ,∇ν ]∇λV
κ

= ∇λ

(
Rλ

σµνV
σ
)
−Rκ

σµν∇λV
σ +∇σV

κRσ
λµν

= ∇λR
κ
σµνV

σ +Rκ
σµν∇λV

σ −Rκ
σµν∇λV

σ +∇σV
κRσ

λµν

= ∇λR
κ
σµνV

σ +∇σV
κRσ

λµν .

By considering metric, we have

[∇λ [∇µ,∇ν ]]Vκ = −Vσ∇λR
σ
κµν +∇σVκR

σ
λµν .

Hence by considering cyclicity on indices and Jacobi identity, we have

0 =
(
∇λR

κ
σµν +∇µR

κ
σνλ +∇νR

κ
σλµ

)
V σ

+∇σV
κ
(
Rσ

λµν +Rσ
µνλ +Rσ

νλµ

)
.

By the last property of Riemann tensor and arbitrariness of V , we finally get

∇λRµνρσ +∇µRνλρσ +∇νRλµρσ = 0.
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2.5. Riemann curvature and spacetime

2.5 Riemann curvature and spacetime

Theorem 2.9 (Poincare’s Lemma). Let A be a 1-form on a simply connected domain. Then there
exists a function ϕ such that Aµ = ∂µϕ if and only if Fµν = 0, where Fµν = ∂µAν − ∂νAµ.

Proof. One direction is obvious. Define

xµ (s) = s (xµ − xµ0 ) + xµ0 =: xµs

where 0 ≤ s ≤ 1. with xµ (0) = xµ0 , xµ (1) = xµ.Then

d

ds
xµ (s) = xµ − xµ0 .

Define

Φ(x) =

∫ 1

0

dx
dxµ

ds
Aµ (x (s)) .

Then

∂

∂xµ
Φ =

∂

∂xµ

∫ 1

0

ds
(
xλ − xλ0

)
Aλ (x (s))

=

∫ 1

0

dsAµ (xs) +
(
xλ − xλ0

) ∂xν
∂xµ

(s)
∂Aλ (xs)

∂xνs

=

∫ 1

0

dsAµ (xs) +
(
xλ − xλ0

) ∂Aλ (xs)

∂xµs

=

∫ 1

0

dsAµ (xs) + s
(
xλ − xλ0

) [
Fµν (xs) +

∂Aµ

∂xλs
(xs)

]
=

∫ 1

0

dsAµ (xs) + s
dxλs
ds

∂Aµ

∂xλs
(xs)

=

∫ 1

0

dsAµ (xs) + s
d

ds
Aµ (xs)

=

∫ 1

0

ds
d

ds
(sAµ (xs))

= Aµ (x) .

This completes the proof of Poincaré’s lemma.

Theorem 2.10. Rκ
λµν = 0 if and only if spacetime is flat, i.e, there exists a coordinate system

∂µgνρ = 0.

Hence the Riemann curvature determines whether the spacetime is flat.

Proof. (⇐): Obvious.
(⇒): Define Γ (s) a 4 × 4 matrix amd Γ (s)

µ
ν = −

(
xλ − xλ0

)
Γµ
λ ν (xs), where xµs =

s (xµ − xµ0 ) + xµ0 . Now define w (s) a matrix

d

ds
w (s) = Γ (s)w (s) , w (s = 0) = I.

Note that such w (s) exists since

w (s) = I +

∫ s

0

ds1Γ (s1)w (s1)
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Taking iteration, then we get

w (s) = I +
∞∑

n=1

∫ s

0

ds1

∫ s1

0

ds2 · · ·
∫ sn−1

0

dsnΓ (s1) · · ·Γ (sn) .

We denote this as P exp
[∫
dsΓ (s)

]
, where 0 ≤ sn ≤ sn−1 ≤ · · · ≤ s1 ≤ s.

The above w satisfies
w (sf , sm)w (sm, si) = w (sf , si)

for 0 ≤ si ≤ sm ≤ sf .
Now

∂µw =

∞∑
n=1

n∑
j=1

∫ s

0

ds1

∫ s1

0

ds2 · · ·
∫ sn−1

0

dsnΓ (s1) · · · ∂µΓ (sj) · · ·Γ (sn) . (2.6)

Note that

∂µΓ (s)
λ
ν = ∂µ

[
− (xρ − xρ0) Γ

λ
ρ ν (xs) + xλ0

]
= −Γλ

µ ν (xs)− s (xρ − xρ0)
∂

∂xµs
Γλ
ρν (xs) .

Since Rκ
λµν = 0, we have

∂µΓ (s) = −Γµ (xs)− s (xρ − xρ0)

[
∂

∂xρs
Γµ (xs)− [Γµ,Γρ]

]
= − d

ds
(sΓµ (xs))− [Γµ (xs) , sΓ (xs)] .

Plugin this relation to (2.6). Then we have

∂µw =

∞∑
n=1

n∑
j=1

∫ 1

0

ds1

∫ s1

0

ds2 · · ·
∫ sn−1

0

dsnΓ (s1) · · ·Γ (sj−1)

×
[
− d

ds

(
Γµ

(
xsj
))

− sΓµ

(
xsj
)
Γ
(
xsj
)
+ Γ

(
xsj
)
sΓµ

(
xsj
)]

× Γ (xj+1) · · ·Γ (xsn)

= −
∫ 1

0

ds′
d

ds′
[w (s, s′) s′Γµ (x

′
s)w (s′, 0)]

= Γµ (x)w.

So

Γλ
µ ρ = ∂µw

λ
σw

−1σ
ρ

= −wλ
σ∂µw

−1σ
ρ

Γλ
µρ = Γλ

ρµ

yields ∂µw−1σ
ρ = ∂ρw

−1σ
µ . Hence by Poincaré’s lemma, there exists f such that w−1σ

µ = ∂µf
σ .

So

Γλ
µρ = −∂x

λ

∂fσ
∂2fσ

∂xµ∂xρ
.

Finally, consider xµ 7→ fµ (x) coordinate transform. Then we have Γλ
µν = 0, i.e., ∂λgµν = 0.
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Remark. (i) We call w as a Wilson line.

∂

∂s
w = Γ (s)w

∂

∂si
w = −wΓ (si) .

(ii) For 0 ≤ sn ≤ sn−1 ≤ · · · ≤ s1 ≤ 1, by Fubini’s theorem, we have∫ 1

0

ds1

∫ s1

0

ds2 · · ·
∫ sn−1

0

dsnF (s1, . . . , sn)

=

∫ 1

0

ds1

∫ 1

sn

dsn−1

∫ 1

sn−1

dsn−2 · · ·
∫ 1

s2

ds1F (s1, . . . , sn) .

Substitute 0 7→ si and 1 7→ s, we can prove identities in (i).
Now we study some contraction on Riemann curvature. By antisymmetricity of Riemann

curvature, we have

gκλRκλµν = 0

gµνRκλµν = 0.

Also
gκµRκλµν = −gκµRκλνµ = −gκµRλκµν = gκµRλκνµ.

We define
Rλν := gκµRκλµν .

Note that
Rλν = gκµRλκνµ = gκµRκνµλ = Rνλ.

So the Ricci curvature is symmetric.
By considering some contraction, we have

R = gµνRµλ = gµνgκλRκµλν ,

and we call this as Scalar curvature.
In summary,

Rµν = Rκ
µκν = Rνµ

R = gµνRµν = Rµ
µ = Rκλ

κλ.

From the Bianci’s identity

∇ρRκλµν +∇µRκλνρ +∇νRκλρµ = 0,

we have

0 = gµλ (∇ρRκλµν +∇µRκλνρ +∇νRκλρµ)

= −∇ρ

(
gµλRκλµν

)
+∇λRκλνρ +∇ν

(
gµλRκλρµ

)
= −∇ρRκν −∇λRλκνρ +∇νRκρ.

Hence we obtain
∇κRκλµν = ∇µRνλ −∇νRµλ.
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2. General Relativity

Contract λµ. Then
−∇κRκν = ∇λRλν −∇νR.

Hence
∇µRµν =

1

2
∇νR

So
0 = ∇µ

(
Rµν − 1

2
gµνR

)
.

From this, we may define
Gµν = Rµν − 1

2
gµνR

and call the Einstein curvature or tensor. Note that Gµν has conservation law ∇µGµν = 0.
Now we have to connect Gµν and Tµν . We will show that

Gµν = −8πGNTµν ,

where GN is the Newton constant. Note that

Gµ
µ = R− 1

2
DR =

(
1− 1

2
D

)
R.

So (
1− 1

2
D

)
R = −8πGTµ

µ.

Hence
R =

16πGTµ
µ

D − 2
.

So

Rµν = −8πGTµν +
1

2
gµνR

= −8πG

[
Tµν +

1

D − 2
gµνT

λ
λ

]
.

Assume gravity is weak and the situation is static(large c limit). Write

gµν = ηµν + hµν .

Its inverse is
gµν ≈ ηµν − ηµνηνρhλρ.

So

∂λgµν = ∂λhµν

gtt = g00 ≈ −1 +
2MG

r

Then

R00 = Rλ
0λ0

= ∂λΓ
λ
0 0 − ∂0Γ

0
λ0 + Γλ

λρΓ
ρ
00 − Γλ

0ρΓ
ρ
λ0

= ∂λΓ
λ
0 0 + Γλ

λρΓ
ρ
00 − Γλ

0ρΓ
ρ
λ0
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2.6. Some solutions of Einstein’s equation

since ∂0Γ0
λ0 = 0. Note that

Γλ
λν =

1

2
gλρ∂νgλρ ≈ 1

2
ηλρ∂νhλρ

Γλ
0ν ≈ 1

2
gλρ (∂νh0ρ − ∂ρh0ν)

Γλ
00 ≈ −1

2
gλρ∂ρh00 ≈ −1

2
ηλρ∂ρh00.

From these rule, we get R00 ≈ −∇2h0. From g00 ≈ −1 + 2MG
r . we have

R00 ≈ 2∇2Φnewton = −2 (ρ4πG)

where ρ is the mass density. Since T ≈


ρ 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0

, we have

T00 −
1

D − 2
g00T

λ
λ =

D − 3

D − 2
ρ

2.6 Some solutions of Einstein’s equation

Recall the Einstein equation

Rµν − 1

2
gµνR = 8πGNTµν .

The left hand side describes the spacetime geometry and the right-hand side describes matters.

2.6.1 Weak curvature limit

If gµν ∼ ηµν + hµν , then gµν ∼ ηµν − ηµληνρhλρ. From this, Einstein solved the problem on
mercury.

2.6.2 Exact solution: Schwarzschild solution

Here we derive the most general, asymptotically flat, spherically symmetric, static, regular solution
to the D = 4 Einstein Field Equations. We require the metric and Energy-Momentum tensor to be
spherically symmetric,

Lξagµν = 0 , LξaTµν = 0 , (2.7)

with three Killing vectors, ξµa , a = 1, 2, 3, corresponding to the usual angular momentum differential
operators,

ξ1 = sinφ∂ϑ + cotϑ cosφ∂φ , ξ2 = − cosφ∂ϑ + cotϑ sinφ∂φ , ξ3 = −∂φ . (2.8)

They satisfy the so(3) commutation relation,[
ξa, ξb

]
=
∑
c

ϵabc ξc . (2.9)

It follows from (2.7) that

gϑφ = gφϑ = 0 , gφφ = sin2 ϑgϑϑ , Tϑφ = Tφϑ = 0 , Tφφ = sin2 ϑTϑϑ . (2.10)
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2. General Relativity

Furthermore, without loss of generality, we can put gtr = 0, gϑϑ = r2, and set the metric to be
diagonal, utilizing diffeomorphisms (see e.g. [9]),

ds2 = −B(r)dt2 +A(r)dr2 + r2dΩ2 , (2.11)

where we put as shorthand notation,

dΩ2 := dϑ2 + sin2 ϑ dφ2 . (2.12)

The nonvanishing Christoffel symbols are then exhaustively,

γttr = γtrt =
B′

2B
, γrtt =

B′

2A
, γrrr =

A′

2A
,

γrϑϑ = − r

A
, γrφφ = − sin2 ϑ

r

A
, γϑrϑ = γϑϑr =

1

r
,

γϑφφ = − sinϑ cosϑ , γφrφ = γφφr =
1

r
, γφϑφ = γφφϑ = cotϑ ,

and subsequently the Ricci curvature, Rµν , becomes diagonal, with components

Rtt =
B′′

2A
− B′

4A

(
A′

A
+

B′

B

)
+

1

r

B′

A

Rrr = − B′′

2B
+

B′

4B

(
A′

A
+

B′

B

)
+

1

r

A′

A

Rϑϑ = 1 +
r

2A

(
A′

A
− B′

B

)
− 1

A

Rφφ = sin2ϑRϑϑ .

(2.13)

Since both the Ricci curvature and the metric are diagonal, the Einstein Field Equations imply that
the Energy-Momentum tensor must also be diagonal, thus fixing Ttr = 0,

Tµν = diag
(
Ttt , Trr , Tϑϑ , Tφφ = sin2ϑTϑϑ

)
. (2.14)

Now the conservation of the Energy-Momentum tensor, ▽µT
µ
ν , boils down to a single equation:

d

dr
(T r

r) +
2

r

(
T r

r − Tϑ
ϑ

)
+

B′

2B

(
T r

r − T t
t

)
= 0 . (2.15)

The Einstein Field Equations reduce to

Rtt =
B′′

2A
− B′

4A

(
A′

A
+

B′

B

)
+

1

r

B′

A
= −4πGB

(
T t

t − T r
r − 2Tϑ

ϑ

)
,

Rrr = − B′′

2B
+

B′

4B

(
A′

A
+

B′

B

)
+

1

r

A′

A
= −4πGA

(
T t

t − T r
r + 2Tϑ

ϑ

)
,

Rϑϑ = 1 +
r

2A

(
A′

A
− B′

B

)
− 1

A
= −4πGr2

(
T t

t + T r
r

)
,

(2.16)

which are linearly equivalent to

d

dr

[
r

(
1− 1

A

)]
=
rA′

A2
+ 1− 1

A
= −8πGr2T t

t ,

d

dr
ln(AB) =

A′

A
+
B′

B
= −8πGAr(T t

t − T r
r) ,

B′′

B
− B′

2B

(
A′

A
+
B′

B

)
− 1

r

(
A′

A
− B′

B

)
= 16πGATϑ

ϑ .

(2.17)
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2.6. Some solutions of Einstein’s equation

The first equation can be integrated to give

1
2r

(
1− 1

A

)
= −G

∫ r

0

dr′4πr′2T t
t(r

′) , (2.18)

where we have assumed ‘regularity’ at the origin,

lim
r→0

r

(
1− 1

A

)
= 0 . (2.19)

This fixes the function A(r),

A(r) =
1

1− 2GM(r)
r

, (2.20)

for which we have defined
M(r) := −

∫ r

0

dr′4πr′2 T t
t(r

′) . (2.21)

The regularity condition (2.19) is then equivalent to

lim
r→0

M(r) = 0 . (2.22)

Furthermore, the positive energy (density) condition implies T tt ≥ 0, such that, owing to the
convention of the mostly plus signature of the metric (2.11),M(r) is generically positive. Similarly,
assuming the ‘flat’ boundary condition at infinity,

lim
r→∞

A(r)B(r) = 1 , (2.23)

the second equation in (2.17) can be integrated to fix B(r),

B(r) =

[
1− 2GM(r)

r

]
exp

[
8πG

∫ ∞

r

dr′r′A(r′)
{
T t

t(r
′)− T r

r(r
′)
}]

, (2.24)

such that the metric takes the final form:

ds2 = −e−2∆(r)

(
1− 2GM(r)

r

)
dt2 +

dr2

1− 2GM(r)
r

+ r2dΩ2 . (2.25)

Here M(r) is given by (2.21) and ∆(r) is defined by

∆(r) := 4πG

∫ ∞

r

dr′
{
T r

r(r
′)− T t

t(r
′)
}
r′

1− 2GM(r′)
r′

. (2.26)

Finally, we show that, up to the first and the second relations in (2.17) and their solutions, (2.20),
(2.24), the third relation is equivalent to the conservation of the Energy-Momentum tensor (2.15).
For this, we solve for T r

r and T r
r − T t

t from the first and the second relations in (2.17),

T r
r =

1

8πG

(
B′

ABr
+

1

Ar2
− 1

r2

)
T r

r − T t
t =

1

8πGAr

(
A′

A
+
B′

B

) (2.27)

and substitute these two expressions into the left-hand side of the conservation relation (2.15), to
obtain

d

dr
(T r

r) +
2

r

(
T r

r − Tϑ
ϑ

)
+

B′

2B

(
T r

r − T t
t

)
=

1

8πGAr

[
B′′

B
− B′

2B

(
A′

A
+
B′

B

)
− 1

r

(
A′

A
− B′

B

)
− 16πGATϑ

ϑ

]
.

(2.28)
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2. General Relativity

This result clearly establishes the equivalence between the Energy-Momentum conservation equa-
tion (2.15) and the third relation in (2.17).

Remark. Some comments are in order.

– When the matter is localized up to a finite radius rc, such that outside this radius, r > rc, we
have Tµν(r) = 0 and ∆(r) = 0, we recover the Schwarzschild solution, in which the mass
agrees with the ADM mass [10] and from (2.21) is further given by the volume integral,

M = −
∫ rc

0

dr 4πr2 T t
t(r) = −

∫ ∞

0

dr 4πr2 T t
t(r) . (2.29)

However, this differs from the Noether charge (??) of the time translational Killing vector,

M ̸= −Q[∂t] = −
∫ ∞

0

dr 4πr2 e−∆(r) T t
t(r) , (2.30)

since from (2.19) the integral measure is nontrivial,
√
−g = e−∆(r) r2 sinϑ ̸= r2 sinϑ . (2.31)

This discrepancy and its remedy by an extra surface integral are rather well known.

– If there is a spherical void in which Tµν = 0 for r1 < r < r2, both M(r) and ∆(r) become
constant inside the void as M(r) = M(r1) and ∆(r) = ∆(r2). After a constant rescaling
of the time, tnew = e−∆(r2)t, the local geometry inside the void coincides precisely with
the Schwarzschild solution. We note that the mass is determined through the integral over
0 < r < r1 only and is independent of the matter distribution outside, r > r2. While this
is certainly true in Newtonian gravity (namely the iron sphere theorem), if we solved the
vacuum Einstein Field Equations with vanishing Energy-Momentum tensor inside the void,
we would merely recover the Schwarzschild geometry in accordance with Birkhoff’s theorem.
Nevertheless it would be hard to conclude that the constant mass parameter is unaffected by
the outer region.

– The radial derivative ofB(r) amounts to the gravitational acceleration for a circular geodesic [11],

r

(
dϑ

dt

)2
= −1

2

dgtt(r)

dr
= 1

2B
′ =

[
GM(r)

r2
+ 4πGrT r

r(r)

]
e−2∆(r) . (2.32)

Again, inside a void or the outer vacuum region, we may absorb the constant factor of e−2∆(r)

into the rescaled time, and thus recover the Keplerian acceleration,

r

(
dϑ

dt

)2

=
GM

r2
. (2.33)

2.6.3 Spherical symmetric with Circular motion

If r is constant, and θ = π
2 , ϕ (t), then the orbital velocity is

v = rϕ̇ =

√
MG

r
.
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2.6. Some solutions of Einstein’s equation

2.6.4 Gravitational time dilation
If dr = dθ = dϕ = 0, then

∆τ =

√
1− 2MG

r
∆t < ∆t.

If r1 < r2, then

∆t2
∆t1

=

√√√√1− 2MG
r1

1− 2MG
r2

≈
1− MG

r1

1− MG
r2

≈ 1 +MG

(
1

r2
− 1

r1

)
< 1.

Hence we obtain the gravitational time dilation. The stronger grativty we have, the slower time
flows. This effect is observed in experiment.

2.6.5 Kerr solution
In rotating, Kerr obtained another black-hole solution.

2.6.6 Cosmology
The theory of cosmology is to apply the Einstein equation to universe.

Fact (Cosmological principle). Space is isotropy and homogeneity.

Then the metric of universe is approximated to

ds2 = −dt2 + a2 (t)
(
dx2 + dy2 + dz2

)
and

T =


ρ 0 0 0
0 p 0 0
0 0 p 0
0 0 0 p

 .
Put it into the Einstein’s equation to get some equation. We say a (t) is a scaler factor and ȧ

a the
Hubble ‘constant’

It was observed ȧ ̸= 0 and ä > 0. ȧ ̸= 0 implies universe expansion. It is conjecture that
ä > 0 in more theoratical way. It seems there is no bouncing force. Some people introduced some
cosmological constant

Rµν − 1

2
ρµν = Tµν + Λgµν .

But this model is unsatisfactory since we must assume Λ is very small. This is called the Dark
Energy Problem.

There is another problem: Dark Matter Problem. The result is not satisfactory even in nowadays.
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